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ABSTRACT. We study the behavior as p — oo of the sequel of positive weak
solutions of the concave-convex problem

—div(|VulP2Vu) = Aud® 4 47®) in Q

(P) u>0 in
u=0 on 9.
where Q2 C R™ is a bounded domain, A > 0 and the exponents g, r satisfy
fim 2P _ o im TP _ R ith 0<Q<1<R
p—oop—1 p—oop—1

We characterize any positive uniform limit of a sequence of weak solutions of
(P) as a viscosity solution of

min {\Vu,\| — max{/\ug,uf}7 —AoouA} =0 in Q.

Notice that the limit process decouples the nonlinearity. We obtain existence,
non-existence and global multiplicity of positive viscosity solutions of the limit
problem in terms of the parameter A.

1. INTRODUCTION

Our goal is to study the behavior as p — oo of the sequence of positive solutions
of the concave-convex problem
—Apu = Aul®) 44" ®  in Q
(1.1) u>0 in
u=0 on JN.

where A,u = div(|Vu[P~2Vu) is the p—Laplacian, Q C R™ is a bounded domain,
A > 0 and the exponents ¢, r are assumed to satisfy

(1.2) im 2P _ o um TP R ith 0<Q<1<R
p—oop— 1 p—oop—1
We refer to problem (|1.1)) as concave-convex in the sense that 0 < ¢(p) < p—1 < r(p)
for p large enough. In particular, we shall always assume p > n.
The asymptotics of problems having a power-type right-hand side, namely,

—Apu = Au®®  in Q
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have been already studied in the literature in the eigenvalues case, where a(p) =
p — 1 (see [13], 19, 20]), the concave power case a(p) = ¢q(p) (see [9]), and the case
with a convex power a(p) = r(p) (see []]).

Hence, it seems natural to consider the combined effect of a concave and a convex
power as p — 00.

Problem is studied in [4, [7, [15, [14]. In [7], it is proved the existence of a
threshold value Apax p such that there exist a minimal positive solution of for
A < Amax,p and no positive solution exists for A > Apax,p. It is important to point
out that this results hold with no restriction in the size of the convex exponent r
even when p < n. We provide in Section [ a quantitative construction of the branch
of minimal positive solutions of as well as the proof of non existence beyond
the threshold Amax p-

In [4, [14] it is proved that there exists a second positive solution for every A €
(0, Amax,p) whenever r < p* — 1, with p* the Sobolev critical exponent. Notice that
this means no restriction in the case of our interest since, since the critical exponent
is p* = oo when p > n.

The paper is organized as follows. In Section [2] we provide some necessary pre-
liminaries. Then, in Section [3| we introduce the limit concave-convex problem in a
. 1 . . o
formal way. We prove that, whenever A = lim,_, )\p/ P any positive uniform limit
up = limy o0 uy, p is a viscosity solution of

min{|VuA\ - max{Aufg,uf‘}, —AoouA} =0 in,
(1.3) upn > 0in Q
up = 0 on Of).

Then, once the limit problem is presented, we study the existence non-existence
and multiplicity of positive solutions of the limit problem in terms of the
parameter A.

More precisely, in Section 4| we prove some non-existence results. We prove that
there is no positive solution of the limit problem for

A> A= A(Q)FT = lim AP,
p—00 ’
for A1(2) := (max,eq dist(z, 89))71.
Moreover, we also prove that every solution uy of (|1.3)) verifies wp < ua, where
wy is the unique positive solution of the limit concave problem

{ min{|VwA| —Awfg,—AoowA} =0 in €,

(1.4)
wp =0 on 9N.

The decoupling of the nonlinearity in under the limit process is a key feature
for the analysis.

Next, in Section[5] we study the existence of a curve of positive minimal solutions
of problem . A remarkable fact is that, for every A < A, the unique solution
of the limit concave problem is also a solution of the limit concave-convex
problem . The reason is that there is a critical size for solutions under which
the convex power has no influence in problem since

max{At? tf} = At? o t<AT@.
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In fact, we prove that for every A < A the unique positive solution of with
lualloo < AT (the critical size) is given by the solution of (L.4)).

We would like to stress that this makes a significant difference with the case
p < oo, where the concave and convex power always have a mutual influence, no
matter the size of the solutions.

Feeding back this new information on the size of solutions, we extend the non-
existence result and prove that in fact there is no positive solution of with

AT < [upllse < Ay (Q) 7T,

Then, in Section[6] we turn our attention back to justify uniform convergence as
p — oo of solutions of to solutions of . Assuming the natural normaliza-
tion

)\11/1’—>Aasp—>oo7
we justify the uniform convergence of the sequence of minimal solutions of (1.1
corresponding to A, to the minimal positive solution of corresponding to A.
We get the necessary estimates from the construction of the minimal branch at
level p.

In Section [7] we pass to the limit as p — oo on subsequences of mountain pass
solutions of the problems at level p. The main feature is a global multiplicity result
in A for the limit problem , that is, the existence of at least two positive
viscosity solutions for all A € (0,A).

Finally, in Section [§| we find explicit solutions whenever the domain ) satisfy a
certain geometric condition. These solutions make apparent the results on existence
and multiplicity in previous sections.

2. PRELIMINARIES

We recall here some facts that will be needed later. First we recall the well-known
Morrey estimates, with an explicit expression of the constants that will be crucial
in the sequel. See [§] for the proof.

Lemma 2.1. Assume n < p < 0o and u € WyP(Q). Then u € CV(Q), where
y=1-— %, and the following hold:

i) L -estimate:

llull Lo () < Cp - (/ [Vul” dm) ’ ;
Q

n(p+1) n(p—1)

_ n n—p

(2.1) Cp:p|B1(O)|7%n P (p—1) (p—n)PZ_lx\l(p;Q) »?2

i) Holder estimate:

fuw) ~u)| _ (/me”dw)p»

|z —y["

- 2 _1\!"F
a -2 <p >
|0B1(0)[» \P—"n

and C is a constant depending only on n.

with constant

where
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Remark 2.2. It can be checked that lim C, = maxdist(z, 0Q).
p—>00 z€EQ

In the following lemma we state that weak solutions of our problem are also vis-
cosity solutions. The proof, which we omit here, follows analogously to [20, Lemma
1.8] (see also [6]).

Lemma 2.3. If u is a continuous weak solution of (1.1, then it is a viscosity
solution of the same problem, rewritten as

{ Fy(Vu, D?u) = Aud® +4™®)  in Q

(2.2) u=0 on 0N,

where

Fo(€,X) = — €72 - trace ((Id Y (p— 2)£|?2£)X> .

The divergence form is more useful from the variational point of view, while
the expanded form (2.2)) is preferred in the viscosity framework. In the sequel we
shall always consider the more suitable form of our problem between (|1.1)) and (2.2)
without any further reference.

Next, we present some background on certain auxiliary problems that will be
profusely used in the sequel.

2.1. The problem with right-hand side 1. In [21I] the problem
—-Apu=1 inQ
veW,P(Q)

is studied in connection with torsional creep problems when (2 is a general bounded
domain. In the case of our interest, p > n every function in v € WO1 P(Q) can be
considered continuous in  and 0 on the boundary in the classical sense.

