MULTIPLICITY OF SOLUTIONS TO UNIFORMLY ELLIPTIC
FULLY NONLINEAR EQUATIONS WITH CONCAVE-CONVEX
RIGHT HAND SIDE

FERNANDO CHARRO, EDUARDO COLORADO, AND IRENEO PERAL

ABSTRACT. We deal with existence, nonexistence and multiplicity of solutions
to the model problem

F(Vuy, D?uy) Aud +uf, in Q,
0, in Q,

0, on 09,

where 2 C R™ is a smooth bounded domain, F' is a 1-homogeneous fully
nonlinear uniformly elliptic operator, A > 0, 0 < ¢ < 1 < r < 7 and 7 the
critical exponent in a sense to be made precise.

We set up a general framework for F' in which there exists a positive thresh-
old A for existence and nonexistence. Moreover a result on multiplicity is ob-
tained for 0 < A < A.

The main difficulty comes from the viscosity setting required for this kind
of operators. We also use some degree-theoretic arguments.

The abstract result is applied to several examples, including Pucci’s ex-
tremal operators, concave (convex) operators and a class of Isaacs operators.
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Dedicated to Luis A. Caffarelli in his 60th birthday, with our admiration and
friendship.

1. INTRODUCTION

Let Q2 be a smooth bounded domain, 0 < ¢ < 1 < r and A > 0, and consider
F:R™ x 8™ — R satisfying the following structural hypothesis,

(F1) Uniform ellipticity: There exist constants 0 < # < © such that for all
X,Y € 5" with Y >0,

—Otrace(Y) < F(§,X+Y) - F(§,X) < —ftrace(Y)

for every & € R™.

(F2) Homogeneity: F(t£,tX) =t - F(¢,X) for all ¢t > 0. We further assume
F(0,0) =0.

(F'3) Structure condition: There exists v > 0 such that, for all X, Y € S”, and
§1,62 € R,

Poo(X —Y) = 7lé — &| < F(&1,X) = F(&,Y) S Pjo(X —Y) + [ — &l
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where ’P;E@ are the extremal Pucci operators defined as

Pio(X)=-03 X(X) -0 > \(X),

A >0 A; <0
ProX)=-0 ) XN(X) -0 M(X),
Ai>0 Ai<0
with X\;(X), i = 1,...n, the eigenvalues of X. Indeed,
Pyo(X) = inf {—trace(AX)}, P;:@(X) = sup {—trace(4X)}

AcAy o AcAyo

for Ago = {A € 5™ O|¢]> < (AL, €) < O[> V& € R}, Notice that the structure
condition (F3) amounts to uniform ellipticity when & = &,.

Remark 1. The results we are going to quote from [10] apply to our framework with
their proofs unchanged, since they are based on the ABP estimate, also available
in our problem by hypotheses (F1) and (F3), see for instance [12].

Assuming (F1), (F2), (F3), in [13] was established that there is a number
A € (0,00) such that the problem
F(VU)\, DQ’U,)\)

(1) uy
uy

Aud +uf, in Q,

0, in €,

0, on 09,

with 0 < ¢ < 1 < r has at least one nontrivial viscosity solution for A\ < A and
no nontrivial solution for A > A. Notice that the result in [13] holds without any
restriction on the size of r.

Definition 2. Given F : R" x S — R, define G(X) = F(0, X). We will say that
the operator G : S™ — R satisfies a Liouville-type result in R™ up to s whenever
v = 0 is the unique non-negative viscosity solution of

(2) G(D?*v) =v", inR",

for any 1 < r < s. Finally, we define the critical exponent for problem (1) as,

vl

7 =sup{s|s € R and G satisfies a Liouville-type result in R" for any 1 <r < s}.

Notice that (F'1) and (F2) imply that G is uniformly elliptic with constants
0 < # < © and 1-homogeneous.

In Section 3 we will see that blow-up arguments lead to the following problems
for the operator G(X),

(3) G(D*v) =v" and 0<wv(r)<wv(0)=1 in R",
and
G(D%*v) =v", in R}
(4) 0<wv(z)<wv(0,...,0,s) =1, in R7
v=0, on ORY,
for some s > 0 and R} = {(z1,...,2,) € R" : 2, > 0}. Consequently, we will refer

to G as the blow-up operator hereafter.

Our goal in the present work will be to study the existence of a second nontrivial
solution for every A € (0,A) provided r < #. The proof involves uniform L
estimates and topological arguments.

We assume the following extra hypotheses on F' in order to get the L°° estimates.

(F4) G(Q'XQ) = G(X) where G(X) = F(0,X) as above and Q € O(n) = {Q €
St Q-Qt=1d}.
(F5) Problems (3), (4) have no positive solution.
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The main result of the paper is the following abstract theorem.

Theorem 3. Consider F : R™ x S™ — R satisfying (F1) — (F5), and let 0 < g <
1 <r < 7. Then, there exist A € R, 0 < A < 0o such that the problem

F(V’LL)\, DzuA)
Uy
Uy

Aud +ul, in Q,
0, in Q,
0, on 09,

v I

(i) has no positive solution for X > A,
(ii) has at least one positive solution for A = A,
(iii) has at least two positive solutions for every A € (0, A).

In some sense, these results bring to the fully nonlinear framework the well-
known results on global existence and multiplicity of solutions in[2] and [3, 20]
(and the references therein) for the semilinear and quasilinear setting, respectively.

The proof of Theorem 3 follows some ideas of Ambrosetti et al. in [3] and involves
the mentioned uniform L*° a-priori estimates.

These kind of bounds are obtained following the blow-up technique of Gidas-
Spruck in [21] which leads to a contradiction with (F5) (see also [18], where different
techniques involving topological and variational arguments are developed to get a
priori uniform L estimates). As a general fact, it is difficult to verify (F'5); in this
direction we have the following results.

Theorem 4. Let v be a nontrivial non-negative bounded (viscosity) solution of

G(D?v) f(v), in R}
v 0, m RY
v 0, on ORY,

(5)

v

where f s locally Lipschitz continuous function, f(0) > 0 and G : S™ — R is
uniformly elliptic with constants 0 < 8 < © and 1-homogeneous. Furthermore,
suppose that

G(Q'XQ) = G(X) for Q= (gij)1<ij<n, @ matriz with

qij = 035 if neither i nor j=mn, and q;; = —d;; otherwise.

(6)

Then, v is monotonic in the x, variable:

ov o
a >0 in R+.
The non-existence of solutions to problem (4) follows from the above theorem
(see Section 4 and [5], [27]).
Concerning (3), the following result for general uniformly elliptic nonlinearities
G is proved in [16].

Theorem 5 (Theorem 4.1 in [16]). Let G : 8™ — R be a uniformly elliptic operator
in the sense that there exist constants 0 < 0 < O such that for all X, Y € S™ with
Y >0,
—Otrace(Y) < G(X +Y) - G(X) < =0 trace(Y).
Assume G(0) = 0 and § = %(n —1)+1>2, and let v € C(R™) be a viscosity
solution of
G(D*v) > ", in R",
v > 0, in R™
Then, if 0 <r < /(8 — 2), we have v = 0.



