Appeared in Commun. Contemp. Math. 11 (1) (2009) 1-34.

ZERO ORDER PERTURBATIONS TO FULLY NONLINEAR
EQUATIONS: COMPARISON, EXISTENCE AND UNIQUENESS

FERNANDO CHARRO AND IRENEO PERAL

ABSTRACT. We study existence of solutions to

F(Vu,D%u) = f(\u) inQ,

u >0 in Q,

u=0 on 99,
where F is elliptic and homogeneous of degree m, and either f(\, u) = Au? or
fAu) = u?4+u", for 0 < g <m <r,and A > 0. Furthermore, in the first
case we obtain that the solution is unique as a consequence of a comparison

principle up to the boundary. Several examples, including uniformly elliptic
operators and the infinity laplacian are considered.

1. INTRODUCTION

We study elliptic problems of the type
F(Vu,D?u) = f(\u) in Q,
(1.1) u>0 1in
u=0 on 0f,

under suitable hypotheses of ellipticity and structure on F. In general we will con-
sider a function F': R™ x S™ — R, verifying:
(F1) Degenerate Ellipticity: For every p € R™, F(p,X) < F(p,Y) whenever
Y < X, with X,V € S™.
(F2) Homogeneity of degree m: F'(tp,tX) = t"™-F(p, X) for all t > 0. We further
assume F'(0,0) = 0.

Our main concern is with the existence of nontrivial solutions (in the viscosity
sense) for right hand sides

filhu) =Xu? and  fo(A u) = 4u,

for 0 < ¢ < m < r, with m the degree of homogeneity of F.

Our main result, Theorem 2.1, is a comparison result up to the boundary for
problems with a right hand side satisfying

t

(1.2) % >0 is non-increasing for all ¢ > 0 and some 0 < ¢ < m,
which can be interpreted as a viscosity counterpart for fully nonlinear equations
of the comparison result by Brezis-Oswald in the variational setting (see [9] and
also [8]). Notice that f; verifies (1.2). In particular the comparison result up to the
boundary yields uniqueness of positive viscosity solutions of (1.1) if f fulfills (1.2).
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Since fﬁ is a concave power, we will refer to this problem as a concave problem.
To avoid any ambiguity, it is worth to emphasize that we are not assuming any
concavity property on F.

Similarly, the case with fo will be referred to as a concave-convex problem. The
main result in this case shows that there exists A > 0 such that (1.1) has at least
one nontrivial solution for A € (0,A) and does not have any nontrivial viscosity
solution for A > A.

The uniqueness of solutions in the concave case has been studied in some partic-
ular cases, such as the p-laplacian in the variational framework (see for instance [1]
and the references therein) and, in the viscosity framework, fully nonlinear equations
arising as a limit of p-laplacian type equations (see [14]) and k-hessian equations
(see [20]). Our main goal is to show that this is a general fact for equations given
by a homogeneous F'. For the proof of existence in both cases, with f; and fa, we
follow the elementary ideas in [7].

The paper is organized as follows. In Section 2, the main comparison result
(Theorem 2.1) is established. As an application, if F' satisfies (F'1) and (F'2) above
and f is under hypothesis (1.2), we obtain uniqueness of solutions for problem (1.1).

In Section 3, we prove the existence of solutions for both f; and fo when F is
uniformly elliptic, which implies m = 1. In the case with f1, our result is included in
Theorem 6 in [6]. However, we provide an alternative proof based on the comparison
result in Theorem 2.1 and the simple construction in [7].

Again by using the monotonicity argument in [7] we are able to prove the ex-
istence for a concave-convex right hand side fo. We can find a related existence
result for Pucci’s operators in [10], where it is considered a right hand side of the
type f(u) = Au + g(A\ u) with g continuous and g(\,s) = o(|s|) as s — 0, and
bifurcation (from the eigenvalues) techniques are used. However, in our case the
solutions branch off from (0,0) since the concave part is not differentiable at 0. In
the p-Laplacian case this kind of behavior was studied in [2].