However, it is interesting to mention that in general the boundary datum is not
satisfied in the classical sense, that is, given xy € 012, it is not necessarily true that
limg_,4, v(z) = 0 when 1 < p < n. Nevertheless, the points where lim,_,,, v(z) =0
can be characterized by means of a version of the Wiener Criterion stated by Maz’ja
[29] in the nonlinear framework (see [16] 22| 23] and also [12], 28]).

The existence result we shall need below is the following. See [21] and [I8, The-
orem 3.11] for the proof.

Proposition 2.4. Let € be a bounded domain and n < p < oo. Then, there exists
a unique solution vy, € Wy P(Q) NC(Q) of the auziliary problem

A1, =1 in§
(2.3) { i

vip =0 on0Q,
and vy, converge uniformly as p — oo to the unique viscosity solution to

min{|Vv| — 1, -A,v} =0 in Q,
v=0 on0N.

Moreover, v(x) = dist(x, 08).
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2.2. The p-eigenvalue problem. We shall also need some facts about first eigen-
values and eigenfunctions. Let us recall that the first eigenvalue \;(p; ) is charac-
terized by the nonlinear Rayleigh quotient

VolPd
A(p;Q) = inf M
sewi (@) JololPdz

In [24] (see also [25]) it is proved that the first eigenvalue of the p-Laplacian
is simple (that is, that the first eigenfunction is unique up to multiplication by
constants) when ( is a mere bounded domain. Previous results ([3, 15, B0] and the
references in [24]) require further regularity of 9. Moreover, it is also proved in
[24] that in a general bounded domain Q only the first eigenfunction is positive
and that the first eigenvalue is isolated (there exists ¢ > 0 such that there are no
eigenvalues in (A1, A1 + €]).

Proposition 2.5 ([24]). Let Q be a bounded domain and n < p < co. Then, there
exists a nontrivial positive solution ¢1, € W' () NC(Q) of

{ —Apdrp = /\1(p; Q) |¢1,p p_2¢1,p in

$1p=0 on 0Q.
Moreover, \1(p; Q) is simple and isolated.

The result above is also true in the range 1 < p < n, but then the boundary
datum is not necessarily realized in the classical sense and must be interpreted in
the trace sense, that is, ¢1,, € W, (). Also in this case, the points 2 € 9 where

lim ¢1,(x) = 0 are characterized by the Wiener’s criterion mentioned above, see
Tr—xo

[22).
In the following lemma, we recall the behavior as p — oo of the first eigenvalue
of the p-Laplacian (see [20] for the proof).

: 1 : -1
Lemma 2.6. plgrolo AMp, Q)r = A (Q) = (r;lgglcdlst(x,aQ)) .

2.3. The concave problem. The last tool we need in the construction below is
the solution to the concave problem.

Proposition 2.7. Let QO C R™ be a bounded domain, p > n anj 0<g<p—1.
Then, for every A > 0, there exists a unique uy € Wolp(Q) NC(Q) solution of the
problem

—Apuy = Aui, inQ,
(2.4) uy >0 inQ,
uy =0 on 9N.
Moreover, by homogeneity,
UA(;[;) = A(p—i)—q ul(x),

where uy s the solution of the problem with A = 1.

Uniqueness of positive solutions is a known result and can be found for instance in
[1] in the variational setting (see also [I0] for a proof in the viscosity framework). For
the proof of existence, one can construct a sub- and supersolution using appropriate

rescalings of ¢, and vy, respectively (see for instance [I0]). Then, we can iterate
between this sub- and supersolution and construct the solution.
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We conclude this preliminary section collecting some facts about the concave
limit problem

min {|Vw,s| — Awg, —Aswp} =0 inQ,
(2.5) wy >0 inQ
wpa =0 on ON.

The proofs of the following results can be found in [9].

The main result is the following Comparison Principle, which turns out to be a
valuable tool in the study of the limit concave-convex problem.

Proposition 2.8. Let Q@ C R™ be a bounded domain and consider a viscosity
subsolution u € C(2) and a viscosity supersolution v € C(Q2) of

(2.6) min {|Vw(z)| — w®(z), —Asw(@)} =0 inQ.
Assume that both u,v >0 in Q and u < v on 0. Then, u < v in Q.

The following result deals with existence of positive solutions to (2.5)). The
uniqueness assertion is a consequence of the Comparison Principle.

Proposition 2.9. Let Q C R™ be a bounded domain. Let A > 0 and a sequence
{A\p}p such that A,lg/p — A as p — oo. Then, the sequence {ux,p}p>n of weak
solutions of

—Apur,p = Ap u?\g; in Q
ux,p >0 in

ux,p =0 on dQ,

converge uniformly to wy, the unique positive solution of the limit problem (2.5))
corresponding to A.

Finally, we have the following estimates for wp .

Proposition 2.10. Let Q C R™ a bounded domain and 0 < Q < 1. Consider A > 0
and wy the positive solution of (2.5)). Then, we have

(A || dist(-, GQ)HOO) ﬁv(gc) < wp(x)

(2.7) dist(z, 0)

< <A||di5t(-,3Q)H<x>) HJW’

for every x € Q, where v(x) is the first (maximal) co—eigenfunction (see [20])
normalized to ||v]|pe~ = 1. Moreover

1

(2.8) Jeonll ey = (A ldist(-, 091 ) 7.

3. THE LIMIT PROBLEM.

In the present section, we characterize uniform limits of solutions of (L.1)) as
solutions of a PDE. For the moment we shall assume the uniform convergence
which will be proved in Sections [6] and
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Proposition 3.1. Assume that {\,}, verifies lim,_, /\Zl,/p = A and let q(p),r(p)
and 0 < Q <1< R as in (L.2). Suppose that uy, p, € WP () is a weak solution of

—Apun, p = )\puig; + ugipz) in Q
(3.1) ux,p >0 in
ux,p =0 on 0Q,

and that uy, p, — un > 0 uniformly as p — oo. Then, up is a viscosity solution of
the limit concave-convex problem

min {|Vua| — max{Au%, uf}, —Asup} =0 inQ,
(3.2) upr >0 inQ

upy =0 on 90.
Proof. Let 79 € Q and ¢ € C?(Q) such that up — ¢ has a strict local minimum
at wo. By hypotesis, uy is the uniform limit of uy, ,, so there exists a sequence
of points x, — xo such that (ux,, — ¢)(z,) is a local minimum for each p. As

uy,.p is a continuous weak solution of (3.1)), it is also a viscosity solution and so a
supersolution. Then, we get

—(p—2)|Ve(zp)P* { WA¢($17)+<D2¢($?)V¢($17)’ V¢($p)>}

= —ApP(xp,) > )\pu?\i’g(:rp) + u;i]j;(xp).

Rearranging terms, we obtain
p—4

Vo (xp)| { [Vé(zp)|*
p—2

=2 ® ®) 7
(3.3) (Al () + w7 ()

+<D2¢<xp>v¢><xp>,v¢<xp>>} =1

A¢(xp)

Notice that

and hence,
) ) 7
. I pP—
Jim () (@) + 3 () = max{Auf (wo) uf (z0)}.

