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Summary. We deal with a perturbation of a hyperbolic integrable Hamiltonian system
with n+1 degrees of freedom. The integrable system is assumed to haven-dimensional
hyperbolic invariant tori with coincident whiskers (separatrices).

Following Eliasson, we use a geometric approach closely related to the Lagrangian
properties of the whiskers, to show that the splitting distance between the perturbed
stable and unstable whiskers is the gradient of a periodic scalar function ofn phases,
which we call splitting potential. This geometric approach works for both the singular
(or weakly hyperbolic) case and the regular (or strongly hyperbolic) case, and pro-
vides the existence of at leastn + 1 homoclinic intersections between the perturbed
whiskers.

In the regular case, we also obtain a first-order approximation for the splitting po-
tential, that we call Melnikov potential. Its gradient, the (vector) Melnikov function,
provides a first-order approximation for the splitting distance. Then the nondegenerate
critical points of the Melnikov potential give rise to transverse homoclinic intersections
between the whiskers. Generically, when the Melnikov potential is a Morse function,
there exist at least 2n critical points.

The first-order approximation relies on then-dimensional Poincar´e-Melnikov method,
to which an important part of the paper is devoted. We develop the method in a general
setting, giving the Melnikov potential and the Melnikov function in terms of absolutely
convergent integrals, which take into account the phase drift along the separatrix and the
first-order deformation of the perturbed hyperbolic tori. We provide formulas useful in
several cases, and carry out explicit computations that show that the Melnikov potential
is a Morse function, in different kinds of examples.
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1. Setup and Introduction

1.1. Perturbation of a Hyperbolic Integrable Hamiltonian

It is well-known that the problem of giving conditions for the splitting of the whiskers of
hyperbolic invariant tori is one of the main difficulties related with the Arnold diffusion,
a phenomenon of instability in perturbations of integrable Hamiltonian systems with
more than two degrees of freedom. The present paper is concerned with the study of
the existence of homoclinic orbits and splitting in a wide class of Hamiltonians. The
tools used are a geometric approach based on Eliasson’s work [Eli94], and the Poincar´e-
Melnikov method.

We start with a perturbation of ahyperbolicintegrable Hamiltonian, withn+ 1 ≥ 3
degrees of freedom. In canonical variablesz = (x, y, ϕ, I ) ∈ D ⊂ T× R× Tn × Rn,
with the symplectic form dx ∧ dy+ dϕ ∧ dI , we consider a real analytic Hamiltonian
of the form

H(x, y, ϕ, I ;µ) = H0(x, y, I )+ µH1(x, y, ϕ, I ), (1)

H0(x, y, I ) = 〈ω, I 〉 + 1

2
〈3I , I 〉 + y2

2
+ V(x)+ 〈λ, I 〉y, (2)

whereµ is a perturbation parameter. The Hamiltonian equations associated toH are

ẋ = y+ 〈λ, I 〉 + µ∂y H1(x, y, ϕ, I ),

ẏ = −V ′(x) − µ∂x H1(x, y, ϕ, I ),

ϕ̇ = ω +3I + λy + µ∂I H1(x, y, ϕ, I ),

İ = − µ∂ϕH1(x, y, ϕ, I ).

(3)

The given ingredients ofH0 are the vectorsω, λ ∈ Rn, the symmetric(n×n)-matrix3,
and the functionV(x) of x ∈ T, which is required to have a unique and nondegenerate
global maximum. To fix ideas, we require

V(0) = 0, V ′(0) = 0, V ′′(0) < 0,

V(x) < 0 ∀x 6= 0 (mod 2π).
(4)

We also assume the following nondegeneracy condition:

det

(
1 λ>

λ 3

)
6= 0. (5)

The integrable HamiltonianH0 can easily be studied. Introducing

P(x, y) = y2

2
+ V(x), P̂(x, y, I ) = P(x, y+ 〈λ, I 〉), (6)

and

3̂ = 3− λλ>, (7)
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the unperturbed HamiltonianH0 can be rewritten as

H0 = 〈ω, I 〉 + 1

2
〈3̂I , I 〉 + P̂(x, y, I ). (8)

Note that the nondegeneracy condition (5) is equivalent to imposing that det3̂ 6= 0.
We see that, on every planeI = const, the HamiltonianH0 reduces to a one-degree-of-
freedom Hamiltonian: ageneralized pendulum(the standard pendulum being given by
V(x) = cosx−1). This pendulum has(x, y) = (0,−〈λ, I 〉) as a hyperbolic equilibrium
point, with (homoclinic) separatrices given byy+〈λ, I 〉 = ±√−2V(x). The Lyapunov
exponents of the hyperbolic point are±α, with

α =
√
−V ′′(0). (9)

Therefore, the HamiltonianH0 has ann-parameter family ofn-dimensionalwhiskered
tori (or hyperbolic invariant tori) given by the equationsI = const, y = −〈λ, I 〉,
x = 0. The associatedstableandunstable whiskers(or invariant manifolds) of each torus
coincide, and hence all orbits on this (unique) whisker arehomoclinic, i.e., biasymptotic
to the torus. Our aim is to study the splitting of the whiskers forµ 6= 0, detecting
homoclinic intersections and measuring the splitting distance.

We will focus our attention on a concrete hyperbolic torus that we assume is located
at the origin:I = 0, x = y = 0, with flow ϕ̇ = ω. The vector offrequenciesω is
assumed to satisfy aDiophantine condition: For someτ ≥ n− 1 andγ > 0,

|〈k, ω〉| ≥ γ |k|−τ ∀k ∈ Zn \ {0}, (10)

where |k| = ∑n
j=1 |kj |. We recall that, for a fixedτ > n − 1, the set of vectorsω

satisfying this condition for someγ > 0 has full measure inRn.
In fact, it is convenient to allowω to depend on an additional parameterε, considering

fast frequenciesω = ω∗/√ε. The parametersε andµ can be either independent or linked
by a relation of the typeµ = εp; these two cases will be called, respectively,regular
andsingular. The singular case is very important in the study of the stability in a general
nearly integrable Hamiltonian, in which the integrable system has no hyperbolicity, but
the perturbation provides some weak hyperbolicity (see more details in Section 1.3).

As a final remark, note that takingλ = 0 in (2) we have anuncoupledunperturbed
HamiltonianH0, which is somewhat simpler since it is formed by a pendulum andn
rotors. However, our approach is also addressed to the more generalcoupledcaseλ 6= 0.
The motivation is that the coupling term〈λ, I 〉y appears in a natural way when one
considers the important case of a nearly integrable Hamiltonian, in a region close to a
single resonance (see Section 1.3). It is shown at the end of Section 3.4 that, making
a symplectic change of variables, one is able to eliminate this coupling term, but then
one gets a Hamiltonian that is nonperiodic inx (leading in this way to a heteroclinic
problem).

1.2. Parameterization of the Unperturbed Torus and Its Whiskers

Before describing the results, we introduce some notations for the unperturbed Hamilto-
nianH0. We denoteT0 itsn-dimensional hyperbolic invariant torus of frequency vectorω.
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This torus is given by the equationsI = 0, x = y = 0, and can obviously be parameter-
ized by

T0: z∗0(ϕ) = (0,0, ϕ,0), ϕ ∈ Tn.

Note that the trajectories onT0 aret 7→ z∗0(ϕ + ωt) for any givenϕ.
As mentioned in Section 1.1, the stable and unstable whiskers of the torusT0 coincide;

this homoclinic whisker is then calledseparatrixand is given by the equationsI = 0,
P(x, y) = 0. We denoteW0 the positive part (y > 0) of the separatrix. To give a
suitable parameterization forW0, we consider the one-degree-of-freedom Hamiltonian
P(x, y), and denote(x0(s), y0(s)) the associated homoclinic trajectory, biasymptotic for
s→ ±∞ to the hyperbolic point(0,0), with x0(0) = π , y0(0) > 0. In fact,x0(s) goes
from 0 to 2π whens goes from−∞ to∞. It is clear that we can then give the whisker
W0 the parameterization

W0: z0(s, ϕ) = (x0(s), y0(s), ϕ + ξ0(s),0), s ∈ R, ϕ ∈ Tn,

where the term

ξ0(s) = (x0(s)− π)λ (11)

is included in view of thephase driftundergone by any trajectory when traveling along
W0. This drift is associated to the coupling term. Note that, with our definition,t 7→
z0(s+ t, ϕ + ωt) is a trajectory onW0 for any givens, ϕ. In other words, the dynamics
onW0 is given by the equationṡs= 1, ϕ̇ = ω.

It is clear thatz0(s, ϕ) ∈W0 tends toT0 for s→±∞: since lims→±∞ ξ0(s) = ±πλ,
we have

lim
s→±∞[z0(s, ϕ)− z∗0(ϕ ± πλ)] = 0. (12)

In fact, we can provide exponentially decreasing bounds in terms of the Lyapunov
exponents±α. For±s big enough,

|z0(s, ϕ)− z∗0(ϕ ± πλ)| ≤ Ce∓αs (13)

(we use the Euclidean norm for vectors). We deduce that every trajectory onW0 is
biasymptotic to two different trajectories on the invariant torusT0:

lim
t→±∞[z0(s+ t, ϕ + ωt)− z∗0(ϕ ± πλ+ ωt)] = 0,

with exponentially decreasing bounds. Note that ifλ is an integer, then the two trajectories
onT0 coincide.

1.3. Regular and Singular Hyperbolic Hamiltonians

When the frequency vectorω is fixed, the Hamiltonian introduced in (1)–(2) has the
property that the hyperbolicity and the homoclinic orbits are present in the unperturbed
Hamiltonian (µ = 0). Thus, we have aregular (or nonsingular) system, often referred
to asstrongly hyperbolic.
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Eventually, we can allowω to depend on an additional parameter:ω = ω(ε). For
instance, we can considerfast frequenciesω = ω∗/√ε, whereε > 0 is a small parameter
(and thenγ = γ ∗/√ε in (10)). Then if we letε → 0+ and considerµ = εp for some
p > 0, the system becomessingularor weakly hyperbolic. This case can also be called
totally singular, because all the frequencies are fast (in contrast with other problems that
arise in celestial mechanics, where the frequencies have different time scales, such as
ω = (ω∗1, ω

∗
2/
√
ε); see [CG94], [RW98], [GGM99]). We recall that, according to the

terminology introduced in [CG94], the regular and singular systems are also said to be
a-priori unstableanda-priori stable, respectively.

As a remark, assumingH1 = H1(x, ϕ) and performing the (noncanonical) linear
change obtained by replacingy, I by y/

√
ε, I /
√
ε, plus a change of time scale by a factor√

ε, the Hamiltonian equations (3) are transformed in new equations associated to the
Hamiltonian

〈ω∗, I 〉 + 1

2
〈3I , I 〉 + y2

2
+ εV(x)+ 〈λ, I 〉y+ εµH1(x, ϕ),

in which the hyperbolicity disappears forε→ 0+. This is a generalization of Lochak’s
example [Loc92, §V2], which corresponds to the caseV(x) = cosx−1,3 = Id,λ = 0,
andH1(x, ϕ) = (cosx − 1) f (ϕ) with some even functionf (ϕ).

In fact, Lochak’s example is, in its turn, a generalization of Arnold’s famous example
[Arn64] to an autonomous Hamiltonian of an arbitrary number of degrees of freedom,
but with the important feature that the perturbation includes harmonics inϕ of arbi-
trarily high orders. It is worth recalling that Arnold’s example was the first illustration
for the transition chains mechanism in order to establish the existence of diffusion in
Hamiltonian systems with more than two degrees of freedom.

Note that, even in the case of fast frequencies, if one regardsε andµ as independent
parameters, keepingε > 0 fixedand lettingµ→ 0, then one still has a regular system.
This strategy was introduced in [Arn64] in order to avoid dealing with a singular pertur-
bation problem. In this case, the Poincar´e-Melnikov method can be applied directly to
the detection of the splitting, provided the parameterµ is taken exponentially small with
respect toε (this is due to the fact that the Melnikov integrals are exponentially small
in ε).

The singular case arises properly when the parametersε andµ satisfy apower-like
relation of the typeµ = εp (the smallerp the better), and one letsε → 0+. In this
case, the problem of detecting the splitting from the Melnikov integrals is much more
intricate, because of the exponentially small character of the integrals involved. However,
it is believed that, under some weak conditions, the Melnikov integrals give the right
predictions for the splitting.

It is important to stress that the study of a singular system is closely related to
the general problem of stability in a nearly integrable Hamiltonian systemH(ϕ, I ) =
h(I )+ ε f (ϕ, I ), in angle–action variables(ϕ, I ) ∈ Tn+1×Rn+1 (here, the perturbation
parameter isε). Assume, for a given actionI ∗, that the associated frequency vector has a
single resonance: for instance,∂I h(I ∗) = (0, ω∗) with ω∗ ∈ Rn nonresonant. As shown
in [DG98] (see also [Eli94], [RW97]), one step of resonant normal form procedure can
be performed nearI ∗ and leads, under some generic hypotheses and after a scaling, to
a hyperbolic Hamiltonian of the type (1)–(4), taking asH0 the truncated normal form.
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One has

ω = ω∗√
ε
, µ = O(ε1/2),

and this relation betweenε andµ says that this system is singular (to have a regular
system, one should considerε > 0 fixed and allowµ→ 0). We point out also that, in
general, the truncated normal formH0 includes a coupling term:λ 6= 0 in (2).

In fact, the detection of the (homoclinic) splitting between the whiskers of hyperbolic
tori in the singular case is an important step but it is not the only difficulty related with
the study of Arnold diffusion through transition chains. Indeed, other related difficulties
are the study of the transition properties of the tori, the detection of heteroclinic inter-
sections between whiskers of different tori, and jumping the gaps associated to double
resonances.

1.4. Description of the Results

The main goal of the present paper is to introduce ageometricmethod to measure
the splitting of the whiskers in our Hamiltonian (1)–(2), relating it with the Melnikov
function.

To such an end, we first have to establish the surviving of the whiskered torus of
frequency vectorω, as well as its local whiskers, and then we can extend them to global
whiskers in order to compare the stable and the unstable ones. The surviving of the torus
and its local whiskers under a small perturbation can be ensured by means of ahyperbolic
KAM theorem, a version of the KAM theorem adapted to this problem. We point out that
the use of KAM theory cannot be avoided in this general setting, in which we consider an
arbitrary perturbationH1. Under more restrictive hypotheses onH1, KAM theory may
not be necessary (see for instance [Sau99]).