4 FERNANDO CHARRO, EDUARDO COLORADO, AND IRENEO PERAL

Notice that, even though the exponent 3/(8 — 2) could not be maximal for a
precise nonlinearity GG, Theorem 5 provides a lower bound for the critical exponent,
valid for the whole class of uniformly elliptic operators. Further restrictions on F
allow one to improve the range of exponents. For example, the maximal range for
the linear equation is known to be

n+2
n—2
where 2* = 2n/(n — 2) is the Sobolev exponent (see [21]).

l<r<2*—-1=

)

Remark 6. We would like to stress that the monotonicity property in Theorem 4
holds whenever r > 1, hence without restriction on the growth of 7. This motivates
the fact that the critical exponent in Definition 2 comes from the Liouville result
for (3) alone.

Remark 7. Hypotheses (F4), (F5) are only used in the proof of the uniform L
estimates, Proposition 12, in order to carry out the blow-up argument.

The paper is organized as follows. Section 2 is devoted to some preliminary
results that will be used in the sequel. Then, in Section 3, the proof of Theorem 3
is given. The blow-up argument is presented there and uniform L a-priori bounds
are stated under hypotheses (F1) — (F'5). Next, the existence of a second solution
to (1) is proved using a-priori bounds and theoretical degre arguments.

Section 4 is devoted to prove Theorem 4 following [5] and [27].

Finally, Section 5 is devoted to applications of the abstract framework described
in Sections 3 and 4. The examples considered fulfill hypotheses (F'1) — (F'5) and
include the model case where G is a Pucci extremal operator (subsection 5.1) —which
include the laplacian as a particular case— and then, concave (convex) operators
(subsection 5.2) and a class of Isaacs operators, which are neither concave nor
convex (subsection 5.3). We impose hypothesis (F4) in all the cases except when
G is a Pucci operator, where the condition is built-in.

2. PRELIMINARIES

2.1. Eigenvalues. Under hypotheses (F'1), (F2) and (F3), Theorem 8 in [6] holds
(here C? regularity of O is required). Hence, we know that there exists a principal
eigenvalue A\; for F' defined as

A =sup{\| Jv > 0in Q s.t. F(Vv, D*v) > Av}.
in the sense that A\; < oo and there exists a nontrivial solution (eigenfunction) to
F(Vv,D?v) = \v, in Q,
(7) v>0, in Q,
v=20, on 0.
Moreover, by definition of A;, we know that for every A > A\ problem (7) does not
have strictly positive solutions.
Other references for the existence of eigenvalues in the fully nonlinear setting are
[27], [8] and the references therein.

The existence of such a principal eigenvalue and eigenfuntion is used in the proof
of Theorem 3.

2.2. Hopf’s Lemma for uniformly elliptic equations. We recall here the Hopf
boundary lemma. An adaptation of the proof in [22, Section 3.2] can be found in
[13]. For further refinements, see [25] (see also [4] and [28]).
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Proposition 8 (Hopf’s Lemma). Let Q be a bounded domain and u a viscosity
solution of

F(Vu,D*u) <0 inQ,
where F satisfies (F1), (F2), and (F3). In addition, let xo € 00 satisfy

i) u(zo) > u(x) for all z € Q.
i) 09 satisfies an interior sphere condition at x.

Then, for every nontangential direction & pointing into €,

lim u(wo + t§) — u(xo)
t—0t+ t

< 0.

2.3. A strong comparison principle. In the following result, we provide a strong
comparison principle. The main feature is that, once standard comparison is proved,
the new information is fed back in order to get strict comparison.

Proposition 9. Let Q C R" be a bounded domain and consider f,g € C(Q) with
f<ginQ, and f >0 in Q. Consider F : R™ x 8™ — R verifying (F1), (F2) and
(F3). Finally, let u,v € C(Q) such that

F(Vu, D*u) < f(z), and  F(Vv,D?v) > g(z), inQ,
in the viscosity sense. Assume u < v on O, then u < v in Q. Furthermore, if f < g

in Q, we have u < v in €.

Proof. 1. We can assume v > 0 in 2, since adding a constant to both u and v
does not affect the problem. Now, let
ve(z) = (1+€)v().
Indeed, by homogeneity,
(8) F(Vov.,D?v.) > (1+¢)g(z), and u—wv. <0 on 99,

for & small enough. Now, we argue by contradiction. Suppose that there exists
o € €2 such that
(u —ve) (o) = max(u — ve) > 0.
Q

Then, (8) implies z¢ ¢ 0€). Now define
-
w(e,) = u(@) — vely) — Ll — P
and denote (x,,y,) such that w(z,,y;) = maxg, gw(z,y). Such pairs (z,,y,)

satisfy

(1) TILHOIOT |z, —y-|? = 0.

point of (z,y;).
Properties (1) and (2) are well known and can be found, for example, in Lemma
3.1 in [15].

Hence, we can assume x-,y, — xg as T — oo hereafter without loss of generality.
As a consequence, x.,y, € € for every 7 large enough; applying the Maximum
Principle for semicontinuous functions (see for instance, [14] and [15]), there exist
two symmetric matrices X, Y, such that

(T(.IT — yT),XT) € j%u(xT), and (T(JZT — yT),YT) € 3271/6(117),

and X, <Y, in the sense of matrices. By definition of viscosity sub- and superso-
lutions (see [15]), we have

F(T(.%‘T - yr)aX‘r) < f(x-),
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and
F(r(zr —yr),Yr) =2 (1+€)g(yr) = (1 +€)f(yr).
Then, by degenerate ellipticity, we get
(1 +e)f(yr) = f(ar) < F(r(ar —yr),Ys) = F(r(2r —yr), X-) <0.
Letting 7 — oo, by continuity we arrive at
0<e- f(zo) <0,
a contradiction. Thus, u < v, in Q, and, letting ¢ — 0, we find v < v in Q.

2. We assume in the sequel that f < g in Q. If u # v we have to prove u < v in €.
Since we have already proved that u < v in 2, suppose to the contrary that there
exists zg € Q such that u(zg) = v(zg), that is, xg is a maximum point of u — v.
Consequently, g is the only maximum point of u(x) — v(z) — |z — zo|*.
Consider
_ 4 T 2
w(z,y) = u(z) = v(y) - |z = zof" ~ 5lz 1yl

and (z,,y,) such that w(z,,y,;) = maxg, g w(x,y) as before. By properties (1) and
(2) above, we have .,y — xg as T — 00. As a consequence, x.,y, € ) for every
7 large enough. Reasoning as above, we can find two symmetric matrices X, Y,
such that

(t(zr —y-), X;) € 7 (u(zr) = |zr —z0l*), and (7(z;—y.),Ys) € jz_v(yT),
and X, <Y, in the sense of matrices. As a consequence,
(7(xr = yr) + 4lzr — xol*(zr — 20),
X, +4|x, — :E0|2Id +4(xr —x0) ® (7 — xo)) € 72+u(9c7),
By definition of viscosity sub- and supersolution (see [15]), we have
9(xr) = f(yr) <F(r(2r —yr), Yr)
— F(r(zr — yr) + 4]z — 20)* (2 — 20),
Xy + 4y — w0’ Id + 4z, — 20) @ (2 — 20))
<Py o(Yr = X7) + O(l2- = 20[*) < O(|2- = 70*).

as 7 — 0. Letting 7 — 0 we get 0 < g(xzo) — f(x0) < 0 by hypothesis, and we are
done. O

3. THE ABSTRACT RESULT. PROOF OF THEOREM 3

For the reader’s convenience we recall the main result already stated in the
introduction.

Theorem 3. Consider F : R™ x S™ — R satisfying (F1) — (F5), and let 0 < g <
1 <r < 7. Then, there exists A € R, 0 < A < 0o such that the problem

F(Vuy, D*uy)

9) uy
uy

Aud +ul, i Q,
0, in 9,
0, on 09,

Vv I

(i) has no positive solution for X > A,
(ii) has at least one positive solution for A = A,
(iii) has at least two positive solutions for every A € (0, A).