We point out that the latter quantity is positive since uy > 0 by hypothesis. Then,
if we suppose that

[V(a0)| < max{Aug (z0), uy (z0)}
we obtain a contradiction letting p — oo in . Thus, it must be

(3.4) |V(wo)| — max{Aug (z0), uf (z0)} > 0.
We also have that
(3.5) — Acd(9) = —(D*¢(20) Vb (w0), V() > 0,

because we would get a contradiction with (3.3 otherwise.
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We can put together (3.4) and (3.5) writing
min {|Vé(zo)| — max{Au$ (xo), uk (z0)}, ~Ac(z0)} >0

and conclude that up is a viscosity supersolution of equation .

It remains to be shown that u, is a viscosity subsolution of the limit equation
(3:2), i.e. we have to show that, for each zy € Q and ¢ € C*(2) such that uy — ¢
attains a strict local maximum at xo (note that xp and ¢ are not the same than
before) we have

min {|Vq{)(m0)\ — Jtnaux{Aufg(900),uf(gco)}7 —Aoo(b(xo)} <0.
We can suppose that
[V (0)| > max{Auf (z0), uf (x0)},

because we are done otherwise. As we did before, the uniform convergence of u, ,
to up provides a sequence of points x, — xg which are local maxima of uy, , — ¢.
Recalling the definition of viscosity subsolution we have

p—4
2
- AR LT N
()\uiggj(zp) + u:g;)(zp)) P

+<D2¢<xp>w<wp>,v¢<xp>>} <1,

for each fixed p. Letting p — oo we obtain —A ¢(xg) < 0 because in other case
we get a contradiction. O

4. A PRIORI NON-EXISTENCE RESULTS FOR THE LIMIT PROBLEM

Here, we present some results on non-existence of positive viscosity solutions of
the limit concave-convex problem

min {|Vuy| — maX{Aug,uf}, —Asupr} =0 inQ,
(4.1) up >0 in 0,
uy =0 on O9.

We have summarized the results in this section in Figure 1.

4.1. Non-existence below the curve of positive solutions of the limit con-
cave problem. We are going to prove next that there are no positive solutions of
the limit concave-convex problem under the curve of positive solutions of the
concave limit problem

min {|VwA| — Aw/i?, —AoowA} =0 inQ,
(4.2) wp >0 in
wp =0 on ON.

We have the following result.
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2] oo

1
A (Q)E-TL

(A A (@)1 T,

N

FIGURE 1. Regions of non-existence for the limit concave-convex

problem (4.1) given by Propositions and

Proposition 4.1. Let Q@ C R™ a bounded domain and wa the unique positive
viscosity solution of the concave problem (4.2) for each A > 0. Then, any positive
viscosity solution up of (4.1) satisfies up > wa. In particular,
1

. -Q —
(43)  uallze = (A ldist, 09 ) 7 = (A A (@) 7)
Remark 4.2. Recall that A1(Q) = ||dist(-, 00)]| o s the first co-eigenvalue (see [20]).
Proof. Consider uy, a nontrivial solution of (4.1]). We shall prove that
(4.4) min{|Vup| — Aug, —Asupt >0 in Q,

since then, given the fact that w, is a solution of the concave problem , we
have wy < up by comparison (Proposition . Estimate is a consequence of
this fact and Proposition [2.10

In order to prove (4.4, consider zyp € Q and ¢ € C? such that uy — ¢ has a
minimum at xg. As ua(z) is a solution of problem we have

min { |Vo(zo)| — max{Au (z0), ufl(20)}, ~Ascd(z0) } = 0
It follows that —A.é(z) > 0 and |Vé(zg)| > maX{Auf(ajo), u¥(20)}. Hence
IVé(x0)] — Auf (20) > max{Au§ (o), uld(x0)} — Auf (20) > 0.

_1_
1-Q

We get
min { [Vo(ao)| — Auf (w0), ~Accd(wo) } = 0
and consequently (4.4) holds in the viscosity sense. O

4.2. Non-existence of positive solutions for large A. We show here the exis-
tence of a threshold A beyond which problem (4.1)) has no positive solutions.

Proposition 4.3. Let Q C R™ be a bounded domain. Then, problem (4.1)) has no
positive viscosity solution for A > A with

(4.5) A=A (Q)FT.
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Proof. Define p = A1(€Q2) + € with € > 0. Suppose for the sake of contradiction that

. B-Q
problem (4.1]) has a solution uy for some A > p -1
First, we are going to show that this u, is a supersolution of the eigenvalue
problem with parameter u. More precisely, we are going to show that

(4.6) min {|Vua| — pupr, —Asup} >0 in Q
in the viscosity sense. To this aim, let zop € Q and ¢ € C? such that uy — ¢ has a
minimum in zg. Since u(x) is a solution of problem we have
min { [Vo(wo)| — max{Aug (z0), uff(w0)}, ~Acc(w0) } = 0.
We deduce that —A¢(zo) > 0 and [V(xo)| > max{Au§ (o), u§(z0)}. Hence,

Vo(wo)| — pua(o) > max{Aug (xo), uf (o)} — pua (o).
To deduce (4.6)) it is enough to show that
Itl’l>1(I)1 Pa(t) > pu where ®p(t) = max{At@1 ¢F-1)

It is elementary to check that the function ®, is convex and has a unique mini-
mum point at tyi, = A2 . Notice that limy oo @ (t) = limy—0 Pa(t) = oo, and
hence i, is a global minimum. Then, it is easy to check that A > uﬁ implies
Ddp (tmin) > W

Next, we notice that any first co-eigenfunction is a subsolution of the eigenvalue
problem with parameter u. Specifically, let v be a first co—eigenfunction, that is, a
solution of

min {|Vo| — A1 (Q) v, —~Asv} =0 inQ,
(4.7) v>0 inQ
v=0 on 0.
Then,
min {|Vv| — pv, —Aoov} <0 in Q.
For later purpose, we shall assume ||v||o < (Au—l)ﬁ_

Now, we have to show that us and v are ordered, namely, that 0 < v < up in Q.
We are going to use the Comparison Principle for the concave problem (Proposition
2.8)). Indeed, it is easy to see that

min {|VuA| - Aufg, —AOOuA} >0 in (),
while, using the normalization of v, one can check that
(4.8) min {|Vo| — Av?, —Agv} <0 in Q.
To see this, let 29 € Q and ¢ € C? such that v — ¢ has a maximum at zg. Since v
is a co—eigenfunction, it satisfies
min {|Vé(zo)| — A1(Q) v(zo), —Accp(x0)} <0 in Q.

We can suppose —Aq¢p(zg) > 0 and [V(xo)| — A1(2) v(xp) < 0 since we are done
otherwise. Clearly, as A1(€2) < p, we have

V(o) = Av9(zo) < (Ar(Q) [[ollsc? = A) v(z0)? <0,
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by the normalization of v. Consequently
min {|Ve(zo)| — Av®(z), —Asd(z0)} <0,

that is, (4.8) holds in the viscosity sense. As v = upy = 0 on 92, we get 0 < v < up
by the Comparison Principle, Proposition [2.8

So far, we have a subsolution v and a supersolution u, of the eigenvalue problem
(4.9) min {|Vw| — pw, —Asw} =0 in Q
which verify 0 < v < uy. Next we claim that it is possible to construct a solution
of (4.9)) iterating between v and wuy. Then, the argument concludes since we have
constructed a positive co—eigenfunction associated to u = Aj + €, a contradiction
with the fact that A;(Q) is isolated (see [I9, Theorem 8.1] and [20, Theorem 3.1]).