Finally, in Section 4, we extend the simple techniques in Section 3 to some non-
uniformly elliptic problems which have degree of homogeneity greater than one
such as the infinity laplacian (with both normalizations), a context in which these
results are new, and Monge-Ampere equations, for which we obtain some extension
of known results. See for instance [20] where different methods are used. Other
examples considered range from the linear problem with variable coefficients to the
p-laplacian, or the equation

min{|Vu| — Au?, —Asu} =0,

already considered in [14].

2. SOME COMPARISON RESULTS
The following comparison principle is the main result of this section.

Theorem 2.1. Let Q C R™ be a bounded domain and consider a viscosity subsolu-
tion u and a supersolution v of

(2.1) F(Vw, D*w) = f(w) in Q,

where F : R™ x S™ — R satisfies (F'1), (F2) for some m, and f(-) satisfy
t

(2.2) 1®) >0 is non-increasing for all t > 0 and some 0 < g < m.

ta
Suppose that both, u and v are strictly positive in €, continuous up to the boundary
and satisfy v < v on 0. Then, u < v in .
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As a consequence, we have the following uniqueness result for the Dirichlet prob-
lem.

Corollary 2.2. The problem

F(Vu,D?u) = f(u) in Q,
(2.3) u>0 inQ,

u=0 on 09,

with F verifying (F1) and (F2) for some m, and f verifying (2.2), has at most one
positive viscosity solution.

Notice that our equation, written in the form G(w, Vw, D*w) = 0 with
G:RxR"xS8" — R
(Tava) - F(an)_f(T)v

is not proper (in the sense of [16]) since f may fail to be non-increasing in r, and
it is consequently out of the scope of the general theory in [16].

Let us point out that a logarithmic change of variables @ = log(w), can be used
to transform the equation into

F(V,D*0 + Vi @ Vi) = e ™ - f(e”) in Q,
which is proper, either under the hypothesis

f(@)
ta

is strictly decreasing V¢ > 0 and some 0 < g < m,

or
t
% is strictly decreasing Vt > 0,
the precise assumption in [9].
Then it is possible to show comparison using standard arguments (see [16], [21],
and [23]). However, strict positivity of the supersolution is needed in the whole € in
order to carry out the proof. Hence the above argument is not sufficient to conclude

uniqueness of nontrivial solutions of (2.3).

Thus, we instead follow the change of variables and subsequent ideas in [14] to
prove comparison up to the boundary even under zero boundary data.

Lemma 2.3. Let w > 0 be a supersolution (subsolution) of problem (2.1) in £ and
consider some ¢ < m for which (2.2) holds. Then,
1

i(x) w0 (a)

is a wviscosity supersolution (subsolution) of

d Wf@?w):f([( — &) ()] m>

—q W

(2.4) F(Vu?,DQzB +—

in every Q* such that Q* C €.

Proof. Let us denote ¢ = q/m for simplicity. Consider ¢ € C2 (Q), a function touch-
1

ing w(z) from below at zyp € Q and define ¢(z) = [(1 —q) (Z;(,T)} "7 which touches

w(z) from below at xg. Notice that ¢(z) is C? in a neighborhood of zq since w > 0
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in Q implies ¢(z) > 0 near zo. We can compute the derivatives of ¢(z) in terms of
those of ¢(x)

76 =

Vo(ao) = [(1= @) éwo)] " Vé(ao).

o~ (D2¢;(x0) T Eg v¢($0¢%25¢($0))'

D?(ao) = [(1 - 3) (a0)|
As w is a viscosity solution of (2.1), we have that

7 ([0 = Do) 7 ) = f(w(ao)) < F(Vo(ao), D*6(o))
q V(zo) ® qu(fﬂo))
1—q ey ’
by homogeneity. Since w(zg) = é(xo), we conclude that @ is a viscosity supersolu-
tion of (2.4). The subsolution case is analogous. (]

= [(1= @) 3lwo)] 7 - F(V(0), D*3(o) +

The function giving rise to equation (2.4), namely,

q p®p> _f([(l_%w lql_%>,
e (=) F

is both degenerate elliptic and proper. In the following lemma, we show that it is
possible to construct strict supersolutions starting from any positive supersolution.