The proof is divided into several steps, organized as subsections.
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3.1. Non-existence for large \.

Theorem 10. For X\ large enough, problem (9) has no solution in the viscosity
sense.

Proof. Fix p > A1 and consider

In order to reach a contradiction, suppose that there exists A > Ay such that the
problem (9) has a solution uy. Then, we have

(10) F(Vuy, D*uy) = Aul +ul > puy  in Q,
in the viscosity sense. In fact, it is enough to demonstrate that

min ®(t) > where ®(t) = At 4L
teRT

It is easy to check that

iq))\(t) =0 & ty\= <

Al—gq)\
dt ’

(r—1)
which, indeed, is a minimum. Since ®(t) — oo both as ¢t — 0 and ¢t — oo, it is a
global minimum. Then,

D, (ty) = AT r=9 _,.,1)%(1 >

r

(r—1)a

by our selection of A\. On the other hand, define ¢» = dp;, where ¢; is a solution
of (7). Hopf’s Lemma (Proposition 8) implies that there exists 6 > 0 such that
1 < uy. Then,

(11) F(Ve,D*) = M < puy i,

by definition of u.

By construction, we have 0 < ¢ < wuy, where ¢ and u)y satisfy (10) and (11).
Hence, we can apply the iteration method to get v, satisfying ¢ < v < u, a viscosity
solution of

F(Vv, D*v) = pw.

Hence, v is a positive solution of (7), which is a contradiction with the definition
of A;. O

3.2. Existence of one solution for (9) with 0 < A < A. In [13] it is proved
that there exists a threshold A > 0 such that problem (9) has at least one positive
solution for 0 < A < A and no positive solution for A\ > A. Here we extend the
result to the critical value A = A.

Proposition 11. Let Q@ C R™ be a smooth bounded domain, and suppose that
F:R" x S™ — R satisfies (F1),(F2) and (F3). Let 0 < ¢ <1 <r <# and A > 0.
Then there exists a number A > 0 such that problem (9) has at least one solution
for every A € (0, A].

Proof. Given A < A, let uy > 0 be the solution to (9) found in [13]. As is pointed
out in Remark 1, it is possible to follow the arguments in Proposition 4.10 in [10] in
order to get Krylov-Safonov C* estimates. Namely, there exists a positive constant
C such that

luallco () < C, uniformly in A,
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since the right hand side of the equation in (9) is uniformly bounded by Proposition
12,
Auf +ul < Aflus [l + [JuallS% < C

Consequently, applying the Arzela-Ascoli Theorem, we can find a sequence {uy,}
with \; — A as j — oo which converges uniformly to some uj. Such uy; are
viscosity solutions to problem (9) with A = );; hence, we can pass to the limit in
the viscosity sense to find that u, is a solution to problem (9) with A = A.

In order to prove that uax > 0, notice that by construction [uy;[lcc > ¢ >
0 uniformly in j, so ||uallee > 0. Then we get upy > 0 from the weak Harnack
inequality (see [10]) O

Thus, statements (i) and (ii) in Theorem 3 are proved. The rest of this section
is devoted to prove the existence of a second solution in (0, A).

3.3. Existence of a second solution in (0, A).

3.3.1. L estimates: Blow-up argument. We present first the blow-up method in
[21] adapted to the viscosity setting. We summarize the arguments in the following
result.

Proposition 12. Let F': R" x 5™ — R satisfy (F'1)—(F'5) and let u be a nontrivial
viscosity solution of problem (9) with 0 < ¢ < 1 < r < #. Then there exists a
constant C' > 0 independent of A and u such that ||u||p~ < C.

For the proof, we proceed by contradiction. Since we aim to prove that u(x) < C
with C = C(r,) independent of u, suppose to the contrary that there exists a
sequence {ug }i of positive solutions to

F(Vug, D?uy) = i+, in Q,

ug(z) = 0, on 09,

and a sequence of points {zj }, C §2 such that

(12)

My, = sup ug, = ug(zx) — 00 as k — oo.
Q

Without loss of generality we can assume z, — 2 € Q as k — oo. There are two
cases to be considered, either Z € Q or Z € 0Q2.

CASE 1: 2 € Q. Let 2d = dist(z,99) in the sequel. Now, consider

Xr — Zg
Yy = ) T = 2k + UrY,
223

where )
p,]:j Mk =1.
We can then define

(13) vk(y) = 1l Tug(x).

Lemma 13. For k large enough, the function vi(y) defined in (13) is a viscosity
solution of

2(r—q)

(
(14)  F(uVyue(y), Dyve(y)) = A, vl(y) +opy)  in By, (0).
Proof. In order to prove that v is a viscosity solution of (14), we treat first the
subsolution case.

Consider ¢ € C?, yo € By, (0) such that vy — ¢ has a local maximum at yo.
Indeed, we can suppose without loss of generality that ¢ touches v, from above at
Yo, that is,

(vk = @) (y) < (ve — ) (yo) =0,
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for all y in a neighborhood of yg. Define

M

Then, ® touches uy from above at xg = zx+pryo € §2 (it is here where yo € By, (0)
plays a role), namely

—2 —2

ug(z0) = wk (2 + pyo) = pf ve(yo) = py " @(yo) = (o),

and
—2 —2

up () = k(2 + pry) = py - oe(y) < pg ly) = @(a),
for all x in a neighborhood of .
We can compute the derivatives of ®(x) in terms of those of ¢(y)

—r_1

Va®(zo) = w7 " Vyd(yo),

—2r
Di®(zo) = p " Dyé(yo).
Since uy is a viscosity subsolution of (12), by homogeneity, we get
2(r—

q)
F(urVy0(y0), Dyd(yo)) < A" vi(yo) + vi (o),

which is what we aimed for. The supersolution case is analogous. O

We can fix R > 0 and suppose without loss of generality (taking k large enough)
that BR(O) C Bd/#k(o)
Our hypotheses on the uniform ellipticity and structure of F' imply that

2(r—aq)
P(;@<D2Uk) =Y Vo] < A"t ol(y) +op(y),  in Bayp, (0),
and
2(r—q)

Po (Do) + v Vor| = A, vl (y) + vi(y),  in Bayy, (0).

In particular, since ||vg|| e (B,) = 1 by construction, and pp — 0 as k — oo, we
can fix € > 0 and find for k large enough that

P(,T@(Dzvk) — V| <14¢, in By, (0),
and
”P;f@(D%k) + 9V > —(1 +¢), in By, (0).

Hence, from the Harnack inequality (which follows from the ABP estimate, available
by (F'3), see [10] and [12]), we get uniform C? estimates (see [10]),

(15) ||Uk||CB(§R/2) S C(H,R7ﬁ,’7, 1 + E)v
for some 0 < 3 < 1.

Then, we apply the Arzela-Ascoli Theorem and conclude that there exists a
subsequence vy, and a limit function v such that

lim vy, =wv, uniformly in Bg(0), and v(0) = 1.

kj— o0
Indeed, we can consider any R, > R and apply the arguments above to the subse-
quence vy, in Bg, (0). Then, we get a new subsequence vy, such that

i lim wvg; =v, uniformly in Bg, (0), and v(0) = 1.
1770

Notice that, since {vk; }x; C {vk,}x, the limits of both subsequences coincide in
Br(0).
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We can consider an increasing sequence of radii { R;}; and iterate this procedure
to get a diagonal subsequence vy such that

(16) klim vy = v, uniformly in Bg(0) VR > 0, and v(0) = L.