The hyperbolic KAM theorem is dealt with in most papers considering local variables
around the whiskered torus. A different approach was introduced by Eliasson [Eli94],
by rewriting the theorem in theoriginal variables, global inx ∈ T. This allowed him
to introduce in a very natural way a (vector) function measuring the splitting distance
between the perturbed whiskers. Another key fact, not discussed before [Eli94], is the
exploitation ofexact symplectictransformations to normal form in the hyperbolic KAM
theorem; this is crucial in order to establish the existence of homoclinic intersections
between the whiskers, in both regular and singular systems (although the splitting was
not computed). Similar results can be inferred from the work [Bol95].

Our main result is that, taking suitable variables, the splitting distance can be put
as the gradient of some scalar periodic function, which we callsplitting potential. This
function leads to two consequences. First, the result of [Eli94] on the existence of ho-
moclinic orbits is recovered; this holds for regular and singular systems. Second, using
the Poincar´e-Melnikov method; we can go farther than [Eli94]: We get theMelnikov
potential as a first-order approximation for the splitting potential, though in this pa-
per this result is good enough only for the regular case. However, it is expected that
this approximation also holds in the singular caseµ = εp for some suitablep > 0.
In this sense, our results can be considered as a first step in the study of the singular
case.



Splitting Potential and the Poincar´e-Melnikov Method for Whiskered Tori 439

Let us turn now to describe the contents of the present paper. In Section 2.1, we give
a statement (Theorem 1) of Eliasson’s version [Eli94] of the hyperbolic KAM theorem,
providing a symplectic transformation8 into a local normal formH̃ = H ◦8, having
a simpler expression in which the perturbed torus becomes transparent, as well as its
whiskers. We are interested in a normal form defined in awholeneighborhood of the
torus, as in [Eli94], [Nie99], according to Kolmogorov’s approach to KAM theory.

In Section 2.2, the expression of̃H provided by KAM theory allows us to take
parameterss, ϕ on the perturbed local whiskers, analogous to the parameters of the
unperturbed whiskers introduced in Section 1.2. These parameterizations are extended
to the global whiskers in Section 2.3 and are useful in measuring the splitting dis-
tance.

We have designed Section 3 in order to be useful to the nonexpert reader. In Section 3.1,
we develop thePoincaŕe-Melnikov methodfor the multidimensional case, and give a
first-order approximation for the splitting of the whiskers of hyperbolic tori. Taking
into account the Hamiltonian character of the equations, it turns out that the (vector)
Melnikov function M(ϕ) is simply the gradient of a scalar functionL(ϕ), which we
call theMelnikov potential: M(ϕ) = ∂ϕL(ϕ). We point out thatL and M are given
by absolutely convergent integrals (see formulas (31)–(32)), thanks to the fact that the
phase drift along the separatrix (due to the nonzero coupling term) and the first-order
deformation of the perturbed hyperbolic tori are taken into account. In the uncoupled
caseλ = 0, the formula for the Melnikov potential is somewhat simpler, and takes the
form

L(ϕ) = −
∫ ∞
−∞

[H1(z0(t, ϕ + ωt))− H1(z
∗
0(ϕ + ωt))] dt + const.

We see (Proposition 5) that, in the regular case, the Melnikov functionM provides a
first-order approximation for the splitting distance (measured along theI -direction).
Thus, in this regular case, the nondegenerate critical points ofL give rise to transverse
homoclinic orbits. In particular, whenL is a Morse function (a generic property), there
exist at least 2n transverse homoclinic orbits for|µ| small enough.

To illustrate the properties of the Melnikov potential, some examples are considered
in Sections 3.2 and 3.3, showing the existence of exactly 2n transverse homoclinic orbits.
As a measure of the transversality of the homoclinic intersections, we also compute the
determinant of the symmetric matrix∂ϕM = ∂ 2

ϕ L at the critical points ofL(ϕ). The
example considered in Section 3.3 is singular (with fast frequencies); this forces us to
study (as a function ofε) the dominant harmonic of the Melnikov potential.

On the other hand, the formulation of the Poincar´e-Melnikov method in the hetero-
clinic case is discussed in Section 3.4, stressing the differences with the homoclinic case,
the one mainly considered in this paper.

The aim of the following sections is to show that, using suitable variables, the “whole”
splitting distance (and not only its first-order approximation) is the gradient of some
function, in order to establish the existence of homoclinic orbits even in the singular case.
In Section 4, we introduceflow-box variablesin some real neighborhood containing a
piece (local ins but global inϕ) of the stable and unstable whiskers; in this way the
properties of these whiskers appear much more transparently. In particular, we stress that
their splitting distance becomes a quasiperiodic function, only depending onϕ − ωs.
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In Section 5.1, we take advantage of the special formulation of Theorem 1 (that uses
the original variables) and introduce in some neighborhood anexact symplecticmap
between the global perturbed whiskers, taking the stable whisker onto the unstable one.
So we proceed as in [Eli94], but we go farther because we express this map in the flow-
box variables. In this way, the unstable whisker can be seen as a graphic over the stable
one.

In Section 5.2, the exactness of the symplectic map that links the two whiskers
allows us to introduce in (84) a scalar functionL(S, ψ), calledsplitting potential, as
well as its gradientM(S, ψ) = ∂ψL(S, ψ), called splitting function. We establish
(Theorem 10) that the functionsL andM only depend onψ − ωS and that, after a
suitable reparameterization of the whiskers, the functionM gives a measure for the
splitting (the new parametersS, ψ substitute the initial oness, ϕ on the whiskers). It
becomes clear that the result on the splitting potential is strongly related to the Lagrangian
properties of the whiskers. As a consequence, we deduce the existence of at leastn+ 1
homoclinic orbits (not necessarily transverse), and this holds also in the singular case.

Finally, we obtain (Theorem 11) first-order approximations, valid for the regular case,
for both the functionsL andM, in terms of the Melnikov potentialL and the Melnikov
function M introduced in Section 3.1:

L(S, ψ) = µL(ψ − ωS)+O(µ2), M(S, ψ) = µM(ψ − ωS)+O(µ2).

We finish this introduction with some words about the computational aspects of the
singular case. Theorem 11 provides anO(µ2) error term that is not small enough in
the singular caseµ = εp with p > 0, due to the fact that the functionsL and M are
exponentially small with respect toε. (This is illustrated in the example of Section 3.3.)

To get better bounds for the error term between the splitting and Melnikov functions
for real values, one should get a bound similar to that of Theorem 11, but for acomplex
strip of the variables. Indeed, it is possible to carry out a control on the lossδ of complex
domain in the angle variables in the normal form theorem, providing a more precise
version of Theorem 1. Such a control onδ for a Hamiltonian like (1)–(2) has been done
in [Nie99]. It still lacks an extension theorem and the flow-box variables extended to a
suitable complex domain, to obtain exponentially small asymptotics for the splitting of
separatrices, provided by the Melnikov function. This topic is currently being researched
by the authors, and as a matter of fact, this is the strategy followed in [DS97], [DGJS97],
in simpler situations in which the normal form is integrable and the flow-box variables
can be defined explicitly.

It is expected that under some general hypotheses on the perturbation, the first-order
approximation provided by the Poincar´e-Melnikov method will give the dominant part
of the splitting of the separatrices in the singular case. Such a result was announced
in [RW98], but it still lacks a complete proof.

However, during the revision of this paper, we became aware of several recent preprints
that contain essential advances on the asymptotics of the exponentially small splitting of
separatrices taking place in single resonances of nearly integrable Hamiltonian systems.
Among them, the preprints [Sau99], [LMS99], [RW99] are based on using the Hamilton-
Jacobi equation to the whiskers to exploit in a very transparent way their exact Lagrangian
properties, and the preprint [PT99] introduces a different technique to attack this problem,
using the method of continuous averaging.
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2. The Perturbed Torus and Its Whiskers

2.1. The Hyperbolic KAM Theorem in the Original Variables

We are concerned in this section with the surviving of our Diophantine whiskered torus
under perturbations, as well as its local stable and unstable manifolds. We call this result
thehyperbolic KAM theorem. It follows from a convergent KAM-like iterative scheme,
providing a symplectic transformation taking our Hamiltonian into alocal normal form
in some domain, in which the perturbed torus and its whiskers become transparent.

The first versions of the hyperbolic KAM theorem were proved in [Gra74], [Zeh76]
for a regular hyperbolic Hamiltonian. Subsequent papers, like [Tre91], [CG94], [Eli94],
[RW97], [Val98], [Nie99] (among others), provide proofs that hold also for a singular
Hamiltonian. Nevertheless, significantly different approaches to KAM theory are fol-
lowed in these papers: Kolmogorov’s approach (ensuring the surviving of one concrete
Diophantine torus), and Arnold’s approach (producing a large Cantor family of surviving
tori). These two approaches were followed initially for the standard KAM theorem in
[Kol78], [BGGS84] and in [Arn63], [P¨os82], respectively, and have both been translated
to the hyperbolic context.

Among the cited papers, we follow here the approach of [Eli94], [Nie99], which are
close to Kolmogorov’s original approach, in the sense that the normalizing transformation
converges on a whole neighborhood of the torus, making possible the study of the
dynamics near the torus and the local whiskers. In particular, this will allow us to control
a neighborhood of the local stable whisker, which can be ensured in this way to contain
also a piece of the global stable whisker (see Section 5).

We also point out that most of the papers quoted above give the hyperbolic KAM
theorem in terms of some local variables(u, v, ϕ, I ), sometimes calledhyperbolic vari-
ables, in which the whiskers become coordinate planes, in a neighborhood (of some
radiusr0 > 0) around the whiskered torus. Denoting0 the change to the hyperbolic
variables, our starting Hamiltonian (1)–(2) can be writtenG = G0+ µG1, with

G0(u, v, I ) = H0 ◦ 0 = 〈ω, I 〉 + 1

2
〈3̂I , I 〉 + αuv +O2(uv),

G1(u, v, ϕ, I ) = H1 ◦ 0.

The change0 comes from Moser’s well-known theorem [Mos56] (see also [CG94, §A3])
on the convergence of the Birkhoff normal form for a 1-degree-of-freedom Hamiltonian
near a hyperbolic equilibrium point. In this way, the pendulumP can be taken to a
function ofuv, and recall thatα > 0 is the Lyapunov exponent, defined in (9).

The hyperbolic KAM theorem expressed in the hyperbolic variables provides, under
the suitable conditions, a symplectic transformationϒ to normal form:

G̃ = G ◦ ϒ = const+ 〈ω, I 〉 + α̃uv +O2(uv, I ). (14)

In a further step from this habitual framework that uses the hyperbolic variables,
Eliasson rewrote the hyperbolic KAM theorem and expressed it directly in the “original
variables” [Eli94, p. 65]. This is very suitable to our purpose of carrying out a global
control of the whiskers in order to study their splitting (see Section 5.1).
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Another important fact in Eliasson’s paper [Eli94] is that he takes advantage of the
properties of theexact symplectictransformations that appear in the construction of
the normal form. This tool is very useful in order to detect homoclinic intersections,
because it will allow us to put the splitting function as the gradient of a splitting potential
(see Section 5.2). To recall what an exact symplectic transformation is, consider the
1-form

η = −(ydx + I dϕ), (15)

whose differential is the standard symplectic 2-form:

dη = dx ∧ dy+ dϕ ∧ dI .

A transformation8 is symplectic if the 1-form8∗η−η is closed, and it is exact symplectic
if this 1-form is exact (= dS, globally, for some scalar primitiveS).

As a simple example, a translationTa: (u, v, ϕ, I ) 7→ (u, v, ϕ, I − a) is symplectic
but not exact symplectic ifa 6= 0. Indeed, its primitive would be〈a, ϕ〉, but this function
cannot be defined globally forϕ ∈ Tn, because it is not periodic inϕ.

In [Eli94], a translationTa is carried out on the normal form (14), with a suitable
a ∈ Rn such thatϒ ◦ Ta is exact symplectic. This transformation is translated from the
hyperbolic variables to the original ones:8 = 0 ◦ϒ ◦ Ta ◦ 0−1. Then the Hamiltonian
H̃ = H ◦8 can be taken as the normal form forH . This provides the result of [Eli94,
p. 65], which we state below as Theorem 1.

On the other hand, the very recent paper by Niederman [Nie99] deals with a similar
framework, and provides a more refined version of the hyperbolic KAM theorem (In the
hyperbolic variables), concerning the lossδ of complex domain in the angle variables
ϕ. Although this control onδ is not necessary in the present paper, it is important in
obtaining asymptotic estimates for the splitting in the singular case (takingδ as some
power of the perturbation parameterε), as we plan to do in the future. The paper [Nie99]
also works with exact symplectic transformations and, as a difference, the nondegeneracy
condition imposed is the isoenergetic one instead of (5).

In fact, the control on the lossδwas previously carried out in some papers that deal with
somewhat different contexts: in [RW97] for Arnold’s approach to the hyperbolic KAM
theorem, and in [DGJS97] for fast quasiperiodic perturbations of a pendulum. Later,
this feature is applied in an extension theorem and then exponentially small asymptotic
estimates for the splitting are obtained (see [DS97], [DGJS97], [RW98]).

In this work, we define forr > 0 the complex domain

Br = {(x, y, ϕ, I ): |x|, |y|, |I |, | Imϕ| ≤ r }.

For a functionf (x, y, ϕ, I ) analytic on some domainD (and continuous on its closure),
we denote| f |D its supremum norm.

In the whole paper, we will denoteC,C1,C2, . . . some suitable (big enough) positive
constants not depending onω, µ. These constants will be relabeled over the course of
the paper. We point out that this dependence onω, µ is considered separately because
these amounts depend onε in the singular case. We will also writef = O(g) if we can
bound| f | ≤ C|g|.
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Theorem 1. Let H = H0 + µH1 as described in (1)–(4), analytic on Br (r ≤ r0).
Assume the frequency vectorω satisfies the Diophantine condition (10) for someτ > n−1
andγ > 0. Assume also the nondegeneracy condition (5). Then for|µ| ≤ 1/C, there
exists an exact symplectic transformation8 = 8(·;µ): Bνr −→ Br (analytic with
respect to(x, y, ϕ, I ) andµ), 0< ν < 1, and there exist a= a(µ), b= b(µ) (analytic
in µ), such thatH̃ = H ◦8 takes the form

H̃ = const+ 〈ω, I − a〉 + bP̂(x, y, I )+O2

(
P̂(x, y, I ), I − a

)
. (16)

In addition, the following estimates hold:

|8− id|Bνr = O(µ), |a|, |b− 1| = O(µ). (17)

The constants r0, ν, C do not depend onω, µ.

In order to keep a more readable notation, we shall not make explicit theµ-dependence
of 8, a, b.

Remarks.

