LIMITS AS p — o« OF p-LAPLACIAN PROBLEMS
WITH A SUPERDIFFUSIVE POWER-TYPE NONLINEARITY:
POSITIVE AND SIGN-CHANGING SOLUTIONS

FERNANDO CHARRO, ENEA PARINI

ABSTRACT. We investigate the asymptotic behaviour as p — oo of sequences of solutions
of the equation
{ —Apu = A2 inQ
u = 0 on dQ
where A > 0 and ¢(p) > p with 1}52. q(p)/p=Q > 1. We are interested in the character-

ization of such limits as viscosity solutions of a PDE problem. Both positive and sign-
changing solutions are considered.

1. INTRODUCTION

Let Q C R” be a bounded domain. We consider the equation

—Apu = Aplu|fP) 2y inQ )
u = 0 on dQ
where Apu = div(|Vu|P~2Vu), 4, > 0 and g(p) > p with @ = lim a(p) > 1. We are inter-
p—roe

ested in the convergence as p — oo of sequences of solutions to (I)) and in the characteriza-
tion of such limits as viscosity solutions to a PDE problem.

Limits as p — oo of sequences of solutions of problem (1)) have already been considered
in the case where Q < 1 and the solutions are positive (see [3]]), while the case ¢(p) = p
(eigenvalue problem) has been treated in [[12]] for the first eigenfunction and in [11] for the
second eigenfunction.

Our aim is to contribute to the completeness of the theory with the study of the re-
maining cases: the case Q > 1, both for positive and sign-changing solutions, and the case
Q =1 with g(p) > p. Our results complement those already known in the literature in the
subdiffusive and eigenvalue cases but are essentially different in nature, mostly due to the
lack of comparison results as in [5] and [[12].

In the case Q > 1 we prove that there exist sequences of solutions of (I)) converging
uniformly to a viscosity solution of the problem

FA(u,Vu,D’u) = 0 inQ
u = 0 ondQ
where
min{|&| — AsC,—X& - &} ifs>0
FA(SagaX): _Xég ifs=0

max{—Als|? s —|&|,—-XE-E} ifs <O,

and lim l,l/p = A, assuming that such a limit exists.

p—roo
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In particular, positive solutions of (I)) will converge in the viscosity sense, as p — o, to
a solution of

min{|Vu| — Au, —Au} = 0 in Q
u = 0 on dQ,

n
where Aou = Z U Uy U = (D2u~Vu,Vu).
=T :

The analysis of the case Q = 1 is more delicate since, in order to get co—eigenfunctions
as a limit of solutions of (T)), we will need a very precise control of the solutions in terms of
the behaviour of the particular sequence A,,. Let us denote by A;(Q) the first eigenvalue of
the infinity Laplacian. For a sequence {u A, »}p of positive solutions of (I)) we prove (see

Theorem [6.1)) that
(1) If A> A(Q), then [}i_1>1(}0||u;tplp\|oo =0.

(i) If A < A1(Q), then lim [[uy, ,||e0 = oo.
p—oo

Furthermore, we obtain corresponding results for least energy nodal solutions (sign chang-
ing) of (I)) and A(Q2), the second eigenvalue of the infinity Laplacian (see Theorem [6.2)).
A key point in the proof of convergence will be the Morrey estimate

[ull=@) < Cp- I VullLr (), (@)
for which we provide an explicit expression of the constant satisfying
lim C, = A1 (Q) .
p—o

This fact is crucial in the case Q = 1. It is worth mentioning here that in [16], Theorem
2.E, it is proved that Morrey’s inequality holds with constant

=

1
_1 _1 ~1\"r
Crp=n"7[Bi(0)] <Z—> 7,

which is optimal if Q = Bg(xp) as the functions
u,(x)=a- (Rg — |x—x0\%),

(with a € R) yield ||ua|| ;=) = Cr p - [|Vital| 1p (). However, if Q # Bg(xo) it is easy to see
that C, does better than Cr , for large p, since lim C;, < lim Ct,;, (see Remark .
’ p—ro0 p—oe

Finally, we consider in Section [§] the issue of symmetry of positive limit solutions of
the limit problem posed in a ball. It is interesting to point out that this result is related to
a uniqueness property, namely, we prove that a properly scaled cone is the unique positive
limit solution of our problem.

The paper is organized as follows. In Section [2| we provide some background for prob-
lem (1)) in the case p < oo. Then, in Section [3| we provide the proof of Morrey’s estimate
taking care of the explicit expression of the involved constant. Next, in Sections 4] and [3]
uniform estimates for solutions of (I)) are provided. As a consequence we deduce uniform
convergence of a subsequence and non-degeneracy of the limit. In Section [f] we address
the case g(p) > p and Q = 1. The limit problem is given in Section Finally, in Section
we show symmetry and uniqueness of positive limit solutions of the limit problem when
the domain is a a ball.