Finally, we take limits in the viscosity sense in (14), which is the content of the
following lemma.

Lemma 14. The limit v(y) in (16) is a viscosity solution of

{ G(DZv(y)) = v"(y), mRn,
0<v()§ v(0) = mn R™,

where G(X) = F(0,X).

Proof. Consider ¢ € C? and g such that v — ¢ has a strict local maximum at yo,
that is,

(v=9)(y) < (v—9)(%),
for all y # yo in a neighborhood of .
Fix R > 0 such that yo € Bg(0). By uniform convergence in compact sets, we
deduce that there exist a sequence of points yr — yo as k — oo such that vy — ¢
has a local maximum at y;, that is,

(v = 0)(y) < (ve — &) (W),
for all y # yi near yi. Without loss of generality, we can further suppose y; €
Br(0) C Bgy,, (0) for every k > ko.
Then, since vy, is a viscosity solution of (14), we have
2(r—q)

(17) F(ueVolyr), D*¢(yr)) < Ay, " vl (yr) + vi (i)

Letting k — oo in (17) we arrive at

F(0,D%¢(yo)) <" (y0),
and we have proved that v is a viscosity subsolution. The supersolution case is
symmetric. O

We conclude the argument in this case pointing out that the statement in Lemma
14 contradicts our assumption (F5).

CASE 2: z € 09). In this case the reduction argument leads to a problem in either
R™ or a half space R}. Without loss of generality, we can assume that Z = 0. In
this way, the tangent space to 9 at the origin is given by (x, &) = 0, for some fixed
¢ € R™. Moreover, after a rotation, we can suppose that £ = (0, ...,0,1). Consider
1 defined as in Case 1, see (13), and define the scaled function

2
oe(y) = i Tuleg o+ ey 5"+ y™)
where 2z, = (zk,zlgn)) y=(y y(”)) with 2,y € R"! and z,in),y(") eR.
Consider dj, = |zk )/,uk ’ +0(1) as k — oo, which correspond to the distance from
the maximum of vy to the boundary of Q; = ﬁ(Q (2, z,(cn)))
Then, we have to consider the following alternatives depending on the behavior
of dki
(1) {dx} is unbounded. In this case, passing to the limit in a similar way to
the Case 1, we arrive to the equation G(DZv(y)) = v"(y) in R", with
0 <w(y) <v(0) =1, and we reach a contradiction.
(2) {di} is bounded. We can take a subsequence, if necessary, such that dj —
s> 0.
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In the second case there are two alternatives to be considered. If s = 0 we get
a contradiction with the continuity of the limit function v, since on the one hand
v(0) = 1, and on the other hand v(y) = 0 for any y € R™ verifying (y,£) = 0, in
particular for y = 0.

If s > 0, we reach the problem

G(Dju(y)) =v"(y), v=0, in R,
(18) 0<w(y) <v(0,..,0,s) =1, in R?,
U(l'/70) = O’ x/ c Rn—l.

Then, by construction, v in (18) has a maximum at (0,...,0,s). This implies
Vu(0,...,0,s) = 0 and in particular

ov

—(0,...,0,s5) =0,

8xn( s)

which contradicts our assumption (F'5) and concludes the proof of Proposition 12.00

3.3.2. Theoretical degree arguments. Once L°° estimates have been proved, we pro-
ceed to the proof of the existence of a second solution using degree theoretic argu-
ments.

Fix p € (0,A) and consider 0 < X, < p < Ay < A. Define vy,,,wy,, to be
viscosity solutions to

(19)
F(Vouy,,,D%vy,,) = Ay inQ, F(Vuw,,, ,D*wy,) = And(z), inQ,
Vryr > 0 in Q, wy,, > 0, in Q,
Uy = 0 on Q. wy, = 0, on dQ,
respectively, where d(x) is the normalized distance to the boundary, that is,
dist(x, 092)

d(z) = ———.
) = dist( 00) o
It is easy to check (see [13]) that, for ¢ > 0 sufficiently small, the function

u = twy,,
is a viscosity solution to
F(Vu,D*u) < Apu?+u", in
(20) u > 0, in
u = 0, on 9N
In addition, there exists T'(Aps) > 0 such that
u= T(/\M) Ul

is a viscosity solution to

F(Vu,D*u) > Ayu!+u", in Q,
uw > 0, in Q,
w = 0, on 0N.

We can assume without loss of generality that ¢ < T(Ap). Indeed, since in the
viscosity sense,

F(Vu, D*u) < t A\ < T(An) A = F(Va, D*),
we can apply Proposition 9 in order to get
wu<u in Q.

We define
X:={vel(): v=00n09, v>0in Q}



12 FERNANDO CHARRO, EDUARDO COLORADO, AND IRENEO PERAL

endowed with the C! topology, and

K (v) = Fﬁl(fu(”))v
where f,(v) = pv? 4+ v" for simplicity.
The main properties of K, are the following:
(1) K, : X — X (see [10] and Remark 1).
(2) u< K,(u) and w> K,(u) in Q.
Moreover if v € K, (u), we have

F(Vu, D*u) < A\pu? +u" < pu? +u" = F(Vov, D*v)

in the viscosity sense. By proposition 9, u < v = K,,(u) in Q. The second
inequality, @ > K, (@), follows in a similar way.
(3) K, is compact in C* (see [10] and Remark 1).
Now, define y C X as
x={veX: :u<v<u}.
Indeed, K, : x — x. To see this, let v € x, that is, v € X such that v <v <u. We
are going to show that u < K, (v) < @. Let w = K,,(v); then,

F(Vu, D*u) < \pu? +u” < pv? + 0" = F(Vw, D*w).

Again, Proposition 9 implies v < w in 2 and hence u < K, (v). The other inequality
follows analogously.

By the C1'® estimates in [10] (see Remark 1) and the above computations, we see
that K, is compact. Moreover K, (x) C x is a compact set in X. Thus, the Schauder
fixed point theorem implies that there exists u, € x such that K, (u,) = u,, ie., a
solution to problem (9) with A = p.

If u,, is not the unique fixed point in x we are done. Otherwise, by Proposition
9, it is easy to show that u < u, < u in 2. Moreover, we have the following result.

Lemma 15. There exists € > 0 such that u,, + eB1(0) C x, where B1(0) denotes
the unit ball centered at 0 in X.

Proof. For ¢ > 0 sufficiently small, we define
Qs :={z € Q| dist(z,00) < §}.

Previously we have proved that u < u, < u; then using the C1® estimates given in
[10] (see also remark 1), there exists a constant C' > 0 such that u(x) < Cdist(z, 02)
for any = € Q5. By Hopf’s Boundary Lemma 8 it is easy to conclude the existence
of a constant ¢ > 0 such that cdist(z, 9Q) < u(z) for any z € Qs (for 6 > 0 possibly
smaller than before, depends on the geometric properties of the domain).

Let zg € 0Q and v,, = v(xg) the outward unitary normal to 9Q at zg. By the
aforementioned C1'® estimates, we obtain
(21)

dtg =ty >0 such that u(xg —try,) < Cdist(zg — tvg,,0Q), V0 <t <to.