1. The normal formH̃ is not integrablein general, because it is nothing but rewriting
the original HamiltonianH in other variables (without truncating it). Nevertheless, it
is clear from the structure of̃H that it has a whiskered torus and the associated local
whiskers, as we detail in the next section.

2. The price paid for obtaining an exact symplectic transformation in Theorem 1 is that
the torus, in the normal form variables, is shifted fromI = 0 to I = a.

3. The most important point about Theorem 1 is that, thanks to the use of the variablesx,
y instead of the hyperbolic variables, the local normal formH̃ can be put in terms of
the generalized pendulum̂P(x, y, I ). We intensively use this feature in Section 5.1.

4. The validity of this result in the singular case, withµ = εp andω = ω∗/√ε, can be
established from the fact that the associated constants do not depend onω, µ. Then
the theorem applies in the singular case provided|ε| is small enough.

2.2. Parameterization of the Perturbed Torus and Its Local Whiskers

The local normal formH̃ given in (16) has a hyperbolic invariant torus of frequency
vectorω. This torus and its associated local whiskersW̃+loc (stable) andW̃−loc (unstable)
can be parameterized as follows:

T̃ : z̃∗(ϕ) = (0,−〈λ,a〉, ϕ,a), ϕ ∈ Tn,

W̃±loc: z̃(s, ϕ) = (x0(bs), y0(bs)−〈λ,a〉, ϕ + ξ0(bs),a), ±s ≥ s0, ϕ ∈ Tn, (18)

(recall the drift term defined in (11)), with a suitables0 = s0(r ). Indeed, in order to have
z̃(s, ϕ) ∈ Bνr , we need|x0(bs)|, |y0(bs)|, |a| ≤ νr . These inequalities hold for|s| ≥ s0

with somes0 only depending onr . In the parameterss, ϕ, the dynamics ofH̃ onW̃±loc is
given byṡ = 1, ϕ̇ = ω. We will assume that the meaningless additive constant in (16)
has been chosen in such a way thatH̃(W̃±loc) = 0.
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We then have, for the original perturbed HamiltonianH , a hyperbolic torus and its
associated local stable and unstable whiskers:

T : z∗(ϕ) = 8(z̃∗(ϕ)), ϕ ∈ Tn,

W±loc: z±loc(s, ϕ) = 8(z̃(s, ϕ)), ±s ≥ s0, ϕ ∈ Tn.

In the following lemma, to be used in Section 3.1, we give a first-order approximation
in µ for the shift of the perturbed torusT with respect to the unperturbed torusT0, along
the I -component. Thus, we measureI ∗(ϕ) (the I -component ofz∗(ϕ)). To describe this
approximation, we consider the (zero average) scalar functionχ(ϕ) solving the following
small divisors equation:

〈ω, ∂ϕχ〉 + H1(0,0,0) = H1(0,0, ·,0), (19)

where the notationf denotes theϕ-average of a functionf . It is a well-known fact that
the Diophantine condition (10) ensures the existence of the solutionχ (see for instance
[Rüs75]; in fact this goes back to [Kol78]). The use ofχ as a first approximation for the
perturbed torus was introduced by Treschev [Tre94].

Lemma 2. For anyϕ ∈ Tn, one has

I ∗(ϕ) = µ(ζ − ∂ϕχ(ϕ))+O(µ2), (20)

where we define

ζ = −3̂−1(∂I H1− λ∂y H1)(0,0,0). (21)

Proof. Let us writez∗(ϕ) = z∗0(ϕ) + µz∗1(ϕ) + O(µ2). It is clear thatI ∗0 (ϕ) = 0, and
we have to findI ∗1 (ϕ). The HamiltonianH hasz∗(ϕ + ωt) as a quasiperiodic trajectory
densely filling the invariant torusT . Note thatd

dt z
∗(ϕ+ωt) = 〈ω, ∂ϕz∗(ϕ+ωt)〉 (we are

using the notation〈ω, ∂ϕ f 〉 =∑n
j=1ωj ∂ϕj f also for a vector functionf (ϕ)); therefore

z∗(ϕ) satisfies the following partial differential equation:

〈ω, ∂ϕz∗(ϕ)〉 = J∇H(z∗(ϕ)),

whereJ denotes the standard symplectic matrix. We can write this equation in compo-
nents (disregarding they-component, which is not needed here):

〈ω, ∂ϕx∗(ϕ)〉 = y∗(ϕ)+ 〈λ, I ∗(ϕ)〉 + µ∂y H1(z
∗(ϕ)), (22)

〈ω, ∂ϕϕ∗(ϕ)〉 = ω +3I ∗(ϕ)+ λy∗(ϕ)+ µ∂I H1(z
∗(ϕ)), (23)

〈ω, ∂ϕ I ∗(ϕ)〉 = −µ∂ϕH1(z
∗(ϕ)). (24)

(In the last component, we have used implicitly that then components ofI are first
integrals ofH0.) Expanding inµ up to first order, we obtain

〈ω, ∂ϕx∗1(ϕ)〉 = y∗1(ϕ)+ 〈λ, I ∗1 (ϕ)〉 + ∂y H1(z
∗
0(ϕ)), (25)

〈ω, ∂ϕϕ∗1(ϕ)〉 = 3I ∗1 (ϕ)+ λy∗1(ϕ)+ ∂I H1(z
∗
0(ϕ)), (26)

〈ω, ∂ϕ I ∗1 (ϕ)〉 = −∂ϕH1(z
∗
0(ϕ)). (27)
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Note that (27) is a (vector) small divisors equation forI ∗1 (ϕ). This equation is of the
same type as (19), but now with a zero average function in the right-hand side. In fact,
taking aϕ-derivative in (19), we get

〈ω, ∂ 2
ϕ χ(ϕ)〉 = ∂ϕ(〈ω, ∂ϕχ(ϕ)〉) = ∂ϕH1(z

∗
0(ϕ)).

Comparing this equation to (27), we obtain the equalityI ∗1 (ϕ)− I ∗1 = −∂ϕχ(ϕ).
To determineζ = I ∗1 , we take the average parts in (25)–(26),

y∗1 + 〈λ, I ∗1 〉 + ∂y H1(z∗0(·)) = 0,

3I ∗1 + λy∗1 + ∂I H1(z∗0(·)) = 0.

Solving these linear equations, and recalling the matrix3̂ introduced in (7), we ob-
tain (21).

We have to check also that the constant involved in theO(µ2)-term in (20) can be
understood in the sense described just before Theorem 1. We see from (24) and (27) that
the differenceI ∗(ϕ)− µI ∗1 (ϕ) satisfies the small divisors equation

〈ω, ∂ϕ(I ∗(ϕ)− µI ∗1 (ϕ))〉 = −µ[∂ϕH1(z
∗(ϕ))− ∂ϕH1(z

∗
0(ϕ))]. (28)

The right-hand side of this equality is clearlyO(µ2) for ϕ ∈ Tn, according to (17) and
the definition ofz∗(ϕ). Then the solution of (28), without its average part, satisfies the
bound

(I ∗(ϕ)− µI ∗1 (ϕ))− (I ∗ − µI ∗1 ) = O(µ2)

(with γ as a denominator, but this is a constant). Using (22)–(23) and (25)–(26), we can
also obtain a bound for the average part:I ∗ − µI ∗1 = O(µ2), and we then get the right
bound for theO(µ2)-term in (20).

Remarks.

1. We could also have deduced this lemma from a proof of the hyperbolic KAM theorem,
considering the first iteration in the KAM iterative process. Nevertheless, since we
do not give in this paper the proof of this theorem, we have included here a direct
proof of Lemma 2.

2. Proceeding analogously to this lemma, one can easily obtain the following general-
ization: For any given first integralF of H0, one has the approximationF(z∗(ϕ))−
F(z∗(·)) = µ{F, χ} (z∗0(ϕ))+O(µ2).

3. The mean valueI ∗ is closely related to the constanta in Theorem 1. Using the
exactness of the normalizing transformation8, one can check thatI ∗ − a = O(µ2).
However, we will not need this fact later.

For the local perturbed whiskersW±loc, it is easy to establish that

lim
s→±∞[z±loc(s, ϕ)− z∗(ϕ ± πλ)] = 0,

as in (12), as well as exponentially decreasing bounds like in (13), but replacing the
Lyapunov exponents±α by ±bα. More precisely, the following lemma provides an
asymptotic formula for the local whiskersW±loc near the torusT , to be used in Section 3.1.
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Lemma 3. For any±s ≥ s0 andϕ ∈ Tn, one has

z±loc(s, ϕ) = z∗(ϕ ± πλ)+ z0(s,∓πλ)+O
(
e∓αs/2µ

)
.

Proof. We proceed simultaneously for the local stable whisker and the unstable one.
Denoting8(1) = 8− id, we have

z±loc(s, ϕ)− z∗(ϕ ± πλ) = z̃(s, ϕ)− z̃∗(ϕ ± πλ)+8(1)(z̃(s, ϕ))−8(1)(z̃∗(ϕ ± πλ)).

From (18), we note that

z̃(s, ϕ)− z̃∗(ϕ ± πλ) = z0(bs,∓πλ)

(which does not depend onϕ). We have the inequality

|z0(bs,∓πλ)− z0(s,∓πλ)| ≤ |∂sz0||(b− 1)s| ≤ Ce∓αs/2|µ|.

To obtain this, we have used the fact that∂sz0(s, ϕ) = (y0(s),−V ′(x0(s)), y0(s)λ,0) is
exponentially decreasing to 0 fors→ ±∞, together with a bound of the type|s|e∓s ≤
e∓s/2, and also that we can assume|b− 1| ≤ 1/2 from (17). On the other hand, we have
the following inequality:

|8(1)(z̃(s, ϕ))−8(1)(z̃∗(ϕ ± πλ))| ≤ |d8(1)||z̃(s, ϕ)− z̃∗(ϕ ± πλ)| ≤ C′|µ|C′′e∓bαs.

Here, we have obtained from (17) a bound for|d8(1)| (on a real domain), and we have
also used a bound analogous to (13), with∓bα instead of∓α. By (17), we can assume
b ≥ 1/2. Then the proof is finished by combining the two exponential bounds obtained.

2.3. Parameterization of the Perturbed Global Whiskers

The parameterizations of the whiskersW±loc, introduced in Section 2.2, valid for±s ≥ s0,
can easily be extended to further values ofs in a natural way, since the whiskers are formed
by trajectories associated to our HamiltonianH . We denoteW± the extended orglobal
whiskers; our aim is to measure the distance between them.

We will denoteϒ t andϒ t
0 the time-t Hamiltonian flows associated toH and H0

respectively, for real values oft .
The extended parameterizationsz±(s, ϕ) for the global whiskers are defined in such

a way that the trajectories onW± are given byt 7→ z±(s+ t, ϕ + ωt). For the global
unstable whisker we define, as long as the domain ofH is not left,

z−(s, ϕ) = ϒs−ŝ(z−loc(ŝ, ϕ − ω(s− ŝ))),

with any ŝ < −s0. From the properties of the flow, we see that this definition does not
depend on the choice ofŝ. Note that the analyticity ofz−(s, ϕ) with respect tos, ϕ can
be established in the following simple way: For anys in a neighborhood of some fixed
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s∗, we choosês= s− (s∗ − ŝ∗) (analytic ins); then one has

z−(s, ϕ) = ϒs∗−ŝ∗(z−loc(s− (s∗ − ŝ∗), ϕ − ω(s∗ − ŝ∗))),

which is clearly analytic ins, ϕ. Proceeding similarly, we can definez+(s, ϕ) for the
global stable whisker.

We assume our starting HamiltonianH in (1) analytic on a complex domain

Dr = {(x, y, ϕ, I ): | Im x|, |y|, | Imϕ|, |I | ≤ r },

with r > 0. Note thatDr ⊃ Br , but the new domainDr is global in Rex ∈ T. We
will assumer big enough in order to contain a neighborhood of the (global) unperturbed
whiskers: say|y| ≤ r /2 onW0. As we see below, the domainDr can also be ensured to
contain a large piece of the perturbed global whiskersW±.

It is not hard to establish, from the variational equations forH0, the following in-
equalities: For givenz, z′,

|ϒ t
0(z
′)− ϒ t

0(z)| ≤ eK1|t ||z′ − z|, |ϒ t (z)− ϒ t
0(z)| ≤ K2

(
eK1|t | − 1

) |µ|, (29)

for anyt as long as the flows remain in the domain ofH . The constantsKj do not depend
on ω, µ. Note that the factorK2|µ| in the second inequality comes from the fact that
∇(H − H0) = O(µ).

It can be deduced from the inequalities (29) that a trajectoryz(t)with initial condition
z(t1) at distanceO(µ) to the unperturbed whiskerW0 remains at distanceO(µ) for a
time intervalO(1). Then the perturbed global whiskersW± remain close toW0, for
an interval of values of the parameters. The following lemma gives a more precise
statement of this property. We recall that we are dealing here only withreal trajectories.
Similar estimates for complex trajectories are more involved, and require the application
of an extension theorem, as in [DS97], [DGJS97], [RW98].

The lemma refers only to the unstable whiskerW−. The version for the stable whisker
W+ is completely analogous.

Lemma 4. The bound

z−(s, ϕ) = z0(s, ϕ)+O(eK1sµ)

holds for anyϕ ∈ Tn and for any real s such that

s ≥ −s0, eK1s|µ| ≤ 1

C
, (30)

and then z−(s, ϕ) remains in Dr .

Proof. For givens ≥ −s0 andϕ, let−2s0 < ŝ< −s0, andϕ̂ = ϕ−ω(s−ŝ). Using (17),
we can easily establish the inequality

|z−loc(ŝ, ϕ̂)− z0(ŝ, ϕ̂)| ≤ C′|µ|.
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Then applying (29), we obtain

|z−(s, ϕ)− z0(s, ϕ)| = |ϒs−ŝ(z−loc(ŝ, ϕ̂))− ϒs−ŝ
0 (z0(ŝ, ϕ̂))|

≤ |ϒs−ŝ(z−loc(ŝ, ϕ̂))− ϒs−ŝ
0 (z−loc(ŝ, ϕ̂))|

+ |ϒs−ŝ
0 (z−loc(ŝ, ϕ̂))− ϒs−ŝ

0 (z0(ŝ, ϕ̂))|
≤ K2(e

K1(s−ŝ) − 1)|µ| + eK1(s−ŝ)|z−loc(ŝ, ϕ̂)− z0(ŝ, ϕ̂)|
≤ C′′eK1s|µ| ≤ C′′

C
= r

2
,

provided we chooseC = 2C′′/r in (30). In this way, we keepz−(s, ϕ) in Dr .