Since the argument above runs for every € > 0, we deduce that there is no
nontrivial solution of (4.1)) for A > A.

Finally, we conclude proving the claim. First, define w; (), viscosity solution of
min{\Vw1| — B, onowl} =0 inQ
w1 =0 on 0N.

To prove that such a w; exists, notice that v is a subsolution of the problem and
that u, is a supersolution since, from (4.6) and v < up we deduce

min {|VuA| — [, fAOOuA} > 0.
We point out that the Comparison Principle holds for this equation, see for instance
[18, Theorem 4.18 and Remark 4.23] (see also [17]). For the mentioned Comparison
Principle, notice that every co-superharmonic function is Lipschitz continuous, see
[27]. Hence, we can apply the Perron method ([I1, Theorem 4.1]), to get a unique
w1 such that
v<w; <wup in Q.
Then, we define ws, the solution of
min {|Vw2\ — pwr, —Aoowg} =0 in®Q
wy =0 on ON.
In this case, w; is a subsolution and u, is a supersolution, since
min{\Vw1| — v, —Aoowl} =0 = min {|Vw1| — pwn, —Aoowl} <0,
while
min{\VuA| — jup, —AOOUA} >0 = min{|VuA| — pwn, —AoouA} > 0.

As wy = upy = 0 on 09, by comparison and the Perron method, we obtain that
there exists a unique wq satisfying

v<w <wy <up in .
Iterating this procedure, we construct an increasing sequence
v<wy Swy < .S wgoy S wg S up

of solutions of

(4.10) { min {|Vwy| — pwy—1, —~Aswy} =0 in Q

wr =0 on 0.
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Notice that ||wg|eo is uniformly bounded by construction. On the other hand, as
—Aswr > 0 in £, we have (see [26, 27] and also [I8, Section 6] for a related
construction) that

< wi () up ()
~ dist(z,09Q) — dist(z, 00)

for all & > 1. From there, both |jwk||cc and ||[Vwg|/e are uniformly bounded in
compact subsets of 2. We observe that v, u, are barriers on 902 for each wy. Hence
by the Ascoli-Arzela theorem and the monotonicity of the sequence {wy,}, the whole
sequence converges uniformly in € to some w € C(2) which verifies w = 0 on 9.
Then, we can take limits in the viscosity sense in and obtain that the limit
w is a viscosity solution of , which proves the claim. ([

[Vwg(x) a.e. r € €,

5. EXISTENCE OF A CURVE OF MINIMAL SOLUTIONS FOR THE LIMIT PROBLEM

In this section we prove that problem (4.1) has a minimal positive solution for
each A < A such that

luaa ooy = (A st (-, 0) ) .

Hence, the bounds obtained in Section [4| (Propositions and are sharp.

Indeed, we prove that for every A € (0, AL the minimal positive solution of the
limit concave-convex problem coincides with the unique positive solution of the
concave problem (4.2)). As we have mentioned in the introduction, the reason is
that there is a critical size of solutions (depending on A) under which the convex
power has no effect in the limit concave-convex problem.

From this fact we shall deduce that the minimal solution is the unique positive
solution of with [Jualleo < ATa.

This new information on the size of solutions allows to extend the result and
prove that, actually, there is no positive solution with

1
ATT < Jluplloo < AT

We would like to stress the major role that the Comparison Principle for the
concave problem (Proposition plays in the arguments in this section.

Finally, just mention that in Section [f] we shall prove that the minimal solutions
of the limit problem found in this Section are uniform limits of minimal solutions

of .

In Figure 2 we have collected all the information obtained in this section.

Proposition 5.1. Let Q C R™ be a bounded domain and A € (O,f\]. Consider wy,
the unique positive solution of the concave problem (4.2). Then, if up is a positive

solution of (4.1)) such that ||upllec < AT@, necessarily un = wy.
~ —Q
Remark 5.2. Notice that, since A < A = A (Q)%, Proposition implies
lwoalloo = (A As(2) )T < AT
Moreover, the homogeneity properties of the concave equation (4.2) imply that
wp(x) = AT - wi(x), where w; is the unique solution of (4.2) with A = 1.

Consequently, the set of minimal solutions of (3.2) is a differentiable curve in A for
A <A,
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2] oo

1
Ay (Q)E-T

1
Moc]=A - Ay~ 1) -0

A A
FIGURE 2. Curve of minimal solutions of problem (4.1)) and re-
gions of non-existence given by Propositions 1] [£.3] [5.1] and [5.3]

Proof. We are going to check that if ||ual|ec < A7a, then
(5.1) min{|Vup| — Aug, —Asupat =0 in,

from which, by uniqueness (Proposition , we conclude up = wy.

First, we prove that u, is a subsolution of the concave problem . Consider
¢ € C? such that uy — ¢ has a local maximum at zo € €. Then, since uy is a
viscosity solution of , we have that either

_Aoo¢($0) S 07

or
V(o] — max{Auf (o), uf{ (o)} < 0.

In the first case there is nothing to prove so we can assume that —A.,¢(zp) > 0

and the second alternative holds. Then,

[Vo(o)| — Aug (o) < max{Auf (z0), ui(z0)} — Aug (xo).

We claim that [Jua|lec < A7a implies
(5.2) max{A v (z), uf(z)} = Auf(z)  VaeQ,
and consequently

min {|Ve(zo)| — Au§ (z0), —Aae(0)} <0,
which is what we aim for. To see , suppose for contradiction that there exists
z € Q) such that

max{A uf (2), uff(2)} = ufl(2).

Then, Aug(z) < uf(z) and we obtain a contradiction unless z € € is such that

up(z) = |Jualloo = A7a . In the latter case, we have
max{Auf (2), uf(2)} = uf(z) = Au (2),

and (5.2)) follows.

Finally, arguing as in Proposition[4.1} it is easy to check that u is a supersolution
of (5.1) and we conclude. O
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Proposition 5.3. Let Q be a bounded domain and let A € (0, A) fixed. Then, every
nontrivial solution uy of (4.1) with |Jualle > ATa, verifies

lualloo > Ax ()7
Proof. If ||ual|eo > A7a, then
(5.3) max{Aug (z), uff (2)} < max{Allua |2, [[uall %} = [[uall%.
Then, u, is a viscosity subsolution of

(5.4) min {|Vo(z)| = [[ua||Z, —Asv(z)} =0 in Q
' v=0 on 9N.

Since

C(z) = ||lua||Z - dist(x, 0Q)
is the unique solution of (5.4)) (see for instance [I7, [18]), we have, by comparison,
that

up(z) < C(z) = |uallE - dist(z, 00) Vo € Q,

from which we deduce |lupl|co > Al(Q)ﬁ. O

6. LIMITS OF POSITIVE MINIMAL SOLUTIONS AS p — 00

In this section we show uniform convergence as p — oo of minimal solutions of
to minimal solution of the limit problem (3.2). Notice that we have already
proved existence of minimal solutions to in the previous section.

To this aim, we provide the explicit construction of the branch of minimal positive
solutions of as well as the proof of non-existence beyond the threshold Apax p-

Despite this construction is known from [7], we track down the precise depen-
dence on p of the parameters involved, necessary to provide estimates of Anax,p
in terms of p,q,r,n from which the asymptotic behavior of the threshold can be
deduced. Also, we put some effort in proving the results for mere bounded domains.