Observe that z( € 0 is arbitrary, so we can cover d€) by U B, (), for t, defined
€N

as in (21). By the compactness of 02, there exists m € N, z; € 0Q and t; = t,,,

for j = 1,...,m, verifying (21) and such that 9Q C U;n:l By, (x;). As a consequence,

there exists £ > 0 such that

(22) u(x — tv,) < Cdist(z — tv,,00), VO<t<t< r}lin t; and Ve Q.
j=1,....m

Thus, we have proved that u(z) < Cdist(z,09) for any = € Q;. It is not difficult

to show that u(z) < Cdist(x, 09) for any © € Q \ Q; with C greater than before if
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necessary. These arguments prove that there exists a positive constant C' verifying
(23) u(x) < Cdist(xz,0), Ve Q.

Arguing in a similar way, using the Hopf Boundary Lemma 8, instead of the gradient
estimates, we obtain the existence of a constant ¢ > 0 such that

(24) cdist(z,00) < u(zx) Ve

Using (23), (24) and C1® estimates, one can interpolate the distance times a small
positive constant in the inequalities u < u, < %, in the following sense: there exists
0 < e << 1 such that

(25) u(z) + edist(x, 0Q) < u,(x) < u(z) — edist(x, 0Q), Ve

We prove for example the first inequality: u(x) + edist(x, 9Q) < u,(x) for all
x € Q. Indeed one takes zg € 0, ¢y and vy, as before and defines w = u — u,.

Claim:
(26) { Pio(D?w) —v|Vu| <0, inQ,

w(zr) < 0=w(zy), Vrell

By Hoptf’s Lemma (Proposition (8)), there exists €9 > 0 such that w(zg — tvg,) <
—eodist(xzg — tvg,, Q) for any 0 < t < tg, so by continuity one can take §y > 0 such
that w(z) < —eodist(x, 00Q) for all x € By, (x9) NQ. Using that xy € 9N is arbitrary
together with compactness arguments as before, we conclude w(x) < —edist(z, 9Q)
for all x € € for some € > 0 small enough. By similar arguments we can prove the
second inequality in (25).

It only remains to prove the claim. To this end, we adapt the proof method of
Theorem 5.3 in [10].
Fix H and H, such that H; ¢ H C H C Q. Let us denote

u(z) = u(x) and v(z) = uy(x)
for simplicity. Consider their sup- and inf-convolutions (see for instance chapter 5

in [10]), respectively,

1
u®(z) = sup {u(y)—l—g—€|y—:1:|2}7 for x € H,

yeH

and
1
ve(x) = inf{fu(y)s+|yz|2}, for z € H.

yeEH €
Indeed, u®, v. are, respectively, viscosity solutions to
(27) F(Vu®,D*uf) < fa, (u+c*e+o(e)) in Hy
and
(28) F(Vve,D*v.) > f.(v—c*e +o(e)) in Hy

where ¢ = max{||Vu||s, || Vv||oo} (recall that u,v € C1*).

We show the details in the case of u®. Let ¢ € C2, and & € H such that (u® —
P)(x) < (u® —¢)(2) =0forallz € B={y € H:ly—2| <dist(z*,0H)}, with
2* € H such that

1 1
uf(Z) = sup {u(y) te—=|y— :i:|2} =u(i*) +e— - |&* — ]
yGﬁ 19 13
Define ®(y) = ¢(y + & — &*) + 1 |&* — 2> — . Then, u — ® has a local maximum
at @*, that is, (u — ®)(y) < (u — ®)(2*) = 0. Notice that
(29) 8 =] < |Vulo ¢
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and consequently £* € H for € small enough. Since x € B, we then have y =
r—r+2*eH.

Hence, since u satisfies F'(Vu, D*u) < fy, (u) in the viscosity sense, we have by
the definition of viscosity solution

F(VO(E"), D*B(") < fu., (u(")

and, by the definition of ®,
F(V(2), D*¢(&)) < fa,, (u(E™)).
Finally, since u € C1'@, its Taylor’s expansion and (29) yields
uw(2*) < u(@) + | Vulleo - |12% — 2| + o(|&* — 2]) < u(2) + c*e + o(e).
Then we get
F(Ve(), D*¢(2)) < fa,, (u(@) + c*¢ +0()).
and (27) is proved.
Continuing with the proof of the claim, we aim to prove that for £ small enough,

(30) 799_7@(D2(u6 —v)) =y |V(u® —v.)| <0 in Hy,

in the viscosity sense. Then, since H; C () is arbitrary, and u® — v, converges
uniformly to u — v (see [10]), we can pass to the limit in the viscosity sense in (30)
to get (26).

For n > 0 small enough, we can fix g > 0 sufficiently small to ensure that for
any 0 < e < ¢gp,

(31) P (u(@) + e+ 0(e)) = fu(v(z) — e +ole) < —n, Ve e H

where f)(t) = At? 4+ t". Clearly, g depends on u,v, Vu, Vv and H.
Then, for € < ¢y we consider a paraboloid P touching u® — v, from above at
xg € Hy. More precisely, we consider P verifying

(v* —ve) = P)(z) < ((u° —ve) — P)(x0) =0, Vx € Br(z9),

for 7 > 0 to be fixed. We want to prove P, q (D2P(20)) — v|VP(z0)| < 0. To this
end, take 6 > 0 and define
w(z) = ve(z) — u(x) + P(x) + 0 |v — zo|> — 572

The regularity of u, v, imply
(32) |Vw(z)|] = |[Vw(z) = Vw(zg)| < C - |z —xo|* < C -1 Vo € B(x0)
for some positive constants a and C' depending on u,v,e~! and P. Hence, since P
is fixed, we may assume that r is small enough to fulfill
(33) v |D?P||r < g, and vCr®* < g
as well as Bay,(zg) C H.

We have w > 0 on 9B, (x¢) and w(zg) < 0. Using (b) in Theorem 5.1 in [10], we
know that for any x € B, (o) there exists a convex paraboloid P? of opening K
which touches w from above at « in B, (x), where K is a constant independent of

x.
Define the convex envelope of w in B,.(zg) as

Iy(z) =sup {g() : g < win B,(w), g convex in By (o)}
9

The set {w =T, } is usually known as the lower contact set of w. We apply Lemma
3.5 in [10] to w in B,(x¢) to show that if x € B,(z9) N {w = Iy}, then P* also
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touches T', from above at x in B,(x). Indeed, since w(xg) < 0, the aforementioned
lemma yields

(34) 0< / det D’T,,.
B (zo)N{w=Ty}

By (b) in Theorem 5.1 in [10], we know that there exists A C B,(zo) such that
|Br(z0) \ A| =0, and u®, v. (and hence w) are pointwise second order differentiable
in A. In fact, by (¢) in Theorem 5.1 in [10], equations (27) and (28) are satisfied
pointwise in A.

Since 'y, is convex and I', < w, we have that D?w(z) > 0 for z € AN{w =T, }.
It follows from (34) and |B,(xg) \ 4| =0 that

Hw =Ty} NA| >0,
and hence, there is at least one point 271 € {w =T',,} N A. At such a point, we have
F(Vus(z1), D*uf(21)) < fa,, (u(z1) + e + 0(e)),
F(Vve(:cl), Dzvs(xl)) > fu (v(ml) —Pe+ 0(6)),

and D?w(x1) > 0. We deduce that
F(Vu(z1), D*u®(21)) =

= F(Vv.(z1) — Vw(z1) + VP(z1) 4 26(z1 — 20), D*ve(21) — D*w (1) + D*P + 261)

> F(Voe(z1) + VP(z1) 4 26(z1 — 20), D*ve(21) + D*P + 261) — v [Vw(z:)|

> F(Vve(z1), D*ve(21)) — v |[Vw(z1)|

+ Py o(D*P) = |VP(21)| + Py o (201) — 2v3|z1 —

> F(Vu.(21), D20.(a1)) — 7 |Vu(@r)] + Pyo(D2P) — 7 [V P(w1)] - 26(n0 + 7).