2. PRELIMINARIES ON THE CASE p < oo

In this section we will present some properties of the equation

—Apu = Aulf2u inQ 3)
u = 0 on 0Q

where A >0, 1 < p < +oo, 1 < g < +o0.
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It is important to note that equation (3 can be interpreted both in the variational and
viscosity frameworks and consequently two natural notions of solution are found. Nev-
ertheless, continuous weak solutions of (E]) are also viscosity solutions, as stated in the
following result. The proof follows similarly to Lemma 1.8 in [12]] (see also [4]).

Lemma 2.1. For p > 2, every continuous weak solution of (3)) is a viscosity solution of the
same problem, rewritten as

Fy(Vu,D*u) = Aulf%u inQ @)
u = 0 on dQ

where

F,(&,X) = —trace <<1d+ (p—2) ﬁ;; )X) -|E|P2.
In the sequel we will always choose the most suitable form of our problem between (1))
and (@) without any further reference.

We will treat now the problem (3)) from the variational point of view. The critical points

of the functional
1 A
o) = [ [9olrdx—2 [ pitax
PJQ qJQ

are weak solutions and, as we have already said, viscosity solutions, of equation (3). We
are interested in two main cases, namely g = p and g > p.

2.1. The case g = p. This case corresponds to the so-called eigenvalue problem. A num-
ber A € R is called eigenvalue if there exists a function u € WO1 P(Q)\ {0}, called eigen-
Sfunction, which solves the equation. It turns out that there exists a sequence of eigenvalues
{A(p; )}, with 41 (p; Q) < A2(p:; Q) and A (p; Q) — o0 as k — +oo (see again [8]).
It is worth pointing out that it is not known if the mentioned sequence contains all possible
eigenvalues.

The first eigenvalue can be characterized as the infimum of the Rayleigh quotient asso-
ciated to the problem:

. o |VulP dx
@)= pr dalvurds
ueW, "’ ()\{0} Jo lul? dx

®)

The first eigenvalue is simple, which means that there exists only one eigenfunction e, up
to a multiplicative factor; moreover, e; has constant sign (see for instance [[1} 3]]).

Higher eigenvalues can be obtained through the following minimax principle. Let us
define the Krasnoselskii genus of a set A C WO1 P(Q) as

Y(A) = min {k € N|3f:Aw— R\ {0}, f continuous and odd} .
Define
Iy= {A C WOI"’(Q) |A symmetric, AN{||v||, = 1} compact, y(A) > k} .
Then,

A(p; Q) = inf supM.
A€l yeA fQ |u‘pdx
Higher eigenfunctions must be sign-changing. Moreover, one can prove (see [2]]) that
A2(p; Q) is the smallest eigenvalue which admits a sign-changing eigenfunction.
The following result about the behaviour as p — oo of the first and second eigenvalues
of the p—Laplacian holds (see [12] and [[L1]).
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Proposition 2.2. Ler A1 (p; Q) and 2,(p; Q) be respectively the first and second eigenvalue
of the p—Laplacian. Define

-1
A(Q) = (21623( dist(x, 89))

and
A2(Q) = (sup{r : there are two disjoint balls By, By C Q of radius r}) ™" .
Then,
lim (A (p;Q))l/’J =A(Q)  and lim ()Lz(p;Q))l/p = A (Q).

p—oe p—roo

2.2. The case g > p. We define the first variation of @, at u in direction v

do,(u)(v) = / \Vu|P~2VuVy — 4 / |u|?2uy
JQ JQ
and the Nehari manifold
1,
Np = {u € Wy (@) \ {0} |dp () (u) = 0}.
It is obvious that all the nontrivial critical points of the functional belong to .4},. We also
set
N ={ue Ap|lu>0} and A, ={ue A,|u<0}.

Let us denote with u™ = max{0,u} and u~ = min{0, u} the positive and the negative part
of u respectively. We introduce the nodal Nehari set

My ={ue Nylu" e N um e N}

Then, .#), consists only of sign-changing functions and contains all sign-changing critical
points of ¢,. It can be proved (see [9]) that the infima inf it @p(v), inf Hy 0p(v)

and infye z, ¢p(v) are attained, and that the corresponding minimum points are a positive,
a negative and a sign-changing solution of (3] respectively. The following facts, whose
proof can be found in [9]], will be useful later.

Proposition 2.3. For every u € WOl P(Q)\ {0}, there exists a unique number t,, > 0 such

that tyu € N)p. Moreover,
1
o (folVapr\ e
P\ A Jq lul

and
Pp(tpu) = max @y (1u).

Corollary 2.4. For every u € WOI"”(Q) \ {0}, the numbers t;,t, > 0 such that tju" +
Iyu € M, are uniquely defined.

3. SOME CONSEQUENCES OF THE MORREY ESTIMATE

In order to prove the results mentioned in Section 1, Morrey’s inequality with an explicit
expression of the constant involved will be an important tool. The following result will be
used profusely in the sequel.

Proposition 3.1. Assume n < p < oo andu € WO1 P(Q). Then,

1
P
lelietoy < Gy (" a)
holds with constant

mp—1l) n—p
Co=plBIUO) 70 7 (p—1) 7 (p-m)” A(p) 7.
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Remark 3.2. Notice that lim C, = A;(Q)~'. This fact will be crucial in the sequel.

p—roo

As a first step in the proof of Proposition 3.1I] we will review the well-known proof
of Morrey’s estimates in [[6] tracking down the precise dependence on p of the constants
involved.