Let © € R™ a bounded domain and A > 0. We can assume without loss of
generality that 0 < ¢ < p — 1 < r in the concave-convex problem .

Next, we shall show the existence of a threshold Apax p such that no positive so-
lution of exists for A > Apax,p and then we shall construct a branch of positive
minimal solutions of for A < Apax,p. Finally, we shall use this construction to
pass to the limit as p — oo.

6.1. Non-existence of positive solutions for large A\. We show here that there
exists a value 5\}, > 0 such that no positive weak solution of exists for A > 5\p.
This 5\,) is not necessarily sharp; as we shall see, 5\17 > Amax,p, Where Apax p is the
threshold value. However, 5\p has an explicit expression in terms of p.

Proposition 6.1. Let Q C R" be a bounded domain and n < p < oo. Then,
problem (1.1)) has no positive solution in Wol’p(Q) whenever A > A, where

((p _ 1) _ q)(P_l)_Q> % |

(6.1) 5\p = A (p; Q)T‘T(;z” (r—(-1) ( (r—qr—



LIMITS AS p — oo OF p-LAPLACIAN CONCAVE-CONVEX PROBLEMS 15

Proof. Let = A1(p; Q) + € with € > 0. Suppose for the sake of contradiction that
problem (T.1)) has a positive solution uy € Wy"*(€2) for some

(p—1) - q)(Pl)q> =D

(r—q)¢

3> =T (= (- 1)
We are going to show that then
(6.2) — Apuy = Aud 4 > pub T in Q,

in the weak sense. In fact, in order to have the former inequality, it is enough to
see that

rtn>i(r)1 () >y where ®y(t) = A9~ P~ f ==,

It is elementary to check that

d

/\((pl)q)>Ti"
(r—(@-1)) ’

which is a minimum. As ®(¢) — oo when t — 0 and ¢t — o0, it is a global minimum.
Then,

/\T—(P—l)( )
. —a (r—q
o Dx(t) = @a(tn) = 1 a —1
(p=1)—q) = (r=(p—1) 7

because of our election of .

Next, we notice that any first eigenfunction is a subsolution of the eigenvalue
problem with parameter p. Specifically, let ¢1, be a first eigenfunction, that is, a
solution of

> p

—Apd1p = Ai(p; Q) |¢1,p|p_2¢17p in €2,
$1p >0 in Q)
$1,=0 on 0NQ.
Then, obviously,
~Dpdrp < pdh,' Q.

1
For later purpose, we shall assume [|¢; 00 < (Ap™!) @077,

Now, we have to show that v and ¢, , are ordered, namely, that 0 < ¢, < up
in 2. We are going to make use of the Comparison Principle for the concave problem
(see [1l I0]). Indeed,

—Apuy = Auf +uly > Auf inQ,
while, using the normalization of ¢; ,, one can check that

—Apo1p < Ai(p; ) ||¢1,p||<(>€71)7q¢1,p < )\Qﬁ%p in Q.

Then, by comparison, ¢1,, < uy.

Finally, we can apply an iteration method (see [7]) and obtain v such that 0 <
¢$1p < v < uy, a positive eigenfunction associated to p, which is impossible since
A(p, Q) is isolated (see Proposition [2.5).

Since the foregoing argument runs for every € > 0, we conclude that no positive
solution of exists for A > \. |
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6.2. Construction of the branch of minimal positive solutions of the
concave-convex problem. Now, we sketch the construction of a minimal pos-
itive solution for every A € (0, Amax,p) Where Amax,p will be properly defined below.
The construction is divided into several partial results

Proposition 6.2 (Existence of positive solutions for small \). Let Q@ C R™ be a
bounded domain and p > n. Then, problem (1.1)) has at least one positive solution
ue WyP(Q)NCQ) for each A € (0, \o,p] with

(p _ 1) _ q)(lﬂl)4> ﬁ

(r—q)r1

(6.3) Aoy = (o1, 5?) =7 (r = (p—1)) <(

where vy, € WP (Q) N C(Q) is the solution of (2.3).

For the proof, we construct a sub- and supersolution and apply an iteration
method. First, we construct the supersolution.

Lemma 6.3. Let Q) be o bounded domain, p > n and Ao, tn (6.3)). Take vi, €
Wy () NC(Q), the solution of [2.3). Then,
ux(x) = Tp(A) - v1,p(2)
is a weak supersolution of (1.1) for every A € (0, Ao p], where
1
_ —1)—q\7, L
T,(\) =||lv ! ((p) AT—a,
P( ) H 1,P||oo r—(p—l)

The proof follows by homogeneity with an argument somehow similar to the
proof of (6.2)) in the proof of Proposition See [7, [10] for the details.
Next, we construct the subsolution.

Lemma 6.4. Let Q) be a bounded domain and p > n. Then, for every A > 0, the
function uy, = wy € WyP(Q), solution of [2.4) is a weak subsolution of (L.1).
Moreover, uy <y in €.

For the proof, notice that, u§ > 0 obviously implies —Apu, = Auf < Auf + u}
in . The second part follows by comparison for the concave problem (see [T, [10]).

Once we have constructed a weak sub- and supersolution u, and %, which are
ordered on the boundary, we finish the proof of Proposition by means of an
iteration method as in [7].

From Propositions [6.1] and we have the following result.

Proposition 6.5. Let Q@ C R™ be a bounded domain and p > n. There exists
Amax,p € RT with 0 < Apaxp < 00 such that (L.1)) has a weak positive solution for
every A € (0, Amax,p) and no positive weak solution for A > Apas,p. Moreover,

A0, < Amaxp < Aps
where 5\]3 and Ao, are given by and respectively.
Proof. Define
Amax,p = SUp {)\ ceR*: has a positive solution}.
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Proposition @ implies Amax,p > 0, while Proposition @ implies Apaxp < 0.
Indeed, we can take A\ps close t0 Amax,p, and ups such that

—Apupr = Ay ul, +upy in Q,

up >0 in Q,

uy =0 on O9.
Fixed 0 < A < Ay, let u the unique positive solution of the concave problem

—Apu=Au? inQ,
(6.4) u>0 inQ,
u=0 on I

Obviously, ups is a weak supersolution of (6.4 and, by comparison u < u,s. Since,

—Apu=Au? < Au?+u',

and
—Apupnr = A uly +uhyy > Aud, +uly,
we obtain the existence of uy > 0, solution of (|1.1)), by iteration. |

We have the following consequence which yields the asymptotic behavior of
Amax,p 88 D — 00.

Corollary 6.6. Consider the concave-convexr problem (L.1)) and assume that the
exponents ¢ = q(p) and r = r(p) satisfy condition (1.2)). Then,

lim AY2 = lim AYP= lim AY/P=A = A,(Q)F=1.
p—00 Popsoo p—oo P

The result follows from the explicit expressions for Ao, and A,, Proposition
and Lemma 2.6

6.3. The curve of minimal solutions obtained as a limit of minimal solu-
tions with p < co. Our aim in this subsection is to show that the curve of minimal
positive solutions obtained in Section |5 for the limit problem can be attained
as a limit when p — oo of minimal positive solutions of .