Notice that

r1 — X
IVP(21)| = vp(xo)+p2p172| |21 — wo|| < |[VP(x0)| + | D*P|| r

|1 —
All the above inequalities together with (31), (32) and (33) yield,
Pyo(D*P) = 7 [V P(0)] < fag (ul@1) + ¢ + 0(e)) — fu(v(a1) — e + o(c))
+26(nO +r) + v ||D*P||r + v Cr®
<20(n© +r).
Letting § — 0, we complete the proof of the claim and hence the Lemma 15. O
To complete the proof of the existence of a second fixed point in y, we follow

the arguments developed in [1] and, more precisely, in [3].
By the permanence and excision properties of degree, we have

(35) deg([ - K/UU/L +5Bl(0)70) = i(K/uU/L +€Bl(0)aX) = i(K,U.?X;X) =1L

On the other hand, we recall that problem (9) does not have any positive solution
for A > A. Moreover, since Proposition 12 provides uniform L°° estimates, the
results in [10] yield uniform C1'® estimates, see also Remark 1. In particular, there
exists C' > 0 independent of X such that, every u > 0 solution to problem (9)
satisfies

luller < C.

Take p > C. Clearly, there are no solution u to problem (9) with ||u|lcx = p. By
the homotopy invariance of the Leray-Schauder degree, we get

deg(I - Ku7p61(0)70) = deg(l - KA+57pBl(0)?O) =0.
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Now, by the excision property and (35) we deduce
deg(I — K., pB1(0) \ {u, +eB1(0)},0)
= deg(I — K,,, pB1(0),0) — deg(I — K, u, + B1(0),0) = —1.
Hence, K, has another fixed point @, € pB1(0) \ {u, +eB1(0)}.
It remains to show that the trivial solution u = 0 has degree 0, i.e., deg([ —
K,,eB1(0),0) = 0 for any & > 0 sufficiently small.
To this aim, notice that there exists A such that for any 7 > 0 the problem
F(Vu,D?>u) = Md+u" +7, u>0, in Q,
u = 0, on 9N
does not have any positive solution. Indeed, arguing as in the proof of Theorem
3.12 in [13], for a given § > 0 it is easy to find A > 0 such that

(36)

Aud +u” > (A + 6)u,
and hence, obviously,
Mt +u” +7 > (A 4 0)u,
for any 7 > 0. Following the arguments in the proof of Theorem 3.12 in [13], we
get a positive eigenfunction associated to A\; 4+ &, a contradiction with the results
on existence of eigenvalues in [6], already discussed in Subsection 2.1.
It follows that the homotopy

H(t,u) = ufFfl(S\uq +u’+7)
is admissible and hence
deg(I — K5,eB1(0),0) = deg(H(0,-),e81(0),0) = deg(H(1,-),eB1(0),0) =0
for all € > 0. Then, again by homotopy, one finds
deg(I — K,,,eB1(0),0) = deg(I — K5,eB1(0),0) = 0.
As a consequence, there exists € > 0 such that v = 0 is the unique nonnegative
solution of (9) in eB;(0), which yields (iii) and finish the proof of Theorem 3. O

4. A MONOTONICITY PROPERTY. PROOF OF THEOREM 4

Here we provide the proof of Theorem 4, a monotonicity result in the spirit of
Theorem 3.1 in [27] and Corollary 1.3 in [5]. We recall the statement of the Theorem
for the reader’s convenience.

Theorem 4. Let v be a nontrivial non-negative bounded (viscosity) solution of

G(D%*v) = f(v), innR’}r
(37) v > 0, on R%}
v = 0, in ORY,

where f is a locally Lipschitz continuous function, f(0) > 0 and G : S™ — R
is uniformly elliptic with constants 0 < 6 < © and 1-homogeneous. Furthermore,
suppose that
(38) GQ'XQ)=G(X) for Q= (qij)i<ij<n a matriz with
qij = 035 if neither i nor j=n and g = —0d;; otherwise.
Then, v is monotonic in the x,, variable:

v _

Before going into the proof, let us recall some well-known general results in the
form needed below (see for instance [9]).
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Proposition 16 (Strong Maximum Principle). Let Q be a regular domain and let
v be a non-negative viscosity solution to P;e(D2”) > c(x)v in Q with c¢(x) € L.
Then, either v vanishes identically in Q or v(x) > 0 for all x € Q. Moreover, in the
latter case for any xg € O such that v(xzg) =0,

v(zo — tv) — v(xo)

lim sup <0,

t—0 t
where v is the outer normal to 0.
Proposition 17 (Maximum Principle in narrow domains). Suppose that Q lies
between two parallel hyperplanes at a distance d. If d is small enough, depending
only on bounds for the coefficient c, v is a viscosity solution to Py o(D*v) > c(z)v
and lim(i)%f v(x) > 0, then we have v > 0 in €.
r—

We point out that the symmetry condition (38) is needed in the proof of Theorem
4 in order to be able to apply a moving plane method.

Proof of Theorem 4. Let v be a nontrivial solution to (37). By hypothesis, 0 < v <
M for some constant M. We can rewrite our equation in the form
G(D*v) = c(x)v > f(0) >0, inQ,

for

if v(x) # 0,
0, otherwise.

Since v is bounded, and f is locally Lipschitz then ¢(z) € L*. As a consequence,
the strong maximum principle (Proposition 16) yields v > 0.

We are going to use the moving plane method as in [27]. For each (3, we define,
as usual,

Tg={zeR}: z, =0}, Yg={zeR}: 0<z, <f}
and the functions
vs(z) = v(y, 26 — ), ws(x) =vs(x) —v(z), == (y,7,) ER" P xRy,
defined in ¥g.
First, we point out that
G(D?vs()) = f(vs(w)) in T,

in the viscosity sense. Let us consider for example the subsolution case. Take ¢ € C?

and zop = (yo,2%) € Xz such that vz — ¢ has a local maximum at zg. Define

¢p(z) = ¢(y,28 — x,). It is easy to see that v — ¢g has a local maximum at
(y0,28 — 29). Then, D?¢g(y, z,) = QD?*¢(y, 28 — x,)Q where Q is a matrix with
elements g;; = d;; if neither ¢ nor j = n and ¢;; = —d;; otherwise. Finally, by
definition of v, we get

f(vs(yo, w0)) = G(D*¢p(y0, 26-17)) = G(QD?*¢(yo, 7,)Q) = G(D?¢(yo, z)) in Tp,
which is what we aimed for.

Next, we have to show that wg = vg — v satisfies
(39) P o(D*ws(x)) > cs(x)wp(x),
in the viscosity sense, where
f(vp(@)) = f(v(2))

cp(x) = vg(z) —v(x)
0, otherwise.

L i ug(a) # (@)
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Notice that, again since f is Lipschitz, we have cg(x) € L*. The proof follows the
ideas in [17].

To this aim, let ¢ € C? such that wg — ¢ has a local minimum at some point
o € Yg. In other words, zy is a local maximum of v — vg + ¢. As usual in the
theory of viscosity solutions, introduce for every ¢ > 0

- - eyl
(I)E(‘r»y) U(JJ) ’l)g(y)-’-QS({I?) £2 ‘(E 1.()| .