3. The Poincaré-Melnikov Method for Whiskered Tori

3.1. Melnikov Potential and Melnikov Function

In order to provide a first-order approximation for the splitting, we introduce the (scalar)
Melnikov potentialand the (vector)Melnikov functionas, respectively, the following
functions,µ-independent and periodic inϕ ∈ Tn:

L(ϕ) = −
∫ ∞
−∞
(H1− H1− {χ, H0})(z0(t, ϕ + ωt))dt, (31)

M(ϕ) = ∂ϕL(ϕ) = −
∫ ∞
−∞

[∂ϕ(H1− {χ, H0})](z0(t, ϕ + ωt))dt. (32)

Recall thatH1(x, y, I ) denotes theϕ-average ofH1, and thatχ(x, y, ϕ, I ) = χ(ϕ) is
the (zero average) function solving the small divisors equation (19). Notice thatL = 0
(and of courseM = 0), because the function inside the integral has zero average.

We point out that the Melnikov integrals introduced in (31)–(32) areabsolutely con-
vergent. Indeed, note that the functionH1− H1− {χ, H0} vanishes onT0:

(H1− H1−{χ, H0})(z∗0(ϕ)) = (H1− H1−〈ω, ∂ϕχ〉)(z∗0(ϕ)) = 0 ∀ϕ ∈ Tn. (33)

Using this fact, together with the exponentially decreasing bounds (13), we obtain the ab-
solute convergence. We recall that the functionχ , which gives the absolute convergence,
is closely related to the shift of the perturbed torusT with respect to the unperturbed
torusT0 in applying KAM theorem, as shown in Lemma 2. Our use of absolutely con-
vergent integrals in the formulation of the Poincar´e-Melnikov method for whiskered tori
makes a difference with respect to some previous works [HM82], [Wig88], [Rob88],
where conditionally convergent integrals are used and the integration limits have to be
carefully chosen.

Another important fact is that our formulas forL and M are useful in both the
coupled and the uncoupled cases (in (2),λ 6= 0 andλ = 0 respectively), as we illustrate
in Sections 3.2 and 3.3. Related expressions, also valid in both cases, were previously
obtained by Treschev [Tre94]. In that paper, the Melnikov function was expressed with
the help of some correcting terms giving rise to the absolute convergence. We have
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improved that expression, obtaining a more compact formula (32), which includes the
correcting terms in the integral (the Melnikov potential was not introduced in [Tre94]).

It is useful to provide alternative expressions for the Melnikov potential and the
Melnikov function, similar to the ones given in [Tre94]. These expressions contain the
correcting terms cited just above:

L(ϕ) = lim
T→∞

[
−
∫ T

−T
(H1− H1)(z0(t, ϕ + ωt))dt + χ(ϕ + πλ+ ωT)

− χ(ϕ − πλ− ωT)

]
, (34)

M(ϕ) = lim
T→∞

[
−
∫ T

−T
∂ϕH1(z0(t, ϕ + ωt))dt + ∂ϕχ(ϕ + πλ+ ωT)

− ∂ϕχ(ϕ − πλ− ωT)

]
. (35)

To show that (31) is equal to (34), note that∫ T

−T
{χ, H0}(z0(t, ϕ + ωt))dt =

∫ T

−T

d

dt
χ(z0(t, ϕ + ωt))dt

= χ(z0(T, ϕ + ωT))− χ(z0(−T, ϕ − ωT)),

and, in view of (12), this expression inside the limit in (31) can be substituted byχ(ϕ +
πλ + ωT) − χ(ϕ − πλ − ωT). This gives (34), and we obtain (35) just taking aϕ-
derivative.

We recall also that an expression equivalent to our Melnikov potential, valid in the
coupled case, appeared already in [CG94, §4] in terms of its Fourier expansion. However,
our expression (31) looks much simpler.

Concerning the uncoupled caseλ = 0, we can obtain a simpler and perhaps more
classical formula for the Melnikov potential (and, obviously, for the Melnikov function),

L(ϕ) = −
∫ ∞
−∞

[(H1− H1)(z0(t, ϕ + ωt))− (H1− H1)(z
∗
0(ϕ + ωt))] dt

= −
∫ ∞
−∞

[H1(z0(t, ϕ + ωt))− H1(z
∗
0(ϕ + ωt))] dt + const,

as one deduces from the following computation, valid for anyt1, t2:

χ(ϕ + ωt2)− χ(ϕ + ωt1) =
∫ t2

t1

d

dt
χ(ϕ + ωt)dt

=
∫ t2

t1

{χ, H0}(z∗0(ϕ + ωt))dt

=
∫ t2

t1

(H1− H1)(z
∗
0(ϕ + ωt))dt, (36)

where we have used (33).
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Another simple case is that of a perturbation vanishing on the whiskered torus,H1 =
O2(x, y, I ). In this case, the whiskered torus remains unchanged. We haveχ = 0 in (31),
and therefore the following integral is absolutely convergent and can be applied:

L(ϕ) = −
∫ ∞
−∞
(H1−H1)(z0(t, ϕ+ωt))dt = −

∫ ∞
−∞

H1(z0(t, ϕ+ωt))dt+const. (37)

The absolute convergence of the integral for the Melnikov function in this case was
already pointed out in [Rob88]. Forn = 1, (37) coincides with [DR97, formula (2.15)].

Coming again to the general case considered at the beginning, the following standard
result shows that a first-order approximation for the splitting between the global whiskers
is given in terms of the Melnikov functionM . Since both whiskers are(n+1)-dimensional
manifolds contained in the same(2n + 1)-dimensional level of energy, it is enough to
express its distance by ann-dimensional measure. We take the differenceI −− I + as the
measure for the splitting (we denoteI ±(s, ϕ) the I -component of the parameterizations
z±(s, ϕ)).

Proposition 5. Assuming|µ| small enough, one has for any|s| ≤ s0 andϕ ∈ Tn the
following approximation:

I −(s, ϕ)− I +(s, ϕ) = µ∂ϕL(ϕ − ωs)+O(µ2). (38)

Proof. For eK1s0|µ| ≤ 1/C, we can apply Lemma 4 directly and thenI −(s, ϕ) and
I +(s, ϕ) can both be defined in the whole interval−s0 ≤ s ≤ s0. We write

I −(s, ϕ)− I +(s, ϕ) = (I −(s, ϕ)− I ∗(ϕ − πλ))− (I +(s, ϕ)− I ∗(ϕ + πλ))
+(I ∗(ϕ − πλ)− I ∗(ϕ + πλ)).

First, we are going to write the first two terms in this expression as integrals. Applying
that İ = −∂ϕH = −µ∂ϕH1 (so we are using thatI1, . . . , In are first integrals of the
unperturbed HamiltonianH0), we obtain

I ±(s, ϕ)− I ∗(ϕ ± πλ) = −
∫ ±∞

s

d

dt
[ I ±(t, ϕ − ωs+ ωt)

− I ∗(ϕ − ωs± πλ+ ωt)] dt

= µ

∫ ±∞
s

[∂ϕH1(z
±(t, ϕ − ωs+ ωt))

− ∂ϕH1(z
∗(ϕ − ωs± πλ+ ωt))] dt. (39)

Note that Lemma 3 ensures the absolute convergence of these improper integrals.
For the first-order approximations of the parameterizations involved, write

I ±(s, ϕ) = µI ±1 (s, ϕ)+O(µ2), I ∗(ϕ) = µI ∗1 (ϕ)+O(µ2),

and recall from Lemma 2 thatI ∗1 (ϕ) = ζ − ∂ϕχ(ϕ). It is clear that

I −1 (s, ϕ)− I +1 (s, ϕ) = (I −1 (s, ϕ)− I ∗1 (ϕ − πλ))− (I +1 (s, ϕ)− I ∗1 (ϕ + πλ))
+ (I ∗1 (ϕ − πλ)− I ∗1 (ϕ + πλ)).
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Considering the first order inµ in (39), we get the following integrals, along unperturbed
homoclinic trajectories:

I ±1 (s, ϕ)− I ∗1 (ϕ±πλ) =
∫ ±∞

s
[∂ϕH1(z0(t, ϕ − ωs+ ωt))

− ∂ϕH1(z
∗
0(ϕ − ωs± πλ+ ωt))] dt

= lim
T→∞

[∫ ±T

s
∂ϕH1(z0(t, ϕ − ωs+ ωt))dt

− ∂ϕχ(ϕ − ωs± πλ± ωT)+ ∂ϕχ(ϕ ± πλ)
]
, (40)

where we have used the equality (36), rewriting thereϕ asϕ − ωs± πλ and taking a
ϕ-derivative. Using also that

I ∗1 (ϕ − πλ)− I ∗1 (ϕ + πλ) = −∂ϕχ(ϕ − πλ)+ ∂ϕχ(ϕ + πλ),

we obtain the first-order approximation of (38):

I −1 (s, ϕ)− I +1 (s, ϕ) = M(ϕ − ωs) = ∂ϕL(ϕ − ωs),

with the functionM according to the expression (35), which is equivalent to our defini-
tion (32).

To end the proof, we still have to bound the remainder and show that the constant in the
O(µ2)-term in (38) does not depend onω. First, we consider the difference between (39)
and its approximation given by (40),

(I ±(s, ϕ)− I ∗(ϕ ± πλ))− µ(I ±1 (s, ϕ)− I ∗1 (ϕ ± πλ))
= µ

∫ ±∞
s

[∂ϕH1(z
±(t, ϕ − ωs+ ωt))− ∂ϕH1(z

∗(ϕ − ωs± πλ+ ωt))

− ∂ϕH1(z0(t, ϕ − ωs+ ωt))+ ∂ϕH1(z
∗
0(ϕ − ωs± πλ+ ωt))] dt

= O(µ2).

To obtain this estimate, the integral has been broken in two parts:
∫ ±∞
±s0

and
∫ ±s0

s . For the
first part, we have used the exponentially decreasing estimate of Lemma 3 and, with the
help of the mean value theorem, we have obtained anO(µ2)-estimate. For the second
part of the integral, we have used the extended estimate of Lemma 4 and another simpler
estimate to obtain also anO(µ2)-estimate. Note that, for this second part, the length of
the interval of the integral can be bounded by a constant:| ± s0− s| ≤ 2s0. Finally, the
following estimate for the last term follows from Lemma 2:

(I ∗(ϕ − πλ)− I ∗(ϕ + πλ))− µ(I ∗1 (ϕ − πλ)− I ∗1 (ϕ + πλ)) = O(µ2).

Combining these estimates, we obtain (38).

Remark. The approximation forI −(s, ϕ) − I +(s, ϕ) only depends onϕ − ωs at first
order inµ but, in general, it has a more complicated dependence at higher orders. In
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the same way, the first-order approximation is a gradient of a scalar functionL, but we
cannot ensure this fact at higher orders.

As a simple corollary of Proposition 5, we see that in the regular case the simple zeros
of the Melnikov functionM give rise, for|µ| small enough, to transverse homoclinic
intersections between the perturbed whiskers. As is well-known, if a point belongs to the
homoclinic intersection, then its whole orbit is also contained in the intersection (this
fact is closely related to the dependence onϕ − ωs). Thus, it is enough to find the zeros
of M(ϕ − ωs) for a fixed value ofs (aϕ-section), and from the simple zeros ofM we
get transverse homoclinic orbitsbiasymptotic to the perturbed torus (contained in both
the stable and the unstable whiskers).

Since the functionM is the gradient of the Melnikov potentialL, it is obvious that the
simple zeros ofM are the nondegenerate critical points ofL. If the functionL (defined
onTn) is aMorse function(its critical points are all nondegenerate: a generic property),
we deduce from Morse theory that for|µ| small enough there exist at least 2n transverse
homoclinic orbits.

It is well known that this argument does not apply in the singular case,ω = ω∗/√ε
andµ = εp, because the Melnikov functionM is typically exponentially small inε (see
the example in Section 3.3). To ensure thatµM(ϕ − ωs) dominates theO(µ2)-term,
one has to assumeµ exponentially small with respect toε. For larger values ofµ, the
existence of intersections cannot follow directly from (38).

As we said in the introduction, the study of the splitting in the singular case requires
a more careful analysis, which is not carried out in this paper (see instead [DGJS97],
[RW98], [GGM99]). Nevertheless, the effective existence of a number of homoclinic
intersections, for both the regular and singular cases, will be established in Section 5.2.
This will require the introduction of other variables in which the differenceI −− I + (and
not only its first-order approximation) becomes the gradient with respect to the angle
variables of some periodic function, called splitting potential.

Another important fact is that, in the proof of Proposition 5, we have used that
the n components ofI are first integrals ofH0. Following Treschev [Tre94], we can
generalize Proposition 5 in order to give an analogous first-order approximation for
the differenceF(z−(s, ϕ)) − F(z+(s, ϕ)), whereF is any given first integral of the
unperturbed HamiltonianH0. Define the (scalar) function

MF (ϕ) =
∫ ∞
−∞
{F, H1− {χ, H0}}(z0(t, ϕ + ωt))dt (41)

(again, this formula is more compact than in [Tre94]). In the uncoupled case (λ = 0),
this function can also be written as

MF (ϕ) =
∫ ∞
−∞

[{F, H1}(z0(t, ϕ + ωt))− {F, H1}(z∗0(ϕ + ωt))] dt.

The difference between the values of the first integralF on both manifolds admits the
following first-order approximation:

F(z−(s, ϕ))− F(z+(s, ϕ)) = µMF (ϕ − ωs)+O(µ2).

We omit the proof because it is analogous to that of Proposition 5.
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Now let us consider some interesting particular cases. TakingF = I j , it is clear that

MIj (ϕ) = ∂ϕj L(ϕ), j = 1, . . . ,n.

For F = H0, it is not hard to see from (41) thatMH0 = 0. Taking into account that
the function P̂ defined in (6) is also a first integral ofH0, we deduce from (8) that,
consideringF = P̂,

MP̂(ϕ − ωs) = −〈ω, ∂ϕL(ϕ − ωs)〉 = d

ds
L(ϕ − ωs).

Thus, the vector(MP̂,MI1, . . . ,MIn) is the gradient of the Melnikov potentialL(ϕ−ωs)
when considered a function of all the variabless, ϕ (i.e., a function defined on the
separatrixW0).

3.2. A Computable Coupled Example

Now we illustrate the computation of the Melnikov integrals in a simple coupled case,
with n+1 degrees of freedom. Afterwards, we consider a more particular case and show
(in the regular case) the existence of a number of transverse homoclinic intersections.