Lemma 3.3. Assume n < p < oo and u € WOl P(Q). Then u has a €Y (Q) version, where
y=1-— % and the following estimates hold:

1. L%-estimate:
1
P
lilieio <G5 (| Wura) ©

1
i 1 1 /(p—1\'"» 1
Cpl (p ) +M(p, Q)77

2. Holder continuity:

with

|”();)__ybiy ( / Vu|pdx> 7 %

. 2 [p—1\"7
Cp= T _
|9B1(0)[» \P—7

and C is a constant depending only on n.

where

Proof. We suppose hereafter that u € €' (Q)N%,(Q) since our conclusions apply to WO1 7(Q)
by density. We also suppose the function u extended by zero to the whole space R”. We
will consider such an extension without making any further reference.

1. Fixs€[0,r] and w € dB;(0). Then

—u (x+1tw)dt| =

"S
[u(x+sw) —u(x)| = /Vu (x41w) -wdt| < / [Vu(x+1tw)| dt.

Integrating over dB;(0)

/ Jux+ sw)— |dc<// Vu(x+tw)| dodt
281(0)

1 \%
_// |Vu(x+tw)| "~ ldc—dt / |M7(y)7|ldy
2810 By(v) =yl

Multiplying by s"~! and integrating over [0, 7], we obtain

1 1 Vu(y
T o011 i i ®
2. Now, we will estimate |u(x)| for fixed x € R". From estimate (8]
1 1
091 = Gy oy O 0 < s [ ) —utl v+ ‘/ 0)dy

1 IVu(y)I /
—_— dy.
n 1B O)] Joy o ey 1 |Bl I )
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Applying Holder’s inequality, we have

W < o | @ p(/mw I’ as)’

TR |de)

Applying Poincaré’s inequality (recall from (@) that the optimal constant is 4, (p,Q)~'/?)
we arrive at

1 p=1\\'"7F Mp) '
'Mw|§[nwmm|(w3“m'<pn>) Ok

P
([ wur ay)
Q
and (6) follows, using that |dB;(0)| = n|B;(0)|.
3. Lety=1—n/p and consider x,y € Q. Define W = B,(x) N B,(y), where r = |x —y|.
Then

1
) —u) = g [ ) —ulaz

|W‘/ lu(x) |dz+‘W|/ lu(z) — u(y)|dz. )

Next, we choose a positive number C such that |B,(x)| < C|W| and we compute

! B,(x)| 1
W/Wht(x) — u(z)]dz < W 1B, Br(x)|u(x)7u(z)|dZ
< _C€ Vu(y)|

n|B1(0)] Ja,(x) [x—y|"!

1
-5

C / 1 ( g
<ol o) (f, mors)
n|B1(0)] (%) |x_y‘n((pill>) (.
1
: 5 (e
< ———— | |dB1(0)]rrT / Vu(y)|? d
< g (9B 2 V() dy
C
= 1( ) </ |Vu(y)|? dy> r.
10B1(0)]
Taking the former estimate into (O) we get (7). O

Next, we improve the constant in estimate (6)) by means of a scaling argument. As a
motivation, let us point out that estimate (6) is more accurate the bigger the domain Q is,
since A4; (p; Q) is decreasing with respect to Q (see ().

Proof of Proposition 1. Fix 1 > 0. First, we prove that estimate (&) holds with con-

stant
. 5 [ p=1\'r 1
Cp(n)le [1< ) n+(p,Q) 7
|B1(0)[” p—n
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To this aim, we define the rescaled domain
Qy =nlo= {xeR": y=nxeQ}
and the function v : Q; — R given by v(x) = u(nx).
Notice that u € WOl P(Q) implies v € WOl 7 (Qp). Hence, we can apply estimate (6)) to v:

1 1

1 1 (p—1 =3 1 »

Mo < —— |7 (223 ) "raaton 7| ([, wiprar)”.
B Lnr \P=n a,

Now we analyze separately the dependence on 7} of each term in the above expression.
From the characterization of 4, (p; ) as a Rayleigh quotient, see (3)), it follows

M(p:Qp) =17 M (p: Q).