Theorem 6.7. Fiz A € (0,A), let {\,}, be a sequence such that lim,_, /\;/p =A.
Consider {ux, p}p, the corresponding sequence of minimal positive solutions of

—Apux,p = Ap u?\(:g + ug(pp; in Q
(6~5) Ur,,p > 0 mQ

ux,p =0 on 0.
Then,
Ux,,p — WA uniformly as p — oo,

with wa (z) the unique positive solution of the limit concave problem (4.2)) and
minimal positive solution of problem (4.1).

Before proving Theorem [6.7] we present some consequences of the Morrey esti-
mates (Lemma [2.1)) that will be needed in the proof.
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Lemma 6.8. Fiz p > n. Then, for every m € (n,p), there exists a constant C
independent of p such that every solution uy,, of (6.5)) satisfies

u, p(x) —ux, p(y 1 a1 =1
66) | Pféjylz”( Ly max {7 [ur, pllod s ur, pllod b Vay € Q.
Proof. Multiplying (6.5) by u», , and integrating by parts, we have
(6.7) /Q|vuAp,p|pdx:A/Q|u%p\q“ dx+L|uAp,p|r+1 dx.

As p > m, combining (6.7]), the Holder inequality and the Morrey estimate (whose
constant can be chosen independent of p) we get

_ 1/m . . 1/p
[, p(x) —ux, p(¥)] <c (/ ]Vu,\p,p|mdx) <cloEt (/ ‘VuAp’p]pdx>
Q Q

|z —y[tmm
1
L_1 q+1d r+1d »
m T |\ Q|u/\p7p x + Q|u,\p7p X

1 11 41 1/p 1 a+1 r+l
< CIOIF (Al oL+ ur, ) < Cmax W lun, pllod s [lur, ol .
where C' > 0 is independent of m and p. O

In the proof of Theorem [6.7] we shall make use of Lemmal[6.8|and the construction
of the branch of minimal positive solutions in the previous subsections.

el

Proof of Theorem[6.7. Let Ao, as in (6.3). Since /\(1),/;) — A > Aasp— oo (see

Corollary , there exists pg large enough to ensure that AP S A for all P> po-

0,p
Then, we know by Proposition that u,, , is constructed iterating between

uy, () = Wi, p(2),

the positive solution to the concave problem (2.4)) with parameter A,, and

U, p(7) = ((p_l)_q> - N (@),

r—p-1) lo1plloo
Proposition implies Uy, p = Wx,,p = WA uniformly as p — oco. On the other
hand, from Proposition we have that vy , — dist(z, 092), and consequently
dist(z, 09)
[[dist(-, 09Q) oo
We deduce that we can find a constant C' independent of p such that,

1 .
Uy,p — AT uniformly as p — oc.

lux, plloe < [, plloo < C.

Then, from Lemma and Ascoli-Arzela Theorem, we get that there exists a
subsequence p’ and a limit function u(x) such that u Ayt U uniformly as p — oo.
Notice that, taking limits in

M)\p/,P' S ukp/,p/ S E}\p/,p’

we arrive at

dist(x, 00)
[dist(-, 09) o
Since u > 0, Proposition [3.1] imply that u is a solution of the concave-convex limit

problem (4.1).

1
0<wp <u<AE@
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Finally, since ||ullc < ATa, Proposition implies u = wp. Notice that,
since the limit is unique, not only a subsequence but the whole sequence uy, ,
converge. 0

7. LiMITS OF MOUNTAIN PASS SOLUTIONS AS p — co. MULTIPLICITY OF
SOLUTIONS FOR THE LIMIT PROBLEM

In this section, we provide the proof of existence of a second positive weak
solution to problem . Then, we use this construction to prove existence of a
second positive viscosity solution to the limit problem .

Throughout this section we shall always assume without loss of generality that
O<g<p—-1<nr.

We introduce the functional associated to problem ,

1 A 1
Ja(u) = 7/ |Vul|P dz — 7/u3_+1 dx — /uf’l dx.
P Jo q+1Jo r+1Jq

Then, J) : I/VO1 P(Q) — R is well defined and has the Mountain-Pass geometry. This
is easily seen since .Jy(0) = 0 and for any fixed ¢ € W, P(Q) and ¢t > 0 we have that
A AB C

Ia(tp) = =t — it - ——¢
A(t9) p q+1 r+1

with
A= [wopds. B [leftan o= [ o/t
Q Q Q

As r > p — 1, we have that for A small enough, Jy(t¢) < 0 for ¢ sufficiently small,
then Jy(t¢) > 0, and finally Jy(t¢) < 0 for every ¢ large enough.

For convenience in the sequel, consider a first eigenfunction of the p-Laplacian
b1, € Wy P(Q) and t large so that Jy(t¢1,) < 0. Then, we can define

(7.1) P = {7 €C(l0,1, WoP(9)) s 7(0) =0, 5(1) = tor, |
and the level of mountain pass
(7.2) cp = inf sup Jr(y(s)).

7€l s¢(0,1]

Since in the case p > n the concave-convex problem is subcritical for every
r, we can apply the results in [14] and get that for every fixed p there exist at
least two positive weak solutions for A < Apax,p, one positive weak solution for
A = Amax,p and no positive weak solution for A > Apax,p. When A < Apaxp one
solution corresponds to a negative local minimum of Jy and the second one, at least
for A small enough, corresponds to a positive mountain pass level of Jy. Moreover,
it is also proved in [14] that the local minimizer coincides with the minimal solution
obtained by the sub- and supersolution method in Section [6]

In this section we provide a quantitative version of this multiplicity result and
prove the existence of a second positive solution to problem by means of the
Ambrosetti-Rabinowitz Mountain Pass Theorem (see [2]) up to a certain, possibly
non-optimal, value of A that can be estimated in terms of p, g, and n. This limi-
tation in A is due to the fact that we need explicit estimates of the energy levels in
terms of p; however, we shall see that our results are asymptotically sharp.
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This results allow to pass to the limit as p — oo and get a second positive
viscosity solution of the limit problem (3.2) for every A € (0, A), a global multiplicity
result. In the sequel we will denote,

(7:) = 2lolcp =T (15])
and
i . (7“ + 1) =D

2,p = Hlp

(7.4) P (-1—q
=@mwﬁrﬁ”<@+wwfﬁr“”>
pr=E-D

where C), is given by .
Remark 7.1. Notice that both u},/;) and ,u;/; converge to A= AF%? as p — 0.

Theorem 7.2. Whenever A € [0, u2p), for us, given by (7.4), there exists u €
WyP() such that
Ia(u) = ¢ and  Ji(u) =0,
where ¢, is the level of mountain pass given by (7.2).
In the proof of Theorem [7.2] we shall need the following calculus fact.