Let us introduce our exampleH = H0+µH1. For the integrable part, we choose the
standard pendulumV(x) = cosx − 1, and include a coupling term withλ 6= 0:

H0 = 〈ω, I 〉 + 1

2
〈3I , I 〉 + y2

2
+ cosx − 1+ 〈λ, I 〉y.

In the perturbation, we consider a real functionH1 only depending onϕ,

H1(ϕ) =
∑
k∈Zn

hkei 〈k,ϕ〉.

It is important to notice that forλ = 0, the HamiltonianH decouples, and there is
no possibility of splitting of the separatrices ofH0. So we assumeλ 6= 0. With this
perturbationH1(ϕ), the solutionχ(ϕ) of equation (19) is simply

χ(ϕ) =
∑
k 6=0

hk

i 〈k, ω〉 ei 〈k,ϕ〉,

and the Melnikov potential is given by its Fourier seriesL(ϕ) =∑k 6=0 Lkei 〈k,ϕ〉, where
each coefficient can be written asLk = hklk, where

lk = 〈k, λ〉〈k, ω〉 J (〈k, ω〉, 〈k,2λ〉), (42)

and we define

J (a,b) =
∫ ∞
−∞

eiateib(x0(t)−π)/2y0(t)dt, (43)
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which is always real provideda, b are real (we integrate an odd function in the imaginary
part). In this integral,(x0(t), y0(t)) is the well-known (positive) homoclinic trajectory
of the standard pendulum,

x0(t) = 4 arctanet , y0(t) = ẋ0(t) = 2

cosht
. (44)

For the sake of simplicity, we will assume thatλ is “half-integer” (i.e., 2λ ∈ Zn). In
this way, we only have to consider integer values ofb = 〈k,2λ〉 in the integral (43),
which can be computed in this case using residue theory. Indeed, one has

ei (x0(t)−π)/2 = 1+ i sinht

cosht
, (45)

and hence the function inside the integral (43) has only one singularity in the complex
domain 0≤ Im t ≤ 2π : a pole of orderb+ 1 at t = 3π i /2 (this singularity becomes
logarithmic ifb is not an integer, and then residue theory cannot be applied). For integer
b ≥ 0, some computations from (45) lead to the following formula:

J (a,b) =
∑

0≤p≤l≤b/2

2(−1)p

(
b
2l

)(
l
p

)
I(a,b− 2p+ 1)

+
∑

0≤p≤l≤(b−1)/2

2(−1)p+1

(
b

2l + 1

)(
l
p

)
a

b− 2p
I(a,b− 2p),

where we define

I(a, r ) =
∫ ∞
−∞

cosat

coshr t
dt.

This integral satisfies the recurrence

I(a, r ) = a2+ (r − 2)2

(r − 1)(r − 2)
I(a, r − 2),

and can be computed from

I(a,1) = π

cosh(πa/2)
, I(a,2) = πa

sinh(πa/2)
, (46)

which are computed by residue theory. Thus, we are able to computeJ (a,b) for any
reala and integerb ≥ 0. (For any realb ≥ 0 but not integer, we can still expressJ (a,b)
in terms ofI(a,b− [b]) andI(a,b− [b] + 1), where [b] denotes the integer part of
b.) For integerb < 0, we can use the equalityJ (a,b) = J (−a,−b). For instance, we
obtain

J (a,0) = 2π

cosh(πa/2)
, J (a,±1) = 4πae∓πa/2

sinhπa
, J (a,±2) = ∓4πa2e∓πa/2

sinhπa
.

Next, in order to show the existence of transverse homoclinic intersections, we con-
sider a more specific example, with a finite number of harmonics. To obtain this result,
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the perturbationH1(ϕ) requires at leastn harmonics (as will be clear below). So we
consider a trigonometric polynomial

H1(ϕ) =
n∑

j=1

2|hj | cos(〈k( j ), ϕ〉 + ηj )

(for simplicity, we writehj instead ofhk( j ) ). We assume that the coefficientshj are
all nonvanishing, and that the integer vectorsk( j ) are linearly independent; denote1 =
det(k(1), . . . , k(n)) 6= 0. If the factorsl j (= lk( j ) ), obtained from (42), are all nonvanishing,
we are going to show that the Melnikov potentialL(ϕ) associated to this problem is a
Morse function having exactly 2n|1| critical points. For instance, a concrete example
in which this result applies isλ = 1

2e1, k(1) = e1, k( j ) = e1 + ej , j = 2, . . . ,n (where
e1, . . . ,en denotes the canonical basis ofZn); in this case we havel j 6= 0 and1 = 1,
and therefore exactly 2n critical points.

Writing the trigonometric polynomialH1(ϕ) in the exponential form and using that
lk = l−k in (42), we obtain

L(ϕ) =
n∑

j=1

2|hj |l j cos(〈k( j ), ϕ〉 + ηj ).

Then we have

M(ϕ) = −
n∑

j=1

2k( j )|hj |l j sin(〈k( j ), ϕ〉 + ηj ),

and therefore the critical points are the solutionsϕ∗ of the following 2n linear systems
onTn, where eachαj can be 0 orπ :

〈k( j ), ϕ∗〉 + ηj = αj (mod 2π), j = 1, . . . ,n

(notice that the critical points obtained are exactly those ofH1(ϕ)). For each choice of
(α1, . . . , αn), the system has|1| solutions (see for instance [LM88, appendix 3]), so
the number of critical points is 2n|1|. To see that any critical point is nondegenerate,
we compute the determinant of the symmetric matrix∂ϕM(ϕ∗) = ∂ 2

ϕ L(ϕ∗), which also
gives a measure of the transversality:

det∂ 2
ϕ L(ϕ∗) = det

(
−2

n∑
j=1

k( j )(k( j ))>|hj |l j cosαj

)

= (−2)n12 ·
n∏

j=1

|hj |l j cosαj = ±2n12 ·
n∏

j=1

|hj |l j 6= 0.

3.3. A Singular Example with Small Divisors

Consider now the HamiltonianH = H0+ µH1, with

H0(x, y, I ) = 〈ω, I 〉 + 1

2
〈3I , I 〉 + y2

2
+ cosx − 1,

H1(x, ϕ) = (cosx − 1) f (ϕ), f (ϕ) =
∑
k∈Zn

fkei 〈k,ϕ〉.
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The integrable HamiltonianH0 is uncoupled (λ = 0 in (2)), and consists of a pendulum
andn rotors. Note also that the perturbationH1 depends only on the anglesx, ϕ and
that, sinceH1 = O2(x), the whiskered torus remains fixed (as in Arnold’s original
example [Arn64]). However, following [Chi79, p. 358] and [Loc92, p. 117] we will not
assume thatf (ϕ) is a trigonometric polynomial. On the contrary, we assume an analytic
perturbation, with exponentially decreasing coefficients,

| fk| ≤ e−|k|ρ ∀k ∈ Zn \ {0}

(note that the parameterρ is the width of analyticity ofH1 in the anglesϕ). We also
considerfast frequenciesω = ω∗/√ε, because we are interested in a singular situation.

The fact thatH1 = O2(x) allows us to compute the Melnikov potential applying
the simple formula (37). Using the expression (44) for the homoclinic trajectory of the
standard pendulum, we have

L(ϕ) = −
∫ ∞
−∞
(cosx0(t)− 1) f (ϕ + ωt)dt + const= 2

∫ ∞
−∞

f (ϕ + ωt)

cosh2 t
dt + const.

Taking into account that the additive constant is such thatL = 0, and writingL(ϕ) =∑
k 6=0 Lkei 〈k,ϕ〉, the Fourier coefficientsLk can be computed explicitly using (46):

Lk = 2 fk

∫ ∞
−∞

ei 〈k,ω〉t

cosh2 t
dt = 2π〈k, ω〉 fk

sinh( π2 〈k, ω〉)
(47)

(note that the mean valuef = f0 does not influence the Melnikov potential).

3.3.1. Upper Bounds for the Melnikov Potential. Let us obtain an upper bound of
the Melnikov potentialL in the case of fast frequencies, showing that its size depends
strongly on the small divisors properties of the frequencies. We assume that the vector
ω∗ is Diophantine, and introduceγ = γ ∗/√ε in (10), for someτ ≥ n− 1. We have

|Lk| ≤ 2π√
ε
|〈k, ω∗〉| · e−|k|ρ

sinh

(
π

2
√
ε
|〈k, ω∗〉|

) .
Now, we use that sinhx ≥ ex/3 for x ≥ 1, and simply apply sinhx ≥ x for 0< x < 1.
Note that

|〈k, ω∗〉| ≥ 2
√
ε

π
, for 0< |k| ≤ K0 = K0(ε) :=

(
πγ ∗

2
√
ε

)1/τ

.

We obtain the following bounds for the Fourier coefficients:

|Lk| ≤
(

6π√
ε

)
|〈k, ω∗〉|exp

(
−|k|ρ − πγ ∗

2|k|τ√ε
)
, 0< |k| ≤ K0, (48)

|Lk| ≤ 4e−|k|ρ, |k| > K0. (49)
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In order to bound the coefficients (48), we use the following property: A function like
g(u) = au+ bu−τ , with a,b > 0, has a minimum atu∗ = (τb/a)1/(τ+1), and one has
g(u∗) = (1 + 1/τ)au∗ = (1 + 1/τ)(τaτb)1/(τ+1). This implies that the worst bound
in (48), for a givenε > 0, is given for the indexesk such that

|〈k, ω∗〉| ∼ γ ∗

|k|τ , |k| ∼ K = K (ε) :=
(
πτγ ∗

2ρ
√
ε

)1/(τ+1)

,

and we get

|Lk| ≤ 6π√
ε
|〈k, ω∗〉|e−(1+1/τ)ρK = 6π√

ε
|〈k, ω∗〉|exp(−Cε−1/(2τ+2)), (50)

where we define

C =
(

1+ 1

τ

)(
πγ ∗τρτ

2

)1/(τ+1)

.

The contribution of the coefficients (49) can be bounded asO(e−K0ρ) and, comparing the
exponents ofε in K0 andK , one sees that this contribution is smaller than (50). Thus, for
ε > 0 small enough, we get an upper bound for the Melnikov potential, exponentially
small inε:

|L(ϕ)| ≤ const

ε1/(2τ+2)
exp(−Cε−1/(2τ+2)), ϕ ∈ Tn.

Proceeding analogously for the Melnikov functionM = ∂ϕL, whose Fourier coefficients
areMk = ikLk, one obtains the bound

|M(ϕ)| ≤ const

ε1/(τ+1)
exp(−Cε−1/(2τ+2)), ϕ ∈ Tn.

It is an important point in these estimates to assume a perturbation with an infinite
number of harmonics. As stressed in [Loc92, §V2], one is then forced to take into account
the small divisors associated to the frequencies, and this leads to the exponent 1/(2τ +2)
inside the exponential. Notice that this exponent in the upper bound is reminiscent of the
Nekhoroshev-like estimates. Instead, if one assumes a finite number of harmonics (as in
Arnold’s example [Arn64]), then one obtains the exponent 1/2, but this case is highly
nongeneric.

3.3.2. Lower Bounds for the Melnikov Potential in the Golden Mean Case.A more
precise description of the asymptotic behavior ofL andM requires a very careful analysis
of the small divisors associated to the frequency vectorω∗. For the case of two frequen-
cies:ω∗ = (ω∗1, ω∗2) (i.e., forn+1= 3 degrees of freedom), this analysis can be carried
out applying the theory of continued fractions to the frequency ratioω∗2/ω∗1. The simplest
case is that of thegolden mean,

ω∗ = (1, Ä), Ä =
√

5+ 1

2
, (51)

which was first considered in [Sim94] and later on in [DGJS97], where lower bounds
for the Melnikov function and for the splitting were obtained. We point out that such
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bounds can easily be generalized if the golden meanÄ in (51) is replaced by another
quadratic numberω∗2/ω∗1 (see also [RW98] for other different kinds of numbers).

On the other hand, a key point in dealing with the singular case is to assume that, in
the perturbation, at least the harmonicsfk corresponding to the small divisors associated
to ω∗ are nonvanishing, because the dominant harmonic is found among these. Under
this assumption, one can obtain the largest lower bounds (with exponent 1/(2τ + 2)) in
the Melnikov approximation, in order to ensure that this approximation dominates the
O(µ2)-remainder, as carried out in [DGJS97].

Next, we shall get a lower bound for the Melnikov potential in the case (51), ensur-
ing also that it has nondegenerate critical points. For the perturbation, in view of the
discussion above, we assume that

| fk| = e−|k|ρ ∀k ∈ Z2 \ {0}.
For instance, the function

f (ϕ) = sinϕ1

coshρ − cosϕ1
· sinhρ

coshρ − cosϕ2

satisfies this requirement. Note that a non-even functionf (ϕ) is allowed, so we are not as-
suming that the perturbationH1(x, ϕ) is reversible (unlike [Gal94], [RW98], [GGM99]).

It is well known that the small divisors associated to the golden meanÄ are directly
related to the Fibonacci numbers,

F0 = F1 = 1, Fn = Fn−1+ Fn−2, n ≥ 2.

We also define

CF = 1

Ä+Ä−1
= 1√

5
,

and recall that

Fn−1 = CF (Ä
n − (−1)nÄ−n), n ≥ 1.

The best rational approximations ofÄ are given by the convergentsFn/Fn−1. In other
words, the indexesk(n) = (Fn,−Fn−1) (and also(−Fn, Fn−1)) are the ones that give the
dominant behavior among the small divisors〈k, ω∗〉. More precisely, one has

〈k(n), ω∗〉 = Fn − Fn−1Ä = (−1)n

Än
= (−1)nCF

Fn−1
+O

(
1

F 3
n−1

)
, n ≥ 1,

and also the following inequality (see [DGJS97, §6]): For anyk = (k1,−k2) such that
k2 > 0 is not a Fibonacci number,

|〈k, ω∗〉| = |k1− k2Ä| > ÄCF

k2
. (52)

Note that the frequency vectorω∗ satisfies the Diophantine condition (10) withτ = 1.
We are going to show that the dominant harmonics of the Fourier series of the Mel-

nikov potentialL(ϕ) are the ones associated to the Fibonacci indexesk(n). We proceed as



Splitting Potential and the Poincar´e-Melnikov Method for Whiskered Tori 459

in [DGJS97], though the context is somewhat different. DenotingSn = Lk(n) , from (47)
we directly obtain

|Sn| = 2π

Än
√
ε
· e−Fn+1ρ

sinh( π

2Än
√
ε
)
, n ≥ 1.