12 .
Moreover, ||v]|z=(q,) = [[4]lz=() and [[VV|[r(@,) =N 7 - | Vul|Lr (). Putting together all
these facts we obtain

1

p

lul=to) < Cm)- [ 1Vul?ax) "
Q

2. We will now refine the constant in the previous step, finding the value of 17 which gives
the minimal constant. From the previous step, we know that, for every 1 > 0, estimate (6)
holds with constant C,(n). It is easily seen that the only critical point of C;(n) as a
function of 7 is
* n ! +% _1
N ()
(p—m)r(p—1) "7

Since Cj;(17) — o both as 1 — 0 and ) — 0, " is a global minimum. It is then elementary
to check that

n(p+1) n(p—1) 7 n—

C,(n")=Cp=pBi(0)[ 7n * (p=1) 7 (p—m)r L(pQ)r . O
Remark 3.4. Following the notation in the proof of Proposition notice that C,, < C,(n)

for all 7 > 0; in particular C,, < C;(l) = C;;, the constant in estimate @ In addition,
we point out that in [[16], Theorem 2.E, it is proved that Morrey’s inequality holds with

constant 1
1—=
_1 _1({p—1 P
Cr, = ?|B1(0)] n Q| .
LU =y I
The constant is optimal if Q = Bg(xp). Indeed, the functions

==

ug(x)=a- (R% - |x—xo\%),
(with a € R) yield
tallz=() = Cr.p - [|Vital| 1r () -
Since the principal eigenvalue of the p-Laplacian is explicitly known when n =1 (see [13]]
and the references therein), namely,

p
2r

: T
p-(b—a)-sin (;)
one finds that Cr , < C,, and lim,_... Cr,, = lim,_... C,, for n = 1. However, things change

if n > 2 and Q is not a ball; in that case it is easy to see that C;, < Cr ), for p large enough.
Indeed, let R > 0 be the radius of the largest ball inscribed in Q; then

A1 (pi(a,b)) =(p—1)-

1
, @ \"_ (1BrO)]" Sy

lim Cr, = =R=A(Q)"" = lim C,.
pl_mCT’p (|Bl(0)| ~ |B1(0)] 1) pl—mcp
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4. UPPER BOUNDS. CONVERGENCE IN THE CASE Q > 1

Let us introduce some notation. By u, , we will denote a positive solution of (1)) with
parameter A, = A, while the notation v, , will stand for a least-energy nodal solution of
the same prob.lem. For simplicity, we set uy, = U2 (pQ) p and vy, , = Via(pi).p- By elp
and e; , we will denote a first and a second eigenfunction of the p-Laplacian respectively,
such that [le1 || = [lez,| |, = 1.

Lemma 4.1. Let Q C R" be a bounded domain, g > p > n. The positive solution u,, ,,
which solves (1)) for A, = A1(p;Q), satisfies the estimate

1 1
[un, plle < Cp- (P Q)7 - Q7 (10)
while the least-energy nodal solution vy, ,, which solves (1) for A, = A2 (p;Q), satisfies the
estimate
1 1 1
[V plleo <27 -Cp- Aa(p3 Q)7 - Q7 (11)
where C), is the constant in Proposition@ Moreover, for every fixed m such that p > m >
nand x,y € Q, we have

|z, p(X) —up, ()]

~ 1 1
= <Cp-|Qm - A (p;Q)7. (12)
e—y|'"m

and
|Vlz,p(x) - V?Lg,p()’)'

—n
e—y|"m
where C,, is the constant in Lemma with parameter m.

<27 -G Q] - A (p; Q)7 (13)

Proof. We will prove the lemma only for the case of least-energy nodal solutions. The
case of positive solutions is even simpler and follows in a similar way.
1. First, from [9], Proposition 3.4, we have

A|Vvlz’p\pdx§(t;)p/Q|Ve;|pdx+(tp_)p/Q|Ve2_|pdx

where e is a second eigenfunction of the p-Laplacian, and
1 1
i - (2 Vet | d )7 - (aleare T
"o\ pQ) folegledx) T T \h(p:Q) foley [dx
as defined in Proposition[2.3] Using Hélder’s inequality one obtains

1

41 . + q-—p

o rd f

R Jolep Pdx) 1515 </ |e2+|de>
(Joles Pdx)? e

and similarly for 7. Substituting we obtain

—1
/Q\Vv;tz’p\pdx§|§2| (/Q|e;|1’dx> (/Q|Ve§r|pdx>
-1
49| (/Q|e2|pdx) (/Q|Vez|pdx> —2.1Q|- 1(p:Q)

1 1 1
[Vva, pllp <27 -1Q[7 - A2 (p: Q)7 (14)
Plugging the above estimate into Morrey’s inequality (Proposition [3.1)), we get (TT).

1

+ =
< (falaany

Jales|2dx

1

so that

2. For fixed x,y € Q and m > n we have from Lemma [3.3] and Holder’s inequality with

exponents p/m and p/(p —m) that

|V/12 p(x)fvlz P(Y)‘ = ( m )l/m ~ 1_ ( » >1/p

) 2 SCm / Vv dx SCm Qlm . / Vv dx .
|x—y|17ﬁ Q| lzﬁpy 12| Q‘ 12,p|

=
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Using the inequality (T4) we get (T3). O
Since the right hand sides in (I0), (TI), (I2) and (I3) can be bounded uniformly in p,

we have the following convergence result.

Corollary 4.2. Consider the sequences {uy, ,}, and {vy, ,}p. Then, there exists a sub-

sequence p; and limit functions un, and vp, with limuy, pi = UA and lim Vis.pi = Vs

1—o0 : [—00 ’

uniformly.