For ¢ small enough, ®. attains a maximum in ¥g x X at some point (z.,y.) €
B, (zg) x By(zg) for some r > 0. Since zg is a local strict maximum of

2 o(2) — va(2) + H(2) — |z — /"
standard results of the theory of viscosity solutions (see [15]) yields z.,y. — x¢ and

_ 2
wasizyf‘—»OassﬁO.

In addition, defining ¥ (z,y) = —¢(x) + u;igyp + |z — x0|?, the results in [15]
imply that for any given a > 0, there exist matrices X,Y € S™ such that

(Vath(e,ye), X) € T T o(ae)
(—Vzﬂ/)(xa, ye)a Y) € j2’7vg(ye),

1 X 0 2
(rnan)r<( g S )=avan

where A = D%(x.,y.). From there, setting a = €2, it is standard to see that
X —Y < —D?¢(x.) + O + |ve — m0/?).

(40)

and

By definition (see [15]) of viscosity solutions and (40), we get
G(X) < f(v(ze)) and G(Y) = f(vs(%e)),

and subtracting in the previous inequalities we obtain
Fop(ye)) = flv(ze)) < GY) - G(X)
< G(X 4 D?*¢(x) + O(E* + |ze — x0]%)) — G(X)
< Pgo(D*d(e)) + O(” + |z — xof*).
Letting £ — 0, we get (39).

Then, wg > 0 in Xz if § is small enough, since wg > 0 on 933 and hence we can
apply the maximum principle in narrow domains (Proposition 17).
We define,
B* =sup{f: w, >0in ¥, for all p < B} > 0.
Using Hopf’s Lemma, we conclude that wg > 0 in X3 and

ov 1 0wg
2 T
oz, 2 0z, >0 onTp

for every 0 < B < *. If we prove that §* = oo, we have finished.
Suppose to the contrary that §* < co. We can fix ¢ small such the maximum
principle holds for G(-) — ¢, () in Xgeye \ Xge—sy-

Claim: There exists dp € (0, o] such that for each § € (0, dy) we have wg+y5 > 0
in Yge ey \ ey

Once the claim is proven, we can apply the maximum principle in narrow domains
to

Pio(D*ws(x)) > ca(@)wp(z)  in Bpeys\ Tpe oy U ey,
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with cg as before, and conclude that wg«4s > 0 in Xg«5, contradicting the maxi-
mality of 5*.

Hence, it remains to prove the claim. It follows in a similar way to Lemma 3.1
in [27]. We include the details for the reader’s convenience.
Suppose that the claim were false, that is, that there exist sequences §,, — 0

and (™) = (y(m),x%m)) € Xp+_gy \ Xe, such that
(41) wge+s,, (2 <0.
We can suppose that 2™ — 29 € [go, B* — e0] as m — <.
We define the functions
o (y,2) = v(y + 4™, 2)
and respectively

w[(am) (y, mn) = U(m) (ya 26 - xn) - 'U(m) (yv xn)

Notice that
G(D2v(m)) = f(v(m)(x)).
in the viscosity sense. Then, it is standard to show (see for instance Proposition

4.11 in [10]) that there exists a subsequence and a limit @ € C such that v(™ — &
uniformly in compact sets as m — oo and

G(D*) = f(i(x))
in the viscosity sense.
By the strong maximum principle (Proposition 16), we have that either o is
strictly positive in R} or o = 0 in RY.
Suppose first that © > 0 in R’}. By what we have already shown, we know that
w(ﬁm)(y,xn) =wg(y +y"™,2,) > 0in Xp for all B < 3*. Hence the limit function

(m)

WP =lim,, oo wy is non-negative in X for all # < *.

So we can repeat the moving plane argument for & and get §* > *, where §*
is to ¥ what £* is to v. Since W” satisfies

Py o (D*ws(x)) > ég(x)ws(x)

we can apply the strong maximum principle and get, as before, that wg > 0 in X3
for all 8 < B*. On the other hand, by continuity and (41), we have @w® (0,2%) =0
and z¥ € (0, 3* — g], a contradiction.

Suppose next that © = 0 in R’}. We fix the rectangular domains

Q={zeR}: 1<z <1,....,~1<zp1 <ligg <z, <26 +1},
QQ:{xGRi: *2<£E1<2,...,72<[En_1<2,%)<.’£n<2ﬂ*+2}.

Since v(™) converges uniformly to zero in Qg, we can suppose that v(™ < 1 in Q,
for m sufficiently small. We set

(™)

W = 0™ (0,20M) and ™ =
Am

Now, the function 5" satisfies
CRRICD))
The Harnack inequality (see Chapter 4 in [10]) implies

supv™ < ¢y infv(™ < .
Q1 Q1

(42) G (D™ (z)) = 7™ (z), ze Q..
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Next, we recall that w” > 0 in Y g+, which implies
U(m)(y,xn) < W(m)(%?ﬂ* —x,) <C4, for (y,z,) € Xg-~.
Thus, ||§(m)||Lm(Q) < C1, where
Q={zeR}: 1<z <1,....,-1<z,1<1,0<z, <28°+1},

hence, our C* estimates yields (up to a subsequence) that 7™ S Tec uniformly
in compact sets, and v is a viscosity solution of

G(D*v) > Iv,

where [ = %irr(l) f(t)/t. By the strong maximum principle, either 7 =0in @ or 7 > 0

in Q. The first possibility is excluded since v(0,29) = 1.
We introduce the functions

ZB(,% mn) = E(:U, 26 — mn) - 5(ya xn)
defined in ¥ N Q for all B < B* + 1/2. We have, by continuity,
>0 and 27(0,2°) = 0.

Since

73;@ (DQZﬁ(a:)) > 12 (2),

the strong maximum principle, implies 27~ = 0 in Y5+ N Q. This contradicts the
fact that 7 =0 on {x,, =0} and T > 0 on {z, = 25*}. O

5. APPLICATIONS OF THEOREM 3

In Section 3 we have developed an abstract framework for the global multiplicity
result, Theorem 3. To make it more explicit, we have proved Theorem 3 under
hypotheses (F'1) — (F'5).

The present section is devoted to examples in which it is possible to prove Propo-
sition 12, or in other words, examples for which hypotheses (F'4), (F'5) hold. The
monotonicity property in Section 4 holds in all the subsequent examples.

We treat first (subsection 5.1) the important example when G is a Pucci extremal
operator, which include the Laplacian as a particular case.

In subsections 5.2, and 5.3 we treat concave (convex) operators and, respectively,
a class of Isaacs operators, which are neither concave nor convex. We will always
assume that the operators considered satisfy hypothesis (F4), which, in fact, is
built-in in the case of Pucci extremal operators.

It is worth comparing here these examples with the results in [2] where problem
(1) for the operator —A is studied using variational methods.

The results in [2] are optimal, since the maximal range of exponents,

1 < r < 2*—1, is known thanks to the results in [21]. However, the arguments
(in particular those leading to the L estimates) are strongly dependent on the
structure of the Laplacian.

The examples below lack important features of the Laplacian, such as the varia-
tional structure or classical regularity of the solutions (which is not known in some
cases), which make necessary the use of the viscosity framework in Sections 3 and
4.
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5.1. Extremal Pucci operators. In the precise context of F' involving a Pucci
extremal operator, that is

F(&,X) = Pio(X) + H(),
with H : R — R homogeneous and Lipschitz continuous and such that H(0) = 0,
it is clear that F satisfies (F'1)-(F'4).