The main part of this expression is given by

|S0
n| =

4π

Än
√
ε

e−b0
n, (53)

where we define

b0
n = b0

n(ε) = CFÄ
n+2ρ + π

2Än
√
ε
. (54)

For a givenε > 0, to find the dominant harmonic among the Fibonacci ones, we look
for the minimum exponentb0

n, n ≥ 1. We introduce

D0 =
√

π

2CFρ
, C0 = Ä

√
2πCFρ,

and also

εn =
(

D0

Än+1

)4

= ε0

Ä4n
.

We then obtain the following alternative expression for the exponents (54):

b0
n =

C0

2ε1/4

(
ε1/4Än+1

D0
+ D0

ε1/4Än+1

)
= C0

ε1/4
cosh

(
logε − logεn

4

)
, (55)

and it is clear that the minimum exponent is reached when logεn is closest to logε.
To analyze better how the minimum value depends onε, we considerδ = logε, and

δn = logεn = δ0− 4n logÄ. For a givenδ, the minimum among the|δ − δn| is reached
by only one integerN0 = N0(δ), except for the case thatδ is some(δn + δn+1)/2, in
which the minimum is reached for two integersN0, N0 + 1. Anyway, it easy to check
that the function

c̃(δ) = min
n
|δ − δn| = |δ − δN0|

is (4 logÄ)-periodic, continuous, and piecewise linear, and for anyδ one has

0≤ c̃(δ) ≤ 2 logÄ.

The extreme values 0 and 2 logÄ are obtained forδ = δn and δ = (δn + δn+1)/2,
respectively. In fact, we can definec̃(δ) as the(4 logÄ)-periodic extension of

c̃(δ) = |δ − δ0|, |δ − δ0| ≤ 2 logÄ.

Now, consider the functionc(δ) = cosh(c̃(δ)/4), that is, the(4 logÄ)-periodic extension
of

c(δ) = C0 cosh

(
δ − δ0

4

)
, |δ − δ0| ≤ 2 logÄ.
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This function satisfies

C0 ≤ c(δ) ≤ Ä
3/2C0

2
= (1.029085. . .)C0.

In terms ofε, we see that the minimum exponentb0
n is given by

b0
N0
= c(logε)

ε1/4
, (56)

and this implies that the coefficientS0
N0

is the dominant one among theS0
n. Note that one

hasN0 ≥ 1 providedδ ≤ δ0− 2 logÄ, i.e., forε ≤ ε0/Ä2.
Now, to see that the “whole” coefficientSN0 is also dominant among theSn, we write

these coefficients in the form

|Sn| = 4π

Än
√
ε

e−bn .

The new exponentsbn = bn(ε) are related to the previous ones through

bn = b0
n −

(−1)nCFρ

Än+2
+ log

(
1− exp

{
− π

Än
√
ε

})
,

and it is not hard to see that the new terms in this sum leave unchanged the fact that the
minimum exponent is given byn = N0. We point out that the dominant coefficientSN0

is unique except for the case that logε is close to some(δn + δn+1)/2, i.e., forε close to
some

ε′n =
εn

Ä2
= ε0

Ä4n+2
,

where there are two dominant coefficientsSN0, SN0+1.
The non-Fibonacci coefficientsLk, for k 6= k(n), do not dominate, since by (52) they

can be bounded similarly, but withÄCF instead ofCF . The exponent analogous to the
b0

n would now be, for the non-Fibonacci indexesk,

|k|ρ + π

2
√
ε
|〈k, ω∗〉| ≥ Ä

1/2C0

ε1/4
,

which is bigger than the exponent obtained in (56), sinceÄ1/2 > Ä3/2/2. In this way, the
maximum value of the Melnikov potential|L(ϕ)|, ϕ ∈ T2, can be approximated by its
dominant Fibonacci harmonic, given by

N0(ε) ∼ log(ε0/ε)

4 logÄ
.

We obtain, for maxϕ∈T2 |L(ϕ)|, an upper bound and a lower bound, both of the type

const

ε1/4
exp

(
−c(logε)

ε1/4

)
.
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3.3.3. Lower Bounds for the Determinant at the Critical Points of the Melnikov
Potential in the Golden Mean Case.We now want to show that the Melnikov potential
L(ϕ) has nondegenerate critical points, as a first step towards the existence of transverse
homoclinic intersections in the singular case. As in Section 3.2, we need to consider
at least two harmonics in order to find these nondegenerate critical points (recall that
heren = 2). Assumeε > 0 fixed, not coinciding with any of theεn. In the discussion
above, we can consider also the integerN1(ε) reaching the “second” minimum among
the b0

n; it is clear that|N1 − N0| = 1. Calling N = N(ε) = min(N0, N1), it turns
out thatεN+1 < ε < εN , and the Fibonacci coefficients with indexesN and N + 1
give the two dominant harmonics in the Fourier expansion of the Melnikov potential
(note that this discussion is not valid ifε is one of theεn, because then the “second”
minimum among theb0

n and the “third” one reach the same value, and we cannot consider
two dominant harmonics).

As in Section 3.2, it will be suitable to use the trigonometric form of the Fourier expan-
sions. For the functionf (ϕ) that gives the perturbation, we writefkei 〈k,ϕ〉+ f−ke−i 〈k,ϕ〉 =
2| fk| cos(〈k, ϕ〉 + ηk); note that if f (ϕ) is even (the reversible case), thenηk = 0 or
ηk = π for anyk. The main part of the Melnikov potentialL(ϕ) is given by its two dom-
inant Fibonacci harmonics, with indexesN, N + 1. This main part can be written as

L(N)(ϕ) = 2|SN | cos
(〈

k(N), ϕ
〉+ σN

)+ 2|SN+1| cos
(〈

k(N+1), ϕ
〉+ σN+1

)
,

where we denoteσN = ηk(N) . We can apply to this trigonometric polynomial the results
of the end of Section 3.2. So we consider the determinant

1N = k(N)1 k(N+1)
2 − k(N)2 k(N+1)

1 = FN−1FN+1− F 2
N = (−1)N+1,

and henceL (N)(ϕ) has exactly four critical pointsϕ∗. All of them are nondegenerate:

|det∂ 2
ϕ L(N)(ϕ∗)| = 4|SN SN+1| 6= 0.

Again, we can use (53) to obtain the main part of this determinant,

4|S0
N S0

N+1| =
64π2

Ä2N+1ε
e−(b

0
N+b0

N+1).

Using (54) and proceeding as before, we obtain expressions for the new exponent,
analogous to (55) and (56):

b0
N + b0

N+1 = CFÄ
N+4ρ + π

2ÄN−1
√
ε
= C1

ε1/4
cosh

(
logε − logε′N

4

)
= c1(logε)

ε1/4
.

Here, we define

C1 = Ä3/2C0 = Ä5/2
√

2πCFρ,

andc1(δ) is a(4 logÄ)-periodic function, defined from

c1(δ) = C1 cosh

(
δ − δ′0

4

)
, |δ − δ′0| ≤ 2 logÄ,
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with δ′0 = logε′0. It is easy to find the extreme values of this function:

C1 ≤ c1(δ) ≤ Ä
3/2C1

2
.

Now, we use that the trigonometric polynomialL(N)(ϕ) gives the main contribution to
L(ϕ). We obtain, at the four critical points, an upper bound and a lower bound for the
determinant of∂ 2

ϕ L, both of the type

const

ε1/2
exp

(
−c1(logε)

ε1/4

)
.

We recall that this determinant is a measure for the transversality of the splitting. Finally,
it is a direct consequence of Proposition 5 that, forµ = o(exp{−c1(logε)ε−1/4}), there
exist four transverse homoclinic intersections, as predicted by the Melnikov potential.
However, we recall that this is actually a regular situation, and a justification for the
singular caseµ = εp, for somep > 0, does not follow directly from Proposition 5.

3.4. Melnikov Integrals for a Heteroclinic Case

Now, we consider the Hamiltonian (1)–(2) without assuming that the perturbationH1 is
periodic with respect to the variablex. In this case, the unperturbed tori atx = 0 and
at x = 2π must be considered as different: We denote themT (m)0 , m = 0,2π . For the
unperturbed HamiltonianH0, we have aheteroclinicconnection: The unstable whisker
of T (0)0 and the stable whisker ofT (2π)0 coincide. Applying the hyperbolic KAM theorem
in a neighborhood of each torus, under the usual assumptions, we get perturbed toriT (m)
as well as their local whiskers. Extending these local whiskers to global ones, our aim
is to measure the splitting between the global unstable whiskerW (0),− of T (0) and the
global stable whiskerW (2π),+ of T (2π).

Proceeding analogously to Sections 2.2 and 2.3, we can define parameterizations
z(m),∗(ϕ) andz(m),±(s, ϕ) for the toriT (m) and the whiskersW (m),±, respectively.

It has to be pointed out that the perturbed toriT (0) andT (2π) do not necessarily lie
in the same energy level (indeed, we cannot expect the additive constant in the normal
form (16) to be the same for the two tori, because it comes from applying the KAM
theorem independently to each one). If their energy is not the same, the whiskersW (0),−

andW (2π),+ do not intersect. However, in the particular case in which they lie in the same
energy level, we can measure the splitting distance by considering the difference between
the parameterizations of the global whiskers, along theI -direction:I (0),− − I (2π),+, and
we want to obtain the first-order approximation inµ. Writing

I (0),−(s, ϕ)− I (2π),+(s, ϕ) = (
I (0),−(s, ϕ)− I (0),∗(ϕ − πλ))
− (I (2π),+(s, ϕ)− I (2π),∗(ϕ + πλ))
+ (I (0),∗(ϕ − πλ)− I (2π),∗(ϕ + πλ)) ,

we then proceed as in the proof of Proposition 5. The only difference lies in the fact
that the shift of the toriT (m), with respect to the unperturbed ones, is not necessarily the
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same for the two tori. More precisely, Lemma 2 provides different approximations for
the two perturbed tori:

I (0),∗(ϕ − πλ) = µ
(
ζ (0) − ∂ϕχ(0)(ϕ − πλ)

)+O(µ2),

I (2π),∗(ϕ + πλ) = µ
(
ζ (2π) − ∂ϕχ(2π)(ϕ + πλ)

)+O(µ2),

where eachχ(m)(ϕ) solves the small divisors equation

〈ω, ∂ϕχ(m)〉 + H1(m,0,0) = H1(m,0, ·,0), m= 0,2π,

and the mean value of the shift is given at first-order by

ζ (m) = −3̂−1(∂I H1− λ∂y H1)(m,0,0), m= 0,2π.

Taking into account these facts, we get the following first-order approximation that
generalizes (38):

I (0),−(s, ϕ)− I (2π),+(s, ϕ) = µ(ζ (0) − ζ (2π) + M(ϕ − ωs))+O(µ2). (57)

Here, the Melnikov function is again a gradient:M(ϕ) = ∂ϕL(ϕ), and the Melnikov
potential can be defined as the following modified version for the formula (34), with
correcting terms associated toχ(0) andχ(2π):

L(ϕ) = lim
T→∞

[
−
∫ T

−T
(H1− H1)(z0(t, ϕ + ωt))dt + χ(0)(ϕ + πλ+ ωT)

− χ(2π)(ϕ − πλ− ωT)

]
.

We are interested in expressing the Melnikov potential by means of an absolutely
convergent integral that includes the correcting terms, as in (31). The equivalence between
formulas (31) and (34) shown in Section 3.1 cannot be generalized here because, in
general,χ(0) 6= χ(2π). Nevertheless, we can consider a functionχ̃ that “interpolates”
χ(0) andχ(2π). A way to construct such an interpolation is to chooseχ̃(x, y, ϕ, I ) solving
the small divisors equation

〈ω, ∂ϕχ̃〉 + H1 = H1. (58)

One obtains a formula forL(ϕ) analogous to (31), replacingχ by χ̃ . Also, it is easy
to check thatH1 − H1 − {χ̃ , H0} coincides with−{χ̃ , P̂} on I = 0 (recall thatP̂ was
defined in (6)). We then obtain the following simple expression, which does not depend
on the choice of̃χ :

L(ϕ) =
∫ ∞
−∞
{χ̃ , P̂}(z0(t, ϕ + ωt))dt. (59)

We point out that, even if both whiskers lie in the same energy level, the constantsζ (0)

andζ (2π) appearing in (57), associated to the shift of the tori, make it more involved to
find transverse heteroclinic intersections in the regular case, because they are not given
by the nondegenerate critical points ofL, whenζ (0) 6= ζ (2π). Also, to detect heteroclinic
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intersections from the Melnikov functionM , it is necessary that the maximum of|M | is
greater than the difference|ζ (2π)−ζ (0)|. The situation becomes even more disappointing
in the singular case, becauseM will be typically exponentially small inε; then to find
heteroclinic intersections one needs the mean shift of the two tori to be the same to all
orders (for instance, assuming that the two tori remain unchanged under the perturbation).

As an illustration for the formula (59), we consider the example provided in [HM82]
(see also [Wig88, §4.2d]). This is a Hamiltonian of the type (1–2), withn+1= 3 degrees
of freedom,V(x) = cosx − 1, λ = 0, and the following perturbation:

H1 = 1

2

2∑
j=1

(√
2I j sinϕj − x

)2
.

In [HM82], the measure of the splitting in this example is computed directly using
(derivatives of) integrals like (37), which are conditionally convergent in this case. Note
that the perturbationH1 is not periodic inx, so this example is more properly dealt with
the formula (59), suitable for the heteroclinic case. From (58), we can take

χ̃ =
2∑

j=1

(
− 1

4ωj
I j sin 2ϕj +

√
2I j

ωj
x cosϕj

)
.

On a fixed planeI = I 0 (instead ofI = 0), we apply (59) withz0(s, ϕ) = (x0(s), y0(s),
ϕ, I 0). Then we obtain the following Melnikov potential:

L(ϕ) =
2∑

j=1

√
2I 0

j

ωj

∫ ∞
−∞

y0(t) cos(ϕj + ωj t)dt =
2∑

j=1

2π
√

2I 0
j

ωj cosh(πωj /2)
cosϕj ,

where we have used (44) and (46) in computing the integral. The subsequent expression
for the Melnikov function is in agreement with the results given in [HM82].

It is clear thatL(ϕ) has four nondegenerate critical points at(0,0), (0, π), (π,0),
(π, π). Additionally, in this example we have∂I H1(0,0, I 0) = ∂I H1(2π,0, I 0) =
( 1

2,
1
2), and hence the shifts associated to the two tori coincide at first order:ζ (0) = ζ (2π).

Nevertheless, the critical points obtained do not give rise to transverse heteroclinic orbits,
because the tori lie in different energy levels. Indeed, a simple computation shows that
the first order term of the difference of energies is〈ω, ζ (0) − ζ (2π)〉 + H1(0,0, I 0) −
H1(2π,0, I 0) = −2π2.