Remark 4.3. The limits up, and v, could depend on the particular subsequence we are

considering. In the case of u; , and Q a ball, we will show in Section [8[a symmetry

property for limits u, that will imply uniqueness of the limit and, consequently, that not
only a subsequence, but the whole sequence converges.

5. LOWER BOUNDS. NON-DEGENERACY OF THE LIMIT.

From Morrey’s estimate (Proposition [3.1)), we get the following lower bound which
yields non-degeneracy of the limit as p — oo.

Lemma 5.1. Let Q C R" be a bounded domain, q > p > n. The function uy, , positive
solution of (1) with A, = A1 (p; Q) satisfies the estimate

1
1 1777_
lur pll = [Cp-Aa(pi )7 10217 F7 >0, (15)
where C, is the constant in Proposition3.1]

Proof. The function uy, , satisfies (TI). Multiplying the equation by uy, p and integrating
by parts, we get

/Q Vi, | dx = M (p: Q) /Q luy, | dx.
By Proposition 3.1 and the equality above, we get

1/p 1/p
i lle < G ([ 19037 08) " =Gy (24082 [ ) <

q

1 1 H
SCp-M(p: Q)7 - QP - [lup, |,
and hence the result. (|
These arguments can be adapted to the family of least-energy nodal solutions as follows.
Lemma 5.2. Let Q CR”" be a bounded domain, q > p > n. The function v,, , least-energy
nodal solution of (1) with A, = A»(p; Q) satisfies the estimate
1
~ 1 11=73
Wasplle> [Gp Mo )7 0I7] 77 >0, (16)

where
n(p+1) n(p—1)

n—p

Ao(p:Q) 7. (17)

LR

~ 11—
Cp=pBI(O)[7n 7 (p=1) " (p—n)r
Remark 5.3. Notice that lim 61, =A(Q)7 L
p—roo

Proof. The function v, , satisfies (T). Multiplying the equation by vj{w and integrating
by parts, we get

. + P — . . + |4
'/levlbp' dx=2(p;Q) /Q‘Vlz,p| dx, (18)
and similarly
Voo Pdx— Q). -
/Q| Vil dx=M(p:Q) K/Q|vxz7p| dx.
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. . . . + — .
Since vy, ,, is sign-changing, Vi Vigp = 0. Let us consider the set

A={ueWy?(@Q)u=av] +PBvy (& B)# (0,0}

It is possible to prove that Y(A) = 2 as defined in Subsection 2.2. By definition of A, (p; Q)
we have

() < e a7 o7 Jo[95, Pdx+|BI? fo Vv, |7 dx
2\Ds = X7 = X - —
o Tl ds  @BLon) Jal? alvE, Pax t B fo vy, P
+ |p -
<max{fg|vv7h»l’| dx fg‘vv/127p| dx}.

Jalvi, JPdx " [ vy |Pdx

Without loss of generality we can suppose

[o|VVi |Pdx
Jalpi Q) < .
Jalvi, lPdx

One can repeat the proof of Lemma for the particular function v}z » using the above
inequality instead of Poincaré’s in the end of Step 2 in order to obtain, for every 1 > 0,

1
~ »
v ey < G- ([ 97 )

with

_n 1-1
Ci(n) = Lpl lll (p 1) N+ Aa(p, Q)7
[B1(0)[7 Lnp AP
Proceeding as in Proposition [3.1] it can be checked that the estimate above holds with
constant 6,, in which satisfies 6,, — A(Q)as p — oo
So, using (I8), we obtain

- 1/p N 1/p
gl <G ([ 19 a) =G (@) [ 1, ) <

~ 1 1 4
<Cp-ha(p: Q)7 - 1QI7 - v LII4,

and hence ]

-~ 1 o
1 plle > 15, 1= > [Cp - Aa(ps@) 2 -|@17 | 31 >0, O

Since the right-hand side in (T3]) converges to a positive quantity as p — oo, we deduce
that any possible limit u,, in the spirit of Corollary is nontrivial. In fact, we have the
following result.

Theorem 5.4. Suppose Q > 1, and let up, be a uniform limit of the sequence {uy, ,}p.
Then, |Jup, || = 1. Moreover, ux, >0 in Q.

Proof. From Lemmal4.T]and Lemma[5.T| we get

1
1 1175 1 1
(Co M @)7 1907 T < g, e < Cp M (p30)7 - |0
Letting p — oo, we arrive at
1
1= [A1(Q) AL Q)] 7T < Jluay o S AR ANQ) = 1.

For the proof of the positivity of the limit, notice that u, is co—superharmonic in the sense
of [15]. Then, the Harnack inequality for co—superharmonic functions (see [14] and [[15]])
implies uy, > 0 inside €. O

A similar result holds for the family of least-energy nodal solutions.
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Theorem 5.5. Suppose Q > 1, and let v, be a uniform limit of the sequence {v;, ,}p.
Then, 1 < ||[va, [l < A2(Q) - A1(Q)~L. Moreover, vy, is sign-changing.

Proof. From Lemmal4.T]and Lemma[5.2) we get

1
~ 1 11-7 1 1 1
(Co o (p:@)7 1017 ] T < vy e <27 -Gy Aa(pi Q)7 - 1927
Letting p — oo, we arrive at

L= [Aa(Q) " As(@)] T < funglle < A1) Ax(Q).