G:RtxR*"xS8*" — R

(TapuX) B F(p7X+

Lemma 2.4. Let v(z) > 0 be a viscosity supersolution of (2.4) in Q* such that
Q* C Q. Then, for any e > 0,

(2.5) te(z) = (L+¢€) - (0(x) +¢),

s a strict supersolution of the same equation; indeed,

(26) F(Vii, D%+ L SP2T) 5 (1 4o (0= 2) o) E)

o (- 2)o@)] 7F

Moreover, v, — v uniformly in Q* as e — 0.

Proof. Let ¢ € C? be a function touching @ (z) from below in some x¢ € Q*. We
define

(I)(.’I]) = 1+6¢(x) -6

which clearly touches 9(z) from below in xy. We can compute the derivatives of
®(x) in terms of those of ¢(z), this is

(2.7) Vo(zg) = (1+¢) ' Vp(rg) and D?*®(z0) = (1 + €)' D?¢(0).
Since v(x) is a viscosity supersolution of (2.4) in Q*, we deduce
7[00 &) ()] ™

[1—— f)a:o}

g Vo(zo)®
m—q 0

) < F(Vé(xo),D2<1>(:vo)+ (z0) (xO))

g  V(xo) @ V(o) )
—q (ﬁe(xo) —e(1+ 6)) '

_ 1
(L4 egm

F(V¢(wo), D2¢(z0) +
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Notice that our hypothesis (2.2) implies

(o= e@)]™F) sl nw]7F)

[ LES | R (RO EXCN] B

Since

D*¢(w0) +

q V~¢(330) ® Vo(zo) > D2g(z0) + —2 V¢(I0~) ® Vo(zo)
m —q (0e(z0) — €(1 +¢€)) m—q De(z0)
in the matrix sense, we get (2.6) by degenerate ellipticity. For the second statement,
notice that

10 = 0l oo ey S €llOll o) + € (1 +€). 0

Proof of Theorem 2.1. Since u — v € C(Q) and € is compact, u — v attains a maxi-
mum at Q. In order to arrive at a contradiction, we suppose that maxg(u—v) > 0.

Consider
1_% m
(2.8) u(x) = ulL and o(x) = L,

4q
m

and define
(2.9) ):(1+e)-(

Ve(x
Notice that, since (u — v)|sn < 0, we have

(o}
—~
8
S~—
+
™
SN—

UG—0=u—(1+e)v—(1+€)e<0 on Of).

Furthermore, by uniform convergence, we have maxg (@ —10,) > 0 for e small enough,
and hence, we can fix e > 0 and suppose that there exists Q* with Q* C €2 containing
all the maximum points of & — ¥.. We have proved in Lemmas 2.3 and 2.4 that @
and 0. are respectively a subsolution and a strict supersolution of (2.4) in Q*.

Now, for each 7> 0, let (xr, yf)l)e a maximum point of @(z) — ¢ (y) — Z |z —y|?
in 2 x Q. By the compactness of (2, we can suppose that x, — & as 7 — oo for
some # € Q (notice that also y, — ). Proposition 3.7 in [16] implies that # is a
maximum point of & — ¥, and, consequently, it is an interior point of 2*. We also
have

lim (@(zr) = Tlys) = Slwe = yel?) = (@) - 5(@) > 0,

and then, for 7 large enough, both x, and y, are interior points of Q* and
(2.10) () — Te(ys) — %m —y 2> 0.