Concerning (F'5), the Liouville-type result in R™ by Cutri-Leoni (Theorem 5)
applies. On the other hand, Quaas and Sirakov, following the ideas in [5], proved
Theorem 4 in this case, with G(-) = Pei,@(-).

Observe that P;f@ admits C*>“ estimates, in the sense that if the function u is a
viscosity solution to the equation P;@ (D?u) = g(x) in a ball Bag and g € C® for
some « € (0,1), then u € C*% and moreover,

lullezapr) < C(lullpe(sr) + lgllce(Bar))

for some constant C' > 0. With the aim of these C>“-estimates the proof of Theorem
4 could be simplified.
The abstract existence result (Theorem 3) holds and reads as follows.

Theorem 18. Consider Q2 C R™, n > 3, a smooth bounded domain, and set
O(n—1)+06

O(n—1)— 0"

Let H : R™ — R be homogeneous and Lipschitz continuous. Then, for 0 < ¢ <1<

r<f7(or0<g<l<r<ooiff(n—1)<0) there exists A € R, 0 < A < o0
such that the problem

P =

Pio(D?u) + H(Vu) = Aul+u’, in Q,
(43) u > 0, n Q
u = 0, on 00

(i) has no positive solution for X > A,
(ii) has at least one viscosity positive solution for A = A,
(iil) has at least two viscosity positive solutions for every A € (0, A).

As an important consequence of Theorem 4, Quaas and Sirakov ([27]) deduce a
Liouville-type result in R" for Pucci operators, adapting arguments in [5] to the
nonlinear setting.

Theorem 19 (Theorem 1.5 in [27]). Suppose n > 3 and set

. 0(n—-2)+06
"Thn-2 -6
Then the problem
(44) 779%@ (Dzv) = o', in R}
v = 0, on OR%

does not have a nontrivial non-negative bounded solution, provided 1 < r < ¢ (or
l<r<ooiff(n—2)<0O).

Notice that, since the critical exponent in Theorem 19 is greater than the corre-
sponding one in Theorem 5, it is the latter one which yields the critical exponent 7
in Theorem 18. This fact agrees with the information obtained from Theorem 4 in
the blow-up argument.

Consequently, whenever the range of exponents r in the Liouville result in R" is
maximal, so it is in Theorem 18. Indeed, as we mentioned in the introduction, the



22 FERNANDO CHARRO, EDUARDO COLORADO, AND IRENEO PERAL

maximal range for the Laplacian (the Pucci operator with § = © = 1) is known to
be

n+2

n—2’

where 2* = 2n/(n — 2) is the critical Sobolev exponent. Notice that the exponent
7 in Theorem 5 is not optimal in this case.

In fact, in the radial case, Felmer and Quaas [19] proved a Liouville type result for
solutions (instead of just supersolutions as in [16]) for a larger range of exponents
1 < r < r]. However, an explicit expression for r] in terms of §,0,n is not
known. When 6 = © one gets rj = 2* — 1 as in [21] which is, as we have already
mentioned, optimal also in the non-radial case. When 6 < O, it is known that
r} > max{#,2* — 1}. As far as we know, to establish the Liouville result in the
range # < r <7 is an open problem.

l<p<2t—1=

5.2. Concave and convex operators. Let F : R" x S™ — R satisfy (F'1)-(F4),
and suppose that the blow-up operator G(X) = F(0, X) is concave (or convex).

The hypothesis on G being concave (or convex), yields the following regularity
result by Evans and Krylov. For the proof we refer to [10], Section 8.1.

Theorem 20. Let G : S™ — R be a uniformly elliptic (with constants 0 < 6 < ©)
concave (convex) operator. If the function u is a viscosity solution to the equation

(45) G(D*u) = g()
in a ball Bor and g € C® for some o € (0,1), then u € C>* and moreover,

ullcza(Br) < C(llullLe(Byr) + 19llco(Bar))-

In addition, if (45) is satisfied in a regular domain and w = 0 on the boundary of
the domain, then u satisfies a C* estimate up to the boundary.

The Liouville-type result in R™ by Cutri-Leoni (Theorem 5) applies in this case.
For the R’} case, we use Theorem 4 which implies that problem (4) does not have a
solution and allows us to reach a contradiction and conclude the blow-up argument.

As in the case of Pucci operators, the classical regularity of solutions (Theorem
20) simplifies the proofs.

The arguments in Sections 3 and 4 shows that Theorem 3 reads as follows.

Theorem 21. Consider 2 C R™, n > 3, a smooth domain. Let F : R" x §™ — R
be an operator satisfying (F1), with constants 0 < 0 < O, and (F2) to (F4). In

addition, suppose that G(X) = F(0,X) is concave (convex). Finally, set
6(n—1)+06
On—1)—0O"

f':

Then for0<g<l<r<i<oo (or0<g<l<r<ooiff(n—1)<0) there
exists A € R, 0 < A < 0o such that the problem

F(Vu,D?u) = Mu?+u", in ,
u > 0, n Q
u = 0, on 09,

(i) has no positive solution for X > A,
(ii) has at least one viscosity positive solution for A = A,
(iii) has at least two viscosity positive solutions for every A € (0,A).
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5.3. A class of Isaacs operators. Finally we intend to apply the above analysis
to a class of operators which are neither convex nor concave and for which classical
regularity is not known in general.

Consider the class of Isaacs operators

(46) F(¢,X) :igggg)i;{Lk,z(€7X)},

where K and L are arbitrary sets of indexes and Ly ; are of the form
Li (€, X) = —trace(Ay 1 X) + H1(€)

for Hy; : R® — R 1-homogeneous and Lipschitz continuous (all with the same
constant), such that Hy;(0) = 0 and Ay, is a family of matrices with the same
ellipticity constants.

In addition, we assume that the symmetry hypothesis (¥4) holds for the operator
G(X) = F(0,X). More precisely, we require that for every @ € O™, whenever
Ag, € S™ gives rise to an operator Ly, with (k,1) € K x £, the matrix QA Q"
gives rise to Ly j for some other pair (k1) e K x L.

Classical regularity is not known in general for problems of the form (46). How-
ever in [11] classical regularity is proved for Isaacs operators of the particular form

(47)  F(EX)=min{F7(X), FY(¢,X)}, VE€R" and X € 5"

with FY : R” x 8" — R and F” : R* x S — R uniformly elliptic operators
respectively convex and concave in the matrix argument. Clearly F in (47) is neither
concave nor convex. As before, a model operator satisfying all the hypotheses above
could be

2 . .
F(Vu, D*u) = min { Iirellfc Lyu, ?2}:) Liu}

where
Liyu = —trace( A D*u) + Hy,(Vu).

Notice that, since classical regularity is not known in general, the viscosity setting
becomes crucial in this case. Arguing as in Sections 3 and 4 we have the following
result.

Theorem 22. Consider Q C R™, n > 3, a smooth domain. Let F : R" x S™ — R be
an operator of the form (46) satisfying (F'1), with ellipticity constants 0 < 6§ < O,
(F2), (F3) and (F4). Finally, set

6(n—1)+0O

6(n—1)—0O"

Then, for0 <g<1l<r<7 (or0<g<l<r<ooiff(n—1)<0), there exists
A eR, 0< A < oo such that the problem

’f:

F(Vu,D?*u) = MXu?+u", in
u > 0, in Q,
u = 0, on 09,

(i) has no positive solution for X > A,
(ii) has at least one viscosity positive solution for A = A,
(iii) has at least two viscosity positive solutions for every A € (0, A).
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