To prove that vy, is sign-changing, one can proceed as in Lemma@ in order to obtain

1
. _ 1 S
min {[[v}, lles 1V, 1=} > [C - 2(pi@)7 -1@I7] #77 >0
Letting p — oo we obtain the claim. O

Remark 5.6. Recall that Ay(Q) - A;(Q)~! < 2 (see [L1]], Theorem 6.4) with an equality
if and only if Q is a ball. Hence, in general bounded domains one has 1 < vy, [l < 2.
On the other hand, it is easy to produce examples of domains for which A;(Q) = A (Q)
and consequently ||va, || = 1; annuli and long enough stadiums (convex hulls of two balls
with the same radius) belong to this category.

Due to the homogeneity of problem (T)), we have

e
Upp = (Ap_l M(piQ) TP -y, . (19)

As a consequence, assuming Q > 1 and lim,Hooll/ P = A > 0, whenever we have con-
vergence for the sequence {uy, ,}, so we will for the sequence {u,, ,},. Hence, from
Corollary 4.2 and Theorem[5.4] we get the following consequence.

Corollary 5.7. Let A > 0and Q > 1. For every sequence {p;}; such that lim;_.., /'L;},-/ Pi— A
and the sequence {u;, Pi} i converges to uy,, then the sequence of positive solutions u Ao pi

. -
converges uniformly in Q to a function u, such that

up = (A7 -AI(Q))ﬁ “up, - (20)
Moreover,
=i = (A" - A () 2 @)
An analogous result holds for the sequence of least-energy nodal solutions VA, p-

6. THE CASEQ = 1.

In this section we consider the limit as p — oo of positive solutions and least-energy
nodal solutions of (I)) when
0= 1im 47 _ ;.
p—roo p
In this case things change considerably; namely, the asymptotic behaviour of 4, is decisive
in order to determine convergence or blow-up of the sequences of solutions.
We will make use of the estimates for solutions of (I]) already found in the previous
sections. Notice that the fact that
lim C, = A1 (Q)"" and lim C, = Ay(Q)~!
p—ee p—roo
where C,, is the Morrey constant in Proposition and C, » is the constant in Proposition
[5.2] is a key point in these arguments.
We have the following results:
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Theorem 6.1. Let {u;% »}p be a sequence of positive solutions of (). Suppose that
0= lim aP) _y ud A= lim AP (22)
p—e p p—ee
Then:
1) If A> A1 (Q), then I}i_r>r°1°||u,1p7p||m =0.
(i) If A < A1(Q), then plifgol'u’lpvl’u‘” = oo,

We give the proof of the theorem only in the case of least-energy nodal solutions since
the case of positive solutions is virtually identical.

Theorem 6.2. Let {VA,,, »1p be a sequence of least-energy nodal solutions of (@ and sup-
pose that 22) holds. Then:

() If A > As(Q), then Tim [|v; || =O.
p—oo

(i) If A < Ax(Q), then lim [[vy, || = oo.
p—oo ’

Proof. (i) In a similar way to relation (I9) we have

1 —

1
Vi = (A Ma(pr Q)77 va, = (A " Ma(p3 Q)
By Lemma4.1 we have

S =

) - “Viape

1 1 _1
Vi, pllee <27-Cp- A2(p3 Q)7 - Q7

where C), is the Morrey constant in Proposition @ Combining the two expressions and
letting p — oo we get the result.
(ii) From Lemma[5.2] one has

1
-~ 1 117
1o plle > [Cp-Aa(ps@)7 1007 77,

where 6,, is the constant in Proposition Using the scaling property as in the proof
of (i), we get

g

~ 1 1]~
Wiolle > [G-24 1025]
Letting p — oo and recalling that 6,, — A2(Q)~! < A~! we obtain the claim. O

Remark 6.3. If Q =1 and A = A1(Q) (resp. A = A2(Q)), the estimates we found are
not enough in order to establish convergence or blow-up of the sequence {M)L,,,p} p (resp.
{va,.p}p)- In the particular case A, = 41 (p; Q) (resp. A, = A2(p;€2)) we can only state that
{up, p}tp (xesp. {vj, ,}p) converge to a function us, (resp. va,). In the general case, the
asymptotic behaviour is determined by the particular sequence of g(p) and A,, as we can
see in the following example. Set A, =2 (p; Q) and g(p) = p+ %; in this case A = A (Q)
and Q = 1. From (19) we have

1

Upyp =2 07wty p =27 iz
so that ||uy,, »[| — 0 as p — oo. If we now set 4, = IA1(p; Q) (so that again A = A (Q)
and Q = 1), we have
1
ulp:[’ =247 ull p 2F. ull P

and hence [[uy, ||« — o0 as p — oo if u, is nontrivial.
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7. THE LIMIT PROBLEM

In the present section, we characterize uniform limits of solutions of (1)) as solutions of
a PDE. See [7] and [12] for related results in the eigenvalue case and [J5] for the case QO < 1.