Applying the Maximum Principle for semicontinuous functions (see for instance,
[15] and [16]), there exist two symmetric matrices X, Y, such that

(T(JJT — yT),XT) € 72’+&(x7), and (T(:ET — yT),YT) € 72’766(347),
and

(2.11) (X-€,6) = (Yom,m) <3716 —n> VEneR™
Where, following [16],

T w(E) = {(p, X) € R"xS™ : ¢(x) = w(2) + (p, (x — &)

+ 5{(X(x— ), (x — #)) touches w from above in &},
TP w(E) = {(p, X) e R"xS" : ¢(x) = w(&) + (p, (x — 2))

4+ LX(@ - #),(x - #)) touches w from below in 3},
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and their closures,
T w(@) = {(p, X) €R™ x S : 3z, € By(), (pn, Xn) € T> T w(x,)
st. (Tpy P, Xn) — (2,p,X) asn — oo},
72’710(:%) ={(p,X) €R" x " : Jz,, € B,(&), (pn,Xn ) € J* w(z,)
sit. (T, pn, Xn) — (&,p,X) as n — oo}.

see [16]), we have

—

By definition of viscosity sub- and supersolution

F (7-(;[;7_ —yr), Xr + mq_ - TQ(CCT — y{:()jf)(wr — yr))
(2.12) — 4 g(x 171%
2.12 Sf([(l ) (T)}q )

and

219 e 0200 75)

1—- 4

(=)o)
Since 0¢(y,) < @(z,) and X, < Y7, from (2.10) and (2.11) respectively, we have

2 _ _ 2 _ —
X, + € yj)®(x7 yr) <Y, + g T(xr —yr)® (zr —yr)
m-—q a(zr) —4q 'Ue(y‘r)
in the sense of matrices. Subtracting (2.12) from (2.13), by hypothesis (2.2) and

degenerate ellipticity, we have

1

f({(l %) e(yr)} "

0<[(t+em-1]- |

(I1+e _ _ q
(-How)]F 0= Rae)]
<F (T(;[:T — ), Y + mq_ q Hx, — 3276)(;?)(967 — y‘r))
- F (T(x.,. — ), Xr + mq_ q7—2($7— — yg()jf)(x.,_ yT)) <0,

a contradiction.
We also provide the following simple result, which turns out to be very useful
when proving existence of solutions.

Theorem 2.5. Let Q C R"™ be a bounded domain and consider f € C(Q) with f > 0
in Q, and F : R" x S™ — R satisfying (F1) and (F2) for some m. Let u,v € C(Q),
respectively a viscosity sub- and supersolution of

F(Vw, D*w) = f(z) in Q.

Assume u < v on 09, then u < v in Q.
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Proof. Without loss of generality, we can assume v > 0 in €, since adding a constant
to both w and v does not affect the problem. Now, let v.(z) = (1 + €)v(z). By
homogeneity, v, is a strict supersolution, indeed,

(2.14) F(Vve, D*v.) > (1 + €)™ f(x) > f(x) and u —v. <0 on 9.
Now, we argue by contradiction. Suppose that there exists 2o € Q such that
(u — ve) (o) = max(u — v.) > 0.
Q
Then, (2.14) implies 29 ¢ 9. As in the proof of Theorem 2.1, one finds =,y — xo
and symmetric matrices X,,Y; such that

(7‘(337. — yT),XT) € 727+u(:177.) and (7'(:177. — yT),YT) € 727_vé(y7.),
with X < Y,. Then, by definition of viscosity sub- and supersolution, we have
F(1(zr —yr), X7) < flr),
and
F(T(xﬂ' - y7)7 YT) > (1 + e)mf(yq.).
Then, by degenerate ellipticity, we have
(1 + E)mf(yr) - f(x.,-) < F(T(‘T‘r - yT)7 Y‘r) - F(T(‘T‘r - yr)aXr) <0.
Letting 7 — oo, we have, by continuity,
0< ((14¢)™—1) f(zo) <0,

a contradiction. Thus, u < v, in 2, and, letting € — 0, we get v < v in €. O

3. EXISTENCE OF SOLUTIONS TO UNIFORMLY ELLIPTIC EQUATIONS

For simplicity, let us assume that €2 is a smooth domain. In some results we will
indicate a relaxation of such regularity hypothesis without looking for the optimal
hypotheses.

Assume that F': R" x S™ — R satisfies (F2) for m = 1 and upgrade (F'1) to the
following uniform ellipticity condition:

(F1') There exist constants 0 < # < © such that for all X,Y € S™ with Y > 0,
—Otrace(Y) < F(p, X +Y) — F(p,X) < —0trace(Y)
for every p € R™.