As a second illustration, we show that the study of any Hamiltonian of the type (1)–
(2), homoclinic (periodic inx) and coupled (λ 6= 0), can be reduced to a heteroclinic and
uncoupled Hamiltonian. Indeed, considering the (exact) symplectic change of variables

Q(x, y, ϕ, I ) = (x, y− 〈λ, I 〉, ϕ + λx, I ),

we obtain the HamiltoniaňH = H ◦ Q = Ȟ0+ µȞ1, with

Ȟ0 = 〈ω, I 〉 + 1

2
〈3̂I , I 〉 + P(x, y),

Ȟ1 = H1(x, y− 〈λ, I 〉, ϕ + λx, I ),
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and the new perturbation is not periodic inx (unlessλ is integer). Concerning the param-
eterization for the unperturbed whisker, note thatQ(ž0(s, ϕ)) = Q(x0(s), y0(s), ϕ,0) =
z0(s, ϕ + πλ) [thus the changeQ removes the phase drift term (11)]. The transformed
equation (58) is now solved by the functionχ̌ = χ̃ ◦ Q. Then we see from (59) that the
Melnikov potential remains essentially the same:

Ľ(ϕ) =
∫ ∞
−∞
{χ̌ , P}(x0(t), y0(t), ϕ + ωt,0)dt

=
∫ ∞
−∞
{χ̃ , P̂} ◦ Q(x0(t), y0(t), ϕ + ωt,0)dt = L(ϕ + πλ).

In this case, it is clear that the two tori lie in the same energy level, and we can also check
thatζ (0) = ζ (2π) for the transformed heteroclinic Hamiltonian.

4. Flow-Box Variables

Returning to the homoclinic case, our aim is now to provide a clearer formulation for
the problem of measuring the splitting. To reach this, it is convenient to introduce new
symplectic variables, called flow-box variables, in which the Hamiltonian equations are
very simple. In the neighborhood where we define these variables, we can make the local
stable whisker become a coordinate plane. Thanks to the use of Kolmogorov’s approach
to the hyperbolic KAM theory, this neighborhood also contains a piece of the global
unstable whisker, which can be seen as a graphic over the local stable one. The flow-box
variables(S, E, ψ, J) will be defined in such a way that the stable whisker is given by
the equationsE = 0, J = a, and the variablesS,ψ coincide with the parameterss, ϕ on
this whisker. The variablesJ are inherited from the initial variablesI , and the variable
E (conjugate toS), introduced in order to have a symplectic change, is related to the
energy.

Analogous flow-box variables are also used in [DS97], [DGJS97] but, in these papers,
the change can be defined explicitly from the expression of the normal form, which is
integrable. In our case, the flow-box variables are more involved because, in general, the
normal formH̃ obtained in (16) is not integrable.

Our construction of the flow-box variables is a standard one for a Hamiltonian system
(see for instance [AM78, §5.2]), but we have to be careful in order to obtain aglobal
domain in the angle variables. We start from the expression of the normal formH̃ , and
consider in these variables ann-dimensionalϕ-section on the local stable whisker,

S = z̃(s1,Tn) ⊂ W̃+loc, (60)

with somes1 > s0. To fix ideas, we can takes1 = 2s0. The ϕ-sectionS is con-
tained in the(2n + 1)-dimensional(y, ϕ, I )-section6 given by x = x0(bs1) (this
is a Poincar´e section). To parameterize6 in terms of the energy, we consider (from the
implicit function theorem) the real-analytic functiony(E, ψ, J) = y(E, ψ, J;µ), with
y(0, ψ,0;0) = y0(s1) for anyψ ∈ Tn, solving the equation

H̃(x0(bs1), y(E, ψ, J), ψ + ξ0(bs1), J) = E + 〈ω, J − a〉.
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(First we solve it locally for a givenψ , and then using the compacity ofTn we obtain a
global solution.) So the section6 can be parameterized, for|µ| small enough, as

6: σ(E, ψ, J) = (x0(bs1), y(E, ψ, J), ψ + ξ0(bs1), J), |E|, |J| ≤ r̂ , ψ ∈ Tn,

(61)
with r̂ not depending onω, µ. For anyψ ∈ Tn we have

σ(0, ψ,a) = z̃(s1, ψ), (62)

and thereforeσ(0,Tn,a) = S.
Since the Hamiltonian flow associated tõH is transversal to the section6 on the

points ofS, taking initial conditions on6 we cover a whole neighborhood ofS. Denote
ϒ̃ t = ϒ̃ t (·;µ) the time-t flow of H̃ , with realt . Then we introduce theflow-box variables
W = (S, E, ψ, J) on a neighborhood of̂S = (0,0,Tn,a), through the transformation
9 = 9(·;µ) defined by

(x, y, ϕ, I ) = 9(S, E, ψ, J) = ϒ̃S(σ (E, ψ − ωS, J)).

We have9(Ŝ) = S. This transformation is defined, for|µ| small enough, in a real
neighborhoodUr̂ (Ŝ), whose radiuŝr can be relabeled if necessary.

We are going to show next that the transformation9 is exact symplectic. Beforehand,
notice that our Hamiltonian takes, in the flow-box variables, a very simple form,

Ĥ = H̃ ◦9 = E + 〈ω, J − a〉,
and hence the associated Hamiltonian equations are

Ṡ= 1, Ė = 0, ψ̇ = ω, J̇ = 0. (63)

The next lemma is related to the property that any Hamiltonian flow is exact symplectic
(see Lemma 8). However, this fact does not apply directly to our transformation9, and
we have to make a somewhat different proof.

Lemma 6. The transformation9 is exact symplectic.

Proof. Note that we can write9 = 91 ◦ A, where we define

91(S, E, ψ, J) = ϒ̃S(σ1(E, ψ, J)), σ1(E, ψ, J) = σ(E − 〈ω, J − a〉, ψ, J),

A(S, E, ψ, J) = (S, E + 〈ω, J − a〉, ψ − ωS, J).

One easily sees that the transformationA is exact symplectic, and hence it suffices to
establish the same property for91.

Let us see that the transformation91 is symplectic, from its Jacobian matrix. For
S= 0, the matrix is

d91(0, ·) =
(
J∇ H̃(σ1(·)) ∂Eσ1(·) ∂ψσ1(·) ∂Jσ1(·)

)
,

where the dot stands for(E, ψ, J), andJ denotes the standard symplectic matrix. The
matrix d91(0, ·) is symplectic, as verified directly using the expression ofσ introduced
in (61). ForS 6= 0, we can check that

d91(S, ·) = dϒ̃S(σ1(·))d91(0, ·),
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using for the first column thatJ∇ H̃ ◦ϒ̃S = dϒ̃SJ∇ H̃ , and verifying the other columns
directly. Thus, the matrix d91 is symplectic at any point, since so is dϒ̃S.

In order to check that91 is exact, we try to proceed more or less as in Lemma 8.
Considering the 1-formη introduced in (15), and using that∂S91 = J∇ H̃ ◦ 91, we
have

∂S(9
∗
1 η) = d

[(
H̃ + η · J∇ H̃

)
◦91

]
. (64)

To see that9∗1η − η = ζSdS+ ζEdE + ζψdψ + ζJdJ has a global primitive function,
we cannot proceed exactly as in Lemma 8 because the transformation91 does not
coincide with the identity onS= 0. Nevertheless, in finding the primitive function, it
suffices to control the dψ-componentζψ of the 1-form. For this component, using that
the J-component of91 does coincide withJ on S = 0, it is not hard to check that
ζψ(0, ·) = 0. Then from (64), we obtain

ζψ(S, ·) =
∫ S

0
∂S′ζψ(S

′, ·)dS′ = ∂ψ
[∫ S

0
(H̃ + η · J∇ H̃) ◦91(S

′, ·)dS′
]
,

and we deduce that91 is exact.

Let us denoteŴ+loc = 9−1(W̃+loc) the local stable whisker (or more precisely a piece
of it) expressed in the flow-box variables. From (62) and the simple form (63) of the
Hamiltonian equations in the flow-box variables, we obtain

9(s,0, ϕ,a) = ϒ̃s(σ (0, ϕ − ωs,a)) = ϒ̃s(z̃(s1, ϕ − ωs)) = z̃(s1+ s, ϕ).

Then it is clear that this whisker becomes a coordinate plane, given byE = 0, J = a,
and can be parameterized as follows:

Ŵ+loc: W+loc(s, ϕ) = 9−1(z̃(s1+ s, ϕ)) = (s,0, ϕ,a), |s| ≤ r̂ , ϕ ∈ Tn. (65)

(We have replaceds by s1 + s for a clearer notation: In this way we haves = 0 on the
selected Section̂S.)

Now, we defineŴ− = 9−1 ◦8−1(W−) as an invariant manifold of̂H , which is the
equivalent in the flow-box variables for (a piece of) the global unstable whisker. Let us
parameterize

Ŵ−: W−(s, ϕ) = 9−1 ◦8−1(z−(s, ϕ)), |s| ≤ r̂ ′, ϕ ∈ Tn, (66)

with somer̂ ′ < r̂ . In components, we write

W−(s, ϕ) = (S−(s, ϕ), E−(s, ϕ), ψ−(s, ϕ), J−(s, ϕ)). (67)

There is splitting whenJ−(s, ϕ) 6= a or E−(s, ϕ) 6= 0. Nevertheless, since the whisker
is contained in the zero energy level, we haveE− + 〈ω, J− − a〉 = 0 and it suffices to
control theJ-component. Note that, if one hasJ−(s0, ϕ0) = a for some concrete values
(s0, ϕ0), then the associated homoclinic trajectory is given byt 7→ (s0+ t,0, ϕ0+ωt,a).
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Thus, the homoclinic trajectories and the splitting have a very simple formulation when
expressed in the flow-box variables.

Using thatz− − z+loc = O(µ) (as deduced from Lemmas 3 and 4), one sees that the
functionsS− − s, E−, ψ− − ϕ, J− − a are allO(µ). Using the simple form (63) of the
Hamiltonian equations, one sees also that these functions only depend onϕ − ωs (so
they arequasiperiodicin s):

S−(s, ϕ)− s= S−(0, ϕ − ωs),

E−(s, ϕ) = E−(0, ϕ − ωs),

ψ−(s, ϕ)− ϕ = ψ−(0, ϕ − ωs)− (ϕ − ωs),

J−(s, ϕ) = J−(0, ϕ − ωs).

In fact, a stronger result will be obtained in Section 5.2, after giving the unstable whisker
Ŵ− another parameterization.

The next result says that the approximation given in Proposition 5, expressed there
in the original variables, remains true after changing to the flow-box variables. So the
Melnikov functionM also provides a first-order approximation inµ for the difference
J− − a, at least in the regular case.

Proposition 7. For any|s| ≤ r̂ ′ andϕ ∈ Tn, one has

J−(s, ϕ)− a = µM(ϕ − ωs)+O(µ2). (68)

Proof. Consider the projectionI(S, E, ψ, J) = J, and denoteI1 = I ◦9−1◦8−1−I.
It is clear from (65) and (66)–(67) that, for anys, ϕ,

a = I ◦9−1 ◦8−1(z+loc(s, ϕ)) = I +loc(s, ϕ)+ I1(z
+
loc(s, ϕ)), (69)

J−(s, ϕ) = I ◦9−1 ◦8−1(z−(s, ϕ)) = I −(s, ϕ)+ I1(z−(s, ϕ)). (70)

We are going to show that the Jacobian matrix dI1 isO(µ). Then applying Proposition 5,
and using thatz− − z+loc = O(µ), we get from (69)–(70) the approximation (68).

To see that dI1 = O(µ), the key point is to use that, although the transformation9

is not near the identity, itsJ-componentI ◦9 is nearI. Using the notations introduced
in the proof of Lemma 6, we haveI ◦9 − I = (I ◦91− I) ◦ A. Taking into account
that∂S(I ◦91) = −∂ϕ H̃ ◦91, and thatI ◦91 coincides withI on S= 0, we can write

I ◦91(S, ·)− I = −
∫ S

0
∂ϕ H̃ ◦91(S

′, ·)dS′.

Note that∂ϕ H̃ = O(µ), as we see from writing̃H = H0 + (H0 ◦8− H0)+ µH1 ◦8
and using (17). Taking derivatives in the integral with respect to(S, E, ψ, J), we obtain
d(I ◦9 − I) = O(µ). On the other hand, we know from (17) that8− id = O(µ), and
hence d8− Id = O(µ). Writing

I1 = −(I ◦9 − I) ◦9−1 ◦8−1− (I ◦8− I) ◦8−1,

we deduce that dI1 = O(µ).
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Remarks.

1. This approximation has been obtained by going back to the original variables. A
justification for this is that the approximations carried out in the proof of Proposition 5
are possible only in these variables, since the improper integrals involved require that
we consider whole homoclinic trajectories.

2. The fact that the functionJ−(s, ϕ)− a (a kind of “splitting distance”) only depends
on ϕ − ωs is important in the singular case. The key point (see [DGJS97] and also
[DS97]) is to use that a function ofϕ − ωs, with ω = ω∗/√ε, having a polynomial
bound on a complex domain, becomes exponentially small inε for real values ofs,
ϕ. This property can give rise to exponentially small estimates for the splitting.

3. The use of some normal form variables (provided by the hyperbolic KAM theorem
plus the change to flow-box) is crucial in order to see thatJ−(s, ϕ) − a only de-
pends onϕ − ωs. This differs from other approaches [Gal94], [RW98], where the
splitting function is defined in terms of the original variables (see also a remark after
Proposition 5).

5. Splitting Potential and Homoclinic Orbits

5.1. An Exact Symplectic Map between the Global Perturbed Whiskers

As mentioned in Section 2.1, the special formulation of Theorem 1 allows us to carry
out a more global control on the perturbed whiskers. We introduce as in [Eli94] the
following integrable Hamiltonian, which is nothing butH0 with a properly changed
Lyapunov exponent and the variablesy, I shifted (compare with (2) and (8)):

N(x, y, I ;µ) = 〈ω, I − a〉 + b

2
〈3(I − a), I − a〉

+ bP(x, y+ 〈λ,a〉)+ b〈λ, I − a〉(y+ 〈λ,a〉)
= 〈ω, I − a〉 + b

2

〈
3̂(I − a), I − a

〉
+ bP̂(x, y, I ),

where the matrix̂3 is the one defined in (7). Recall thata andb depend onµ, although
this is not made explicit. This Hamiltonian is definedglobally in the variablex ∈ T,
and has exactly the same hyperbolic torusT̃ and local whiskersW̃±loc, and the dynamics
on them, as the local normal form̃H given in (16). The only difference is that the
parameterizatioñz(s, ϕ), introduced for the local whiskers in (18), can now be defined
for anys ∈ R. In this way the local whiskers̃W±loc can be extended to a (unique) global
homoclinic whisker ofN.