Proposition 7.1. Let {u,}, be a sequence of solutions of (I). Set

0—1im 9?2  wd A=1im A
p—° p p—
If {up}, converge uniformly to a function up as p — oo, then up is a viscosity solution of
the equation

FA(u,Vu,D*u) = 0 inQ
{ u = 0 ondQ (23)
where
min{|&| - As@,—X& - &} ifs>0
FA(S>§7X): _Xgé lfSZO

max{—Als|?"'s —[§[,-XE -} ifs<O.

Proof. Let xg € Q; if u(xg) > 0, we can proceed analogously as in [3]], Proposition 8. Let
us then suppose that u(xp) < 0, and let ¢ € ¢*(Q) be a function such that up — ¢ has a
strict local minimum at xo. As u, is the uniform limit of u,, there exists a sequence of
points x; — xo such that (u,, — @)(x;) is a local minimum for each i. Then, as u), is a
viscosity solution and so a supersolution, we get

Xi 2
85905 = ~(i= 2Vl { P g + (0005 (). V() |

> Apluy, (xi)|q[_2”p (xi)-

where we set ¢; = g(p;). Since u(xp) < 0, this relation can also be written as
a[IVe(x)?
(=290t *{ T Ap(a)+ 07 Vo). Vota)
l
< Aplup, (xi)|qi71-
Rearranging terms, we obtain

pi—4

X Xi 2
2) |72 [T )+ (0Pt Vot | < 1
A ] L P

(pi—

If [V (x0)| > Alua(x0)|2, then, necessarily, —A..¢(xp) > 0, since otherwise we obtain a
contradiction letting i — oo in the previous inequality. On the other hand, if
[V (x0)| — Alua (x0)|© < 0. 24
then
—AJup(x0)[? up (x0) = [V (x0)] = 0
and
max { —Alua(x0)|®~un(x0) = [VO(x0)], ~Awp(x0) } > 0.

Hence, we conclude that u, is a viscosity supersolution of equation (23).

It remains to be shown that u, is a viscosity subsolution of the limit equation (23, i.e.
we have to show that, for each xg € Q and ¢ € €?(Q) such that us — ¢ attains a strict local
maximum at xy, we have

max { ~Alua(x0)|°~ua(x0) = [VO(x0)], ~Awp(x0) } <O0.
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As we did before, the uniform convergence of u,, to us provides us a sequence of points
x; — xo which are local maxima of u; ,, — @. Recalling the definition of viscosity subsolu-
tion we get, analogously as before,

pi—4

X Xi 2
— el [ Rt + 000Vt Vot | > 1.
AT g )

pi—?2
for each fixed p;. We can suppose |V@(xo)| > Alua(xp)|¢ because otherwise we get a
contradiction letting i — oo. This implies

= Afua(x0)[° ™ ua (x0) = [V (x0)| <0

Moreover, it must be —A.@(xg) < 0, otherwise we get another contradiction. We finally
obtain that

(pi—2)

max { —Afua(x0)[¢ " ua(x0) = [V@(x0)|, ~Axp(x0) } <O.
which means that u, is a subsolution of 23).
The proof in the case u(xo) = 0 is almost identical to [[11], Lemma 4.3. O

8. SYMMETRY AND UNIQUENESS OF POSITIVE SOLUTIONS FOR THE LIMIT PROBLEM
IN A BALL.

We devote this section to the proof of a symmetry result for positive limit solutions in a
ball, which is related to a uniqueness property. Notice that Comparison Principles typically
fail to hold in problems with a supperdiffusive power-type nonlinearity (in contrast to the
subdiffusive case, see [3]]), so we rely on comparison for infinity sub- and superharmonic
functions as well as on our estimates of the L™ norm of positive limit solutions, which turn
out to be crucial.

Recall that we say that u is a limit solution of (23) if it can be obtained as a limit of
solutions of (T)) for some sequences of ¢(p) and A, in the sense of Proposition In order
to simplify the notation, in the following we will write A| = A{(B,(0)) = 1.

The following is the main result in this section.

Theorem 8.1. Let r > 0 and Q > 1. Then, for every A > 0, the cone
[ S
(1) = A"TT 2T [x]
is the unique limit solution of the problem

{ min{\VuA(x)|—Au/Q\(x),—AmuA(x)} =0 inB.(0)

(25
ux=0 ondB,(0).

We split the proof of Theorem [8.T]into several partial results. Without loss of generality,
we can suppose A = A in the argument due to the following scaling property of the limit
problem. We will omit the proof since it is standard.

Lemma 8.2. The solutions of the problem
min { Vup (x)] — Aul (x), —Amu,\(x)} =0 inB,(0)
un=0 ondB,(0),

and those of the problem

{ min{\VuAl(x)|fA1 ul (x),wauAl(x)}zo in B, (0) o7

(26)

ur, =0 on dB(0).