Notice that the uniform ellipticity forces m = 1.
We further require the following structure condition:

(F'3) There exists v > 0 such that, for all X, Y € S™, and p,q € R,
ProX =Y)=7ylp—q < F(p,X) = F(q,Y) <Pyo(X =Y) +7Ip—dl,

where ’P;t@ are the extremal Pucci’s operators defined as

Pro(M) =03 \(M) =0 Y Ai(M),

Ai>0 A <0
PoroM)==0>" X(M)—6 > X\(M),
Ai>0 Ai <0

with \;(M), i = 1,...n, the eigenvalues of M. Indeed,

Pyo(M) = inf {—trace(AM)}, Pio(M)= sup {—trace(AM)}
) A€Ag 0 ’ A€Ap 0

for

Apo={A€S™: 0§ < (AL, €) <OI¢)* VEER™}.
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We will quote several results from [11] along this work. Notice that in [11], Pucci’s
operators are defined with a different sign convention. Both definitions are related
through the following expressions

M~ (M,0,0) = =P (M), M*T(M,0,0) = =Py o(M),
where M*(M, 6, 0) is the notation used in [11].

Remark 3.1. As it is pointed out in [13], the structure condition (F3) when p = ¢
is nothing but uniform ellipticity.

We state the existence and uniqueness of nontrivial solutions for every A > 0 of
F(Vu, D*u) = Au? in Q,
u>0 in (,
u=0 on 0,
where 0 < ¢ < 1.
Then, we consider 0 < ¢ < 1 < r and the problem
F(Vu, D*u) = Au? +u" in Q,
u>0 in ),
u=0 on 0.
We prove the existence of a value A > 0 such that there exists a nontrivial solution
for A € (0,A), and any nontrivial solution otherwise.
The mentioned results rely on a monotone iteration method and the analysis of
simpler auxiliary problems for which showing the existence of solutions is easier. We
point out that our results can be extended to m-homogeneous degenerate elliptic

equations, merely satisfying (F1) and (F2). We will give examples of this issue in
the next section.

3.1. Existence of solutions for the problem with a concave power. Assume
that F': R™ x S™ — R satisfies the above hypotheses. We are interested in studying
the existence of nontrivial solutions to

F(Vuy, D*uy) = Aud in ©Q,
(3.1) uy >0 in
uy =0 on 09,

where 0 < ¢ < 1 and A > 0. The following is our main result in this section.

Theorem 3.2. Let 2 C R" be a bounded smooth domain, F' : R® x S™ — R satisfies
(F1"),(F2) form =1 and (F3) with 0 < q < 1. Then, there exists a unique solution
to (3.1) for every A > 0 given by

(3.2) ur(z) = AT uy (2),

where uy 1s the solution with A\ = 1.

Notice that (3.2) is a smooth curve of solutions with respect to A. By homogene-
ity, it is enough to prove the result for A = 1, namely,

F(Vuy, D*uy) =u! in Q,
(3.3) ui >0 inQ,
u; =0 on 99.
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In order to obtain positive sub and supersolutions to problem (3.3), we introduce
the following auxiliary problems,

F(Vv,D*v) =1 inQ, F(Vw, D*w) = d(x) in Q,
(3.4) v>0 in€Q, w>0 inQ,
v=0 on 99, w=0 on Jf,
where d(z) is the normalized distance to the boundary, namely,
dist(x, 00)
d(z) = —————.
) = st 00

Our construction rely on the following fact.
Proposition 3.3. Both auziliary problems in (3.4) have a unique viscosity solution.

Proof. We show the existence of w, since the proof for v is similar. First, notice that
0 is a subsolution to our problem. Next, we are going to construct a supersolution
following Proposition 3.2 in [17]. Let U be the unique viscosity solution to

Py o(D?U)—~|VU| =1 in,
U=0 onoN.