Lemma 7.3. Let 0 < ¢ <p—1<r and constants \,«, 3 > 0. Define,

q+1 _q ,a=(=1)
B . S —(p=T)
= (5] g

P INTET (g4 1) (r+ 1) G-y

r—(p— r—(p— a—(p—

H2 = 4 ( ) e — a 1=,
p pr-e-1)

and

Then:
1) If>\ € [Oa,ul)

1 A 1
sup min {tp _ A et e Btr+1}

>0 P g+1 T p r+1

1 1 —p
= | = —= r—(p-1) 0.
<p T+ 1) b =
i) If A € [p1, p2)

1 A 1
wpmm{ﬁ—-atﬁﬁtp—ﬂﬂ“}
>0 p g+1 p r+1

_p_ _p_ r—(p=1) (p—=1)—gq
() ) G R e
S\ B q+1 p q+1 r41 '
i) A > pio

1 A 1
sup min {tp — itq+17 —tP — ﬂt”l} =0.
>0 p q+1 P r+1
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Proof of Theorem[7.4 We only need to check that Jy satisfies the geometry of the
Mountain Pass theorem and that it satisfies the Palais-Smale condition. Then the
result follows from the Ambrosetti-Rabinowitz Mountain Pass theorem (see [2]). As
p > n, the Morrey estimate (see Lemma implies

In@) > B (ullye o)

for
1 2A|Q|CatL 1 210|CT+1
D, (t) = min{ —t¥ — Hiptqﬂ’ ¢ Hiptv%l )
P q+1 D r—+1

Lemmawith a =29 Cg"‘l and 3 = 29| C;‘H implies that

Dy\(t if A

max ®A(t) >0 i A <pzp,

with ps , given by (7.4). Hence Jy has the geometry of the Mountain Pass theorem.
The proof of the fact that Jy satisfies the Palais-Smale condition is standard;

an estimate similar to the proof of Proposition Morrey’s estimates and the

continuity of (—A,)~! give the necessary compactness. See for instance [30] and
the references therein for details. O

Next, we provide estimates of the level of mountain pass (7.2)).
Proposition 7.4. For every fixzed p > n, the level of mountain pass (7.2)) satisfies,

r—(p— 1)) r41
<[ —2 )1\ ) r=G—1) |
Cp = ( p(7‘+1) | | 1(]9, )

Remark 7.5. Notice that this result holds independently of A > 0.
Proof. Consider the following radial path in WO1 P(Q)
~v:[0,1] — Wol’p
S+ sv

for v an appropriate rescaling of the first eigenfunction as in the definition of I" in
(7.1)). Clearly, v € I and by definition of ¢,, we have that

A \B C
¢, = inf sup J s)) < sup Ja(sv) = supd —sP — g0t _ sr+1}
P ”/EFse[OI,)l] e < s>18 A(s0) s>18 { p qg+1 r+1

for

A:)\l(p;ﬂ)/ |1}|pdaj, B:/ |’U|q+1d$, C:/ ‘U|T+1da}.
Q [e) Q

We can estimate

ésp_£3q+l_Lsr+l < és”—max £8q+1 LSTH
D qg+1 r+1 0 g+1 r+1
= min és”—ﬁsq'ﬂ ésp— ¢ st
D qg+1 "p r+1

Hence, we can apply Lemma with & = B/A and 8 = C/A and deduce that

¢y < 11 A= 06T
p r+1
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Notice that this bound holds for every A > 0. Then, as a consequence of the Holder
inequality, we have that

r—(p—1)

A< N(pQ) Q7 O,

and hence,

1 1 r+1
<|-- A1(p; Q) ==1|Q|. ]
Cp = (p "+ 1) l(pa ) P | |

Proposition 7.6. For every fixed p > n, the level of mountain pass (7.2)) satisfies,

r—(p—-1) 1\ 7=G-D
> ————2 ) (219Cr ) =D > 0
oz (=22 elaie)
whenever 0 < A < iy p, for pip given by (7.3), and

P r+1 %‘1 1 (p—1)—q A T4
>\ — —2Q(r+ 1) T [ 0
v = q(qﬂ) pop A+ <q+1 ~

whenever [y, < XA < fiap, for pap given by (7.4).
Proof. As p > n, the Morrey estimate (see Lemma implies

In@) > B (ullyae o)

for
1 2X|Q|CatL 1 2|1Q|Cr+t
By (1) = mm{tp I A i S A

P qg+1 p r+1
Moreover, we know from Lemma [7.3|that sup,~ ®(¢) > 0 whenever A < s, and

o (Il ) < A1) <0
by definition of I'. Consequently,

¢y, = inf sup Jx(v(s)) > sup @ (¢).
7€ se0,1] >0

Then, Lemma with o = 2|9 CS'H and 8 =2|Q| C;‘H implies the result. |
From Propositions [7.4] and [7.6] we get the following consequence.
Corollary 7.7. Whenever 0 < X\ < p1p, the level of mountain pass (7.2)) satisfies,
lim czl/p = Al(Q)%.

pP—00

Proposition 7.8. The positive solution u € Wol’p(Q) obtained in Theorem
satisifies the following estimates,

<q+1><r+1>)ril

7.5 oo = Q!
(7.5) N

and,
1
_ _ +1)(r+1)\ "
v > o1 Q 1@7
Vilzriay > G5 (el 2 ,

where ¢y, is the level of mountain pass in (7.2]) and C, is given by (2.1f).
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Proof. The second inequality follows easily from the first one using Morrey’s in-
equality, Lemma [2.1] For the proof of the first inequality, let u be the positive
solution obtained in Theorem We have that,

1

cp = JIa(u) — m(JZ\(U)»W

11 1 1
=z VulPde = [ —— — T+ g
Cp+(q+1 p)/n' uff dz <q+1 T+1)/Qu v

Then, Morrey’s inequality implies,

1 1 1 1
e+ | ——=)1C P, < — — —— Q UT+1.

implies,

Using the following elementary inequality for non-negative numbers (see for instance
[5, Section 14.7])

1 1
ve>1, —4+-==1,
a fp

we get

1
i 11\ 5 1 1 .
et (8 (-2 o) < (47 - ) 190l

Using that « = /(8 — 1) we get that

1 B—1 1
e BN Be, \ 7 L1 )
Wi 2o (- ) (22) 7 (8(a-0) o

As this estimate holds for every 8 > 1, we can let 8 — oo and get the estimate

~1

1 1

St > el s - =) 0
q+1 r+1

Remark 7.9. In virtue of Corollary we have that the right-hand side of (7.5)
converges as p — 00 to Al(Q)ﬁ.

Proposition 7.10. The positive solution u € Wol’p(Q) obtained in Theorem
satisifies

1

(7.6) IVullLr o) < {m (CP + (p_;)_quﬂ E

where ¢, is the level of mountain pass given by (7.2)),

' (r—(p-1)%

and Cp, is given by (2.1). Moreover,
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Proof. We only prove the first inequality as the second one follows from the first
as a consequence of Morrey’s estimates. Let u be the positive solution obtained in
Theorem From,

1
cp = JIa(u) —

(), u)

we get that,

1 1 1
- Py = by a+l g
<p er1)/|Vu r=cp+ < T r+1>/9u x
at1
<e,+a|Qoot (1 /|wpdx ’
-7 P g+1 r+1

From the weighted Young’s inequality with exponents ﬁ and -£— we get

q q+1’

1 1 v 1
( — — eatt (q—!—))/ |VulP da
p r+l p Q
(p—1)—q\ (A v 1 1 G
< ~ ~ )| Zeortt — — — )
Cp+( D e‘ G g+1 r+1

Finally, choosing

q+1

o <2<;1%<;B1>>p

we obtain ([7.6]). O

Remark 7.11. As a consequence of Corollary the right-hand side of (7.7]) con-
verges as p — 00 to Al(Q)ﬁ whenever A < A.