1
are related through the expression uy = (A_lAl) O up, -

First, we show that there exists a unique cone which is a positive solution of the limit
problem for A = Aj.
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Lemma 8.3. The normalized distance to the boundary,

dist(x,dB,(0)) |x]
O(x) = — =1-— (28)
(x) ||dist(-,dB(0))]|e r
is the unique cone which is a viscosity solution of problem 7).
Proof. Leta > 0, and define the cone
C,(x) = a-dist(x,dB,(0)) = a- (r— |x|). (29)

We are going to prove that C,(x) is a viscosity solution of problem (26) if and only if
a=A =r".
First of all, since C,(x) is smooth if x # 0, it can be checked by direct computation that

—ACy(x) =0 Vx € B,(0)\ {0},
in the classical sense. Hence, we need make sure that
IVC,(x)| = A1 C2(x) >0 Vxe B, (0)\{0}.

Indeed, plugging into the latter expression (recall that x # 0 so the derivatives are
classical), we find that

[VCa(x)| — Ay CaQ(x) =a—A\ aQ(r— |x|)Q >0,

must hold for points with |x| arbitrarily small. Hence, we find the following necessary
condition for a,

a—A}anQ >0. (30)
Next, let ¢ € € such that C, — ¢ has a local maximum point at 0. We aim to prove that
min {|V@(0)| — A C2(0), —Ax(0) } <O0. (31)
It is well known that
min { [VCa(x)| —a, —AmCa(x)} =0.

Hence, by definition of viscosity subsolution we have either |V (0)| < a or —A.¢(0) <O0.
In the latter case, holds and there is nothing to prove. Thus, we can suppose in the
sequel that —A.@(0) > 0 and [V(0)| < a. We get C,(0) =aA; " and

Ve(0)| = A1 CE(0) < a— A} %al.
Recalling (30), we discover that we will be done only if
a— A}_Q a? =0.
Since Q > 1, the only nontrivial solution to this equation is a = A = r~!. O

Next, we prove that any other possible limit solution associated to A is not greater than
the normalized distance to the boundary &(x).

Lemma 8.4. Let up, (x) be a limit viscosity solution of 7). Then, un, < & in B,(0).

Proof. Fix R € (0,1) and consider the auxiliary (subdiffusive) problem

min { |[Vw(x)| — A wh (x), —Aww(x)} =0 in B,(0)
w=0 on dB,(0),
1. First, we seek to prove that u,, is a viscosity subsolution of (32)).

To this aim, consider a point xo € B,(0) and a function ¢ € ¢ such that us, — ¢ has a
maximum at xo. AS u,, is a viscosity solution of (27), it satisfies

(32)

min{\w(xon — A (xo),—Aw(p(xo)} <0 inB,(0).
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If —Aw@(x) <0 we are done. So we can suppose —Aw@(xg) > 0and |V@(xq)| — Alu/% (x0) <
0. Since [|up, || = 1 (see Proposition[5.4) we clearly have

Vo (xo)| — Aruf, (x0) < Ar (ufy (x0) — uf, (x0)) <0,
and then
min {|VQ(x0)| — Ajuf (x0), —Aw@(x0)} <O in B,(0).
2. Next, we prove that 6(x) in (Z8) is a viscosity supersolution of (32). It is well known
that for any bounded domain, 8 is the unique solution of
min{|V8(x)| — A1, —Aub(x)} =0 in B,(0)
6=0 ondB,(0),

Consider a point xy € B,(0) and a function ¢ € ¢ such that § — ¢ has a minimum in xo.
By definition of viscosity supersolution, we have

IVo(xo)| —A1 >0 and —A.g(xo) > 0.
We clearly get
Vo (x0)| — A18%(x0) > A1 (1—8%(x0)) >0,
and then
min {|Vo(xp)| — A R (x0), —Aw®(x9)} >0 inB,(0).
3. Finally, since us, and & are respectively a sub- and supersolution of (32) both of

them positive and satisfying ux, = 8 =0 on dB,(0), the result follows by comparison (see
1SD). U

We are now able to finish the proof of Theorem 8.1}
Proof of Theorem[8_]] We observe that, since u, < & by Lemma 8.4, we have
{x€B0) : un, (x) = |lup, [l = 1} = {0}, 33)
as the set on the left-hand side is nonempty (see Proposition . Moreover, J(x) is the
unique (see [[10]) viscosity solution of the problem
—A.6(x)=0 inB,(0)\{0}
6(x) =0 ondB,(0) (34)
6(0)=1.
On the other hand, u,, is infinity superharmonic in B,(0) and hence a viscosity super-

solution of . By comparison (see [10]), we get up, > 6. Then, from Lemma we
have uy, = 0, which is the claim.

Remark 8.5. The partial results in the proof of Theorem [8.1] hold in greater generality.
Lemmas|8.2]and[8.4]are true in the case of a general bounded domain Q C R”. For Lemma
8.3l a sufficient condition (standard in the literature) is that the set of maximal distance to
the boundary coincides with the set of points x € Q where dist(x,dQ) is not of class %"
This assumption, a sort of symmetry condition on €, is satisfied by domains like balls,
stadiums (convex hull of two identical balls) and annuli. Indeed, the crucial point where
we use that the domain is a ball is (33).
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