Recall theϕ-sectionS ⊂ W̃+loc introduced in (60), and define alsoS ′ = z̃(−s1,Tn) ⊂
W̃−loc. These twoϕ-sections are obviously related by the time-T Hamiltonian flow ofN,
with T = 2s1:

ϒT
N(S ′) = S.

What comes now is very important. Following [Eli94], we can define in a neighborhood
of 8(S) the symplectic map

2 = ϒT ◦8 ◦ ϒ−T
N ◦8−1. (71)
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Notice that the map2 takes a piece ofW+loc (the local stable whisker) intoW− (the global
unstable whisker). Even more, this map gives in its domain the following correspondence
between our parameterizations of the whiskers:

2(z+loc(s, ϕ)) = z−(s, ϕ); (72)

as we check easily, using as a crucial point that the HamiltoniansH̃ andN have the same
dynamics on the whiskers,

z+loc(s, ϕ)
8−17−→ z̃(s, ϕ)

ϒ−T
N7−→ z̃(s− T, ϕ − ωT)

87−→ z−loc(s− T, ϕ − ωT)
ϒT7−→ z−(s, ϕ).

This suggests that we can consider the difference2 − id as a suitable measure for the
splitting. Note also that, although other values fors1 could have been chosen (in fact,
anys1 > s0), the correspondence (72) is independent ofs1. Instead, what would depend
strongly ons1 is the neighborhood where2 can be defined.

The fact that8 is exact symplectic implies, using standard properties, that the map2

is also exact symplectic. Indeed, one uses that the exactness is preserved under inversions
and compositions. Besides, the following lemma states that a Hamiltonian flow is always
exact. This is also a standard fact, but we include its proof here because of its close relation
to the proof of Lemma 6.

Lemma 8. The flowϒ t associated to any Hamiltonian H is exact symplectic for any t.

Proof. For the 1-formη introduced in (15), it has to be checked that(ϒ t )∗η − η has
globally a scalar primitive function. WritingX = J∇H for the Hamiltonian vector field
associated withH , one has

d

dt

[
(ϒ t )∗η

] = (ϒ t )∗(dη · X + d(η · X)) = d[(H + η · X) ◦ ϒ t ].

Then

(ϒ t )∗η − η =
∫ t

0

d

dt ′
[(
ϒ t ′
)∗
η
]

dt ′ = d

[∫ t

0
(H + η · X) ◦ ϒ t ′ dt ′

]
.

The next lemma says that2 is near the identity. In fact, it will be more useful to us,
in the following sections, to express this result in terms of the flow-box variables. So we
define in a neighborhood of̂S = (0,0,Tn,a) the following map, which is also exact
symplectic:

2̂ = 9−1 ◦8−1 ◦2 ◦8 ◦9.
We use the notationUr (A) for a real neighborhood of radiusr around a setA.

Lemma 9. For |µ| small enough, one haŝ2 = id + O(µ) on some neighborhood
Ur̂ ∗(Ŝ), whose radiuŝr ∗ does not depend onω, µ.
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Proof. As a previous step, we consider also the map2 expressed in the normal form
variables provided by Theorem 1:

2̃ = 8−1 ◦2 ◦8 = 8−1 ◦ ϒT ◦8 ◦ ϒ−T
N ,

defined on a neighborhood ofS. Note that2̂ = 9−1◦ 2̃◦9. We are going to check that
2̃ = id+O(µ) on some neighborhoodUr̃ ∗(S), and this implies that̂2 = id+O(µ) on
some neighborhoodUr̂ ∗(Ŝ).

Using the variational equations forN, we can establish as in (29) the following
inequalities: For givenz, z′,

|ϒ t
N(z
′)− ϒ t

N(z)| ≤ eK ′1|t ||z′ − z|, |ϒ t (z)− ϒ t
N(z)| ≤ K ′2

(
eK ′1|t | − 1

)
|µ|, (73)

for anyt as long as the flows remain in the domain ofH . The constantsK ′j do not depend
onω, µ. Here, the factorK ′2|µ| comes from estimating∇(H − N) = ∇(H − H0) +
∇(H0− N) = O(µ).

We takeUr̃ ∗(S) ⊂ Bνr with r̃ ∗ to be determined in such a way that2̃ is defined on
this neighborhood. For a givenz ∈ Ur̃ ∗(S), let z∗ ∈ S such that|z− z∗| ≤ r̃ ∗. We have
ϒ−T

N (z∗) ∈ S ′ and, from the first inequality of (73), we get

|ϒ−T
N (z)− ϒ−T

N (z∗)| ≤ e2K ′1s1 r̃ ∗,

and thereforeϒ−T
N (z) belongs toBνr providedr̃ ∗ is small enough. Then using (17), we

obtain

|8 ◦ ϒ−T
N (z)− ϒ−T

N (z∗)| ≤ C|µ| + e2K ′1s1 r̃ ∗.

Applying the inequalities (73),

|ϒT ◦8 ◦ ϒ−T
N (z)− z∗|

≤ |ϒT ◦8 ◦ ϒ−T
N (z)− ϒT

N ◦8 ◦ ϒ−T
N (z)| + |ϒT

N ◦8 ◦ ϒ−T
N (z)− ϒT

N ◦ ϒ−T
N (z∗)|

≤ K ′2
(
e2K ′1s1 − 1

)
|µ| + e2K ′1s1

(
C|µ| + e2K ′1s1 r̃ ∗

)
≤ C′|µ| + C′′r̃ ∗.

ThenϒT ◦8 ◦ ϒ−T
N (z) ∈ 8(Bνr ) provided we takẽr ∗ and|µ| small enough, and this

ensures that̃2(z) is defined onUr̃ ∗(S).
Finally, to obtain that̃2 = id+O(µ), we consider the inequality

|2̃(z)− z| ≤ |8−1 ◦ ϒT ◦8 ◦ ϒ−T
N (z)− ϒT ◦8 ◦ ϒ−T

N (z)|
+ |ϒT ◦8 ◦ ϒ−T

N (z)− ϒT
N ◦8 ◦ ϒ−T

N (z)|
+ |ϒT

N ◦8 ◦ ϒ−T
N (z)− ϒT

N ◦ ϒ−T
N (z)|,

and, applying (73) and (17), we can bound the three terms of the right-hand side.

Notice that the parameterization (66) for the global unstable whiskerŴ− can also be
described in terms of the map̂2. Indeed, taking the correspondence (72) into account,
we see that

W−(s, ϕ) = 2̂(W+loc(s, ϕ)) = 2̂(s,0, ϕ,a), |s| ≤ r̂ ∗, ϕ ∈ Tn. (74)
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5.2. Splitting Potential and Splitting Function

The exactness of the symplectic map2̂ and the fact that̂2 = id+O(µ) imply that for
|µ| small enough there exists agenerating functionθ(S, Ě, ψ, J̌), periodic in the angles
ψ ∈ Tn, and defined in some neighborhoodUr̂ ∗∗(Ŝ) with r̂ ∗∗ < r̂ ∗, such that the map
2̂: (Š, Ě, ψ̌, J̌) 7→ (S, E, ψ, J) is given by

S= Š− ∂Ěθ, Ě = E − ∂Sθ, ψ = ψ̌ − ∂ J̌θ, J̌ = J − ∂ψθ. (75)

Notice that the functionθ = O(µ) does not include the nonperiodic (inψ) term SĚ +
〈ψ, J̌〉, which generates the identity part. One can find in [Eli94] how the generating
function of any near-to-the-identity exact symplectic map is constructed. However, we
point out that flow-box variables are not used in [Eli94], and hence our generating
functionθ is not the same as the one used there.

Taking into account (66)–(67) and (74), we can restrict the equations (75) to the
whiskers. We obtain, for|s| ≤ r̂ ∗∗ andϕ ∈ Tn, the equations

S−(s, ϕ) = s− ∂Ěθ(S
−(s, ϕ),0, ψ−(s, ϕ),a), (76)

E−(s, ϕ) = ∂Sθ(S
−(s, ϕ),0, ψ−(s, ϕ),a), (77)

ψ−(s, ϕ) = ϕ − ∂ J̌θ(S
−(s, ϕ),0, ψ−(s, ϕ),a), (78)

J−(s, ϕ) = a+ ∂ψθ(S−(s, ϕ),0, ψ−(s, ϕ),a). (79)

According to the remarks at the end of Section 4, one can think that the difference
J−(s, ϕ)− a should be the most natural choice for the “splitting function.” However, it
would be better to express the splitting distance as the gradient of some scalar function,
because then the splitting can be studied in terms of one only function. We cannot
deduce from the equation (79) thatJ−(s, ϕ) − a is a gradient, but this obstruction is
easily overcome with a suitable change of parameters.

We follow the approach introduced in [DS97] for the case of a fast periodic pertur-
bation of a one-degree-of-freedom Hamiltonian. In order to compare the whiskersŴ+loc

andŴ−, it is very suitable to take, as new parameters onŴ−,

S= S−(s, ϕ), ψ = ψ−(s, ϕ). (80)

This change isO(µ)-near to the identity, and can be explicitly inverted from the equa-
tions (76) and (78):

s= S+ ∂Ěθ(S,0, ψ,a), ϕ = ψ + ∂ J̌θ(S,0, ψ,a). (81)

In terms ofS, ψ , the unstable whisker̂W− appears nicely as agraphicover the stable
whiskerŴ+loc, through the parameterization,

Ŵ−: W̃−(S, ψ) =
(

S, Ẽ−(S, ψ), ψ, J̃−(S, ψ)
)
, |S| ≤ r̂ ∗∗, ψ ∈ Tn.

Besides, we see from the equations (77) and (79) that

Ẽ−(S, ψ) = ∂Sθ(S,0, ψ,a), (82)

J̃−(S, ψ) = a+ ∂ψθ(S,0, ψ,a). (83)
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In the new parameters, it is natural to introduce thesplitting potentialas the following
function, periodic inψ :

L(S, ψ) = θ(S,0, ψ,a), |S| ≤ r̂ ∗∗, ψ ∈ Tn. (84)

This function also depends onµ and is determined up to an additive constant. To fix
ideas, we can assume that the generating functionθ has been chosen in such a way that,
on S= 0, the functionL has zero mean:L(0, ·) = 0.

As an important remark, the two main ingredients needed for the definition of the
splitting potential appear explicitly in the formula (84): the generating functionθ and the
shift a. First, the generating functionθ has been defined using that the map2̂ is exact
symplectic and close to the identity. Second, this map comes from the map2, which
can be defined in (71) thanks to the fact that the shifta of both whiskers is the same,
because our problem is homoclinic.

The gradient ofL with respect to the angles,

M(S, ψ) = ∂ψL(S, ψ),
will be our (vector)splitting function. According to the next theorem, the functionM
gives a measure for the splitting. We stress that the fact that the splitting distance can
be put as the gradient of a potential is a reflection of the Lagrangian properties of the
whiskers.

Theorem 10. The functionsL andM only depend onψ − ωS:

L(S, ψ) = L(0, ψ − ωS), M(S, ψ) =M(0, ψ − ωS).

In addition, the splitting is given in terms of the functionM,

J̃−(S, ψ)− a =M(S, ψ). (85)

Proof. According to the definition ofL, the equations (82)–(83) can be rewritten as

Ẽ−(S, ψ) = ∂SL(S, ψ), J̃−(S, ψ) = a+ ∂ψL(S, ψ). (86)

Since the whiskerŴ− is contained in the zero energy level, we haveẼ−+〈ω, J̃−−a〉 =
0, and we get the partial differential equation

∂SL(S, ψ)+ 〈ω, ∂ψL(S, ψ)〉 = 0,

which implies thatL only depends onψ − ωS. Of courseM = ∂ψL has the same
property, and the formula (85) for the splitting is the second equation of (86).

As a corollary of Theorem 10, we recover the main result of [Eli94]: There exist at least
n+1homoclinic orbits(not necessarily transverse), biasymptotic to the invariant torusT .
This result, valid for both the regular case and the singular case, comes from the fact that a
function onTn has at leastn+1 critical points (not necessarily nondegenerate), according
to the Lyusternik–Schnirelman theory (see [CH82, §2.12]). Then for a fixedS, the
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functionL(S, ·) has at leastn+1 critical points, which give rise to respective homoclinic
intersections between the whiskersW±, and hence to homoclinic orbits, contained in both
whiskers. Note also that, in nondegenerate cases, the number of intersections becomes at
least 2n, as one deduces from Morse theory (see the comments at the end of Section 3.1).

Finally, using the Poincar´e–Melnikov method, we can give a first-order approxima-
tion, useful in the regular case, for the splitting potentialL and the splitting functionM.
These functions can be approximated, respectively, by the Melnikov potentialL and the
Melnikov functionM at first order inµ.

Theorem 11. For any|S| ≤ r̂ ∗∗ andψ ∈ Tn, one has

L(S, ψ) = µL(ψ − ωS)+O(µ2), M(S, ψ) = µM(ψ − ωS)+O(µ2).

Proof. We use the first-order approximation given in Proposition 7, changing froms,
ϕ to the parametersS, ψ introduced by means of (80)–(81). Recall that this change is
O(µ)-near to the identity. Thus, applying Theorem 10, we obtain

M(S, ψ) = J̃−(S, ψ)− a

= J−(S+ ∂Ěθ(S,0, ψ,a), ψ + ∂ J̌θ(S,0, ψ,a))− a

= µM(ψ − ωS+ ∂ J̌θ(S,0, ψ,a)− ω∂Ěθ(S,0, ψ,a))+O(µ2)

= µM(ψ − ωS)+O(µ2).

(Here, the constant in theO(µ2)-term may depend onω.)
Finally, a simple integration of this approximation provides the Melnikov potential

L as the first-order approximation for the splitting potentialL. The involved additive
constant does not appear becauseL = 0 and we madeL(0, ·) = 0 in the definition ofL.

Remark. Although this result gives a first-order approximation forL only in the regular
case, one can expect that, under some weak hypotheses on the perturbation, the predic-
tions of the splitting given by the Melnikov potentialL are also valid in the singular case
µ = εp, with somep > 0. For this case, one would require a significant refinement of
Theorem 11:

L(S, ψ) = µL(ψ − Sω∗/
√
ε)+O(µ2ε−p),

for S,ψ on a complex strip|Im S| ≤ π /2− ε1/4, |Imψ | ≤ ρ− ε1/4. Such a kind of result
requires us to extend the flow-box variables to a complex domain, and to apply also an
extension theorem.
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