From the previous results and Morrey’s estimates (Lemma [2.1)), we get the fol-

lowing result.

Theorem 7.12.

(1) hm ,ul/p = lim Ml/p =A :Al(Q)IIEé_f1
(2) ant A €0, A) and a sequence {\,}, such that hm Ap VP — A. Then, there
exists pg for which
0<Ap <pip foreveryp> po.
(3) Fiz A € [0,A) and let {\,}, be a sequence such that pli_)rgo /\;,/p = A. For

p > po, consider {ux, p}tp, the associated sequence of mountain pass positive
solutions of

—Apun,p = A u)\ a®) uf\g; imn
Uxn,p >0 inQ
ux,p =0 on Q.
Then, up to a subsequence,
Ux,p — Up  uniformly as p — oo,
with up () a viscosity solution to with

ualloo = Ar(Q) 7.
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[/l oo

FIGURE 3. Diagram of solutions of problem (4.1)).

Remark 7.13. Notice that the corresponding minimal solution for A € [O,A), wp
verifies

[walloo = (A- A1 (2) ™) T2 < A (Q)FT = [[up|oo-

Hence, problem (|1.3) has at least two positive viscosity solutions for every A €
(0, A), at least one for A = 0, A and no solution for A > A, see Figure 3.

8. MULTIPLICITY OF SOLUTIONS FOR THE LIMIT PROBLEM IN SPECIAL DOMAINS

To state the results in this section we need to introduce some notation. We define
the ridge set of €Q,

R = {z € Q: dist(z,09Q) is not differentiable at =}
= {x€Q: Tz, 29 € 0N, x1 # T2, s.t. |z —x1| = |z — 22| = dist(z,00)}

and its subset M, the set of mazimal distance to the boundary,
M = {z € Q: dist(z, Q) = ||dist(-, 0Q)]| }-

In the case of ) a general bounded domain, we have proved in Proposition [5.1
the existence of a curve of minimal solutions for the limit problem , as well as
several non-existence results in Propositions and (see Figure 2).

Then, in Section [7] we have proved the existence of a second positive solution to
the limit problem as a limit of mountain pass solutions.

In this section we are going to show that in bounded domains satisfying the
geometric condition M = R it is possible to find a curve of explicit positive solutions
corresponding to the solutions already found in Sections [6] and [} Some examples
of domains satisfying the geometric condition are the ball, the annulus and the
stadium (convex hull of two balls of the same radius). A square or an ellipse do not
verify the condition.

Theorem 8.1. Suppose that Q is a bounded domain such that M = R and let
A R—
A>0,0<Q<1<Rand A=A (Q) "% gs before. Consider the concave-convex
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problem,
min {|Vuy ()] — max{Auf\Q(x),uf(x)}, —Asup(z)} =0 inQ,
(8.1) up >0 in
upr =0 on 0.
and solutions of the form
(8.2) u(z) = a- dist(xz, 0Q), a>0.
Then, problem ,
1) Has exactly two viscosity solutions of the form for each A € (O,f\),
with ay(A) = (AA1(Q)~9) T2, and ay(A) = Ay (Q) 77
1) Has exactly one viscosity solution of the form for A=0 and A = A,

both for a = A1(Q2) =8
iit) Has no positive viscosity solution if A > A.

Proof. First of all, we are going to check that
—Asu(r) =0 in Q\ R

in the viscosity sense. Let ¢ € C? and ¢ € Q\R such that u—¢ has a local maximum
at £o. We can assume u(xo) = ¢(xg) and Vé(zg) # 0. A Taylor expansion, and the
fact that ¢ touches u from above at x( yield

———40(1) < = | 2u(xg) — max u — min u
Vo@op T oW S @ |\ 2ulwo) = mex uly) = s u(v)
as € = 0. From (8.2]) we have that
max u(y) = u(xg) + ae, min  u(y) = u(xg) — ae
yEB. (o) (v) (o) yeB.(ro) (y) &)

and we deduce that w is co-subharmonic in £ \ R. The proof that it is also oco-
superharmonic is analogous.
Hence, we need to make sure that

|Vu(z)| — max {AuQ(x),uR(z)} >0 in Q\ R

in the viscosity sense. Indeed, plugging (8.2) into the latter expression (recall that
x ¢ R so the derivatives are classical), we find that

|Vu(z)| — max {AuQ(x)7 uR(a:)} =a —max {A a®dist(z, 00)9, afdist(z, 8Q)R}.

Since we can choose points © ¢ R = M arbitrarily close to M, we find the following
necessary condition for a,

(8.3) a —max {A a®||dist(-, 0Q) |2, af||dist (-, oQ)E1 >o.

Now, we turn our attention to the ridge set R. First, observe that cones as
in are always supersolutions of in the ridge set, since they cannot be
touched from below with C? functions at those points.

Hence, we only have to consider the subsolution case. So, let xy € R and ¢ € C?
such that u — ¢ has a local maximum point at 3. We aim to prove that

(8.4) min{\Vfb(xoﬂ — maX{AuQ(xo), uR(:Uo)}, —Aw¢(mo)} <0.
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A A
A <A A>A
P (a) P (a)
1 \/ 1

\ \

\ \

\ \

® —@ }

a1 Gmin a2 a Gmin a

FIGURE 4. When A < A the equation ®4(¢) = 1 has exactly two
solutions t1, to, a unique solution if A = A and no solution if A > A.

It is well known (see for instance [I8, Lemma 6.10]) that u in (8.2)) satisfies
min{|Vu(x)| —a, —Aoou(a:)} =0.

Thus, by definition of viscosity subsolution we have that either |V (zo)| < a or
—Asd(zg) < 0. In the latter case, holds and there is nothing to prove. Thus,
we can suppose in the sequel that —A¢p(xo) > 0 and |Vo(zo)| < a.

Then, since xg € R = M, we have u(zo) = a A1(Q)~! and

IVp(z0)| — max{Au®(zq), u?(x0)} < a — max{Aa®A;(Q) ~9,a®A,(Q) ~F}.
Recalling (8.3)), we discover that the only possibility is
(8.5) a —max{Aa®A;(Q) 79, afA(Q) "F} =0.

The rest of the proof is devoted to study the number of positive solutions of this
equation.
We rewrite (8.5) as @5 (a) = 1 where ®5 : RT — RT is given by

Dp(a) = max{A AT 9a@ T ATE B,

It is elementary to check that the function ®, is positive, convex and has a minimum
point at ami, = Aq AR (where the function is not differentiable). Notice that
limg 00 Pa(a) = lim,—0 Pa(a) = oo, so the minimum is a global minimum (see
Figure 4). Such a minimum value is given by

R—1

m>18 Dp(a) = ®(amin) = AT AT,

Given the geometry of ®,, the equation ®4(a) = 1 will not have solutions if
Dlamm) = AT'AT@ >1 & A>A,
which is coherent with Proposition where statement (ii7) is proved. If A = A,
R

we have ®(amin) = 1 and the equation has a single solution a = Ale. In the case
0 < A < A the equation ®4(a) =1 will have two different solutions, namely,

R

a=(AMOQ79)T, = A Q)R
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Finally, if A = 0, it is easy to obtain the existence of a single solution which coincides

with ap = A;(Q)7 1. O
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