We point out that here it is enough to have an exterior cone condition on 2. The
structure condition (F'3) implies

F(VU,D*U) > Py o(D*U) — v |VU| =1 > d(x)

in the viscosity sense. Hence 0 < w < U by comparison, (Theorem 2.5) and, we can
invoke the Perron method (see for instance, Theorem 4.1 in [16]) to get that there
exists a unique w such that

F(Vw, D*w) = d(z) in Q,
w=0 on 0.

For the strict positivity of w, notice that w > 0 by construction and w # 0 (we get
a contradiction with the equation otherwise). Since

Pé’:@(DQw) + 7| Vw| > F(Vw, D*w) = d(z) > 0

in the viscosity sense, the weak Harnack inequality (an adaptation of Theorem 4.8
in [11] using the ABP estimate in Proposition 2.12 in [13]) implies w > 0 in Q. O

Next, we use v, w, the solutions to the auxiliary problems, to construct a subso-
lution and a supersolution to (3.3).

.
Lemma 3.4. @(z) = ||[v]|s® - v(z) is a viscosity supersolution of (3.3).

_q
Proof. We denote T = ||v]|sc ? for brevity. By homogeneity and the definition of v,
we have

F(Vu,D*u) =T - F(Vv, D*v) =T,
in the viscosity sense while, by definition of T', we have ©? < TY||v||%, =T. O
Now, we are going to construct a subsolution to (3.3).
Lemma 3.5. There exists 6 > 0 small enough, such that
u(z) = t - w(z)

is a viscosity subsolution of (3.3) for every t € (0,6).
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Proof. By definition, we have
F(Vu, D*u) =t - F(Vw, D*w) = td(z).

Indeed, td(z) < ui(z) since this is equivalent to t'~9d(x) < w?(z), which holds
for all ¢ < ¢ small enough by the Hopf boundary lemma (Proposition A.1 in the
Appendix below). O

At this stage, the comparison principle (Theorem 2.1), and Lemmas 3.4 and 3.5
allow us to invoke the Perron method (Theorem 4.1 in [16]), which completes the
proof of Theorem 3.2.

Remark 3.6. Theorem 3.2 remains true for domains for which Hopf’s Lemma holds
and it is possible to construct a barrier in each point of the boundary in problems
(3.4) (for instance if € satisfies both an interior sphere and an uniform exterior
cone condition).

3.2. Study of a concave-convex problem. Consider F': R" x §™ — R as in the
previous section, namely, satisfying (F'1'), (F'2) and the structure condition (F'3).
Now, our goal is to study the existence and non-existence of viscosity solutions of
the problem,

F(Vu,D*u) = Auf +u" in Q,
(3.5) u>0 inQ,
u=0 on 99,

where 0 < ¢ <1 <rand A > 0.

3.2.1. Existence of solutions for small X\. The present section is devoted to the
proof of the following result, which extends the arguments in [7] to the viscosity
framework.

Theorem 3.7. Consider a smooth bounded domain £ C R™ and let F : R" x S™ —
R satisfy (F1'),(F2) with m = 1, and (F3). Then, there exists a constant \g > 0
such that, for every A € (0, Xo], problem (3.5) has at least one nontrivial viscosity
solution.

Since the scaling property (3.2) is not available for problem (3.5), let us consider
for every A > 0 the following variant of the auxiliary problems in Section 3

F(Vouy, D*vy) =\ in Q, F(Vwy, D*wy) = Ad(x) in Q,
(3.6) vy >0 in Q, wy >0 in Q,
vy =0 on 09, wy =0 on 09,

where d(z) is the normalized distance to the boundary, namely,

_ dist(x, 002)
d(z) = [dist (-, 0Q) |0

Notice that, by homogeneity,
(3.7) oa(z) = X v (x),

where v is the solution to (3.4). A similar relation holds for wy. Then, Proposition
3.3 gives existence of a unique viscosity solution to both auxiliary problems in (3.6).
Now, we are able to construct a supersolution to (3.5).
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Lemma 3.8. There exists Ao > 0 such that YA € (0, Xo] we can find a constant
T(\) such that

wy(x) = T(N) - ua(x)
is a viscosity supersolution of (3.5). In fact,

(3.8) M=O—D<“ “‘”Fq>ri

[o1]le (r — @)

1
1 1—q\7 9  a=r+1
T )\ = )\ (r—q) .
» |vmm(r—1)

Proof. On the one hand, by homogeneity and the definition of vy, we have
F(Vuy, D*uy) = T(\) F(Voy, D*vy) = T(M\) \.
On the other hand, using (3.7), one has
M) + (@n)" < NFIT) o[ + X T o[
Thus, we will be done whenever
(3.9) NFITO) o [, + X T o2 < T(A) A
To prove (3.9) is equivalent to demonstrate that
O\(T) <1, with ®y\(T) = cINITT NI

where ¢ = ||v1 ]| for brevity. Indeed, we are going to show that, for A small enough,
the minimum of ®, is smaller than 1. It is easy to check that

and

1
d 1 /1—q\7 7 a=r+1
—@ T = T = — (r—q)
drT M) =0 = ) c <7° - 1) AT

which, indeed, is a minimum of ®,. Since we want

=1 (17 —q 1—¢q =
D\ (T =cATa <1
T =t () (124) T <

we get, after a simple calculation, that
A S )\07
where Ag is given by (3.8). O

Now, we are going to construct a subsolution of (3.5).

Lemma 3.9. Let 0 < ¢ <1 < r. Then, for every X\ > 0, there exists §(\) > 0 small
enough such that

uy () = twx(z)
is a viscosity subsolution of (3.5) for every t € (0,6())).
Proof. By definition, we have
F(Vuy, D*uy) =t - F(Vwy, D*wy) = t \d(x)

where d(z) = dist(x, 00)
|| dist (-, 0Q) |00
If it is true that
tAd(z) < \uf + uy,

we are done. This is equivalent to

1
t7%d(x) < wi + XtT_qwg.
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Hopf’s lemma (Proposition A.1) implies that, fixed A > 0, we can find §(\) small
enough such that the above is true for all £ < §. O

Finally, we have the following ordering result.

Lemma 3.10. For all A € (0, \], and w,, Uy as in Lemmas 3.8 and 3.9, there is
a small enough t as in Lemma 3.9 such that

uy <y in L.
Proof. On the boundary u, =uy = 0, while
F(Vuy, D*uy) =t \d(z) < T(\) X < F(Vauy, D*uy) in Q,
by definition of u,, @Wx. Then, Theorem 2.5 gives the desired result. O

Now, we can finish the proof of the main Theorem.

Proof of Theorem 3.7. Let Ag be given by Lemma 3.8, and fix A € (0, A\g]. Applying
Lemmas 3.8, 3.9, and 3.10, we get that there exist constants T'(\) and ¢ € (0,5(\))
such that @y (x) = T(A\) va(z) and u,(z) = ¢ - wx(z) are, respectively, a viscosity
super- and subsolution and moreover u, < wy in §2. For simplicity, we will drop the
A and write u and @ hereafter. Now, define wy (z), the solution to

F(Vwy, D*wy) = A%? +a" in Q,

w; =0 on 01,
in the viscosity sense. For brevity, all the equations and inequalities in the sequel
will stand in the viscosity sense without any further reference. Hence, by definition,

F(Vu,D*u) > A\u? +a" and  F(Vwy, D*wy) = A\ + 7",
with w1 =7 = 0 on 9. Theorem 2.5 implies w; < 7 in Q. Moreover, since u < T,
we get
F(Vu,D?u) < Au! +u" <A u?+a" and  F(Vwy, D*w;) = a? + 7",
with u = w; = 0 on 9. Hence, by comparison (Theorem 2.5), we get u < w; in §2

and, combining both estimates,

<wi; <u in .

e

Next, define wo as the solution to
{ F(Vws, D*w2) = Awf +w] in €,
we =0 on 0N.
Then one has
F(Vws, D?wy) = Awf +w} < AW+ and  F(Vwr, D*wi) = AT+,

where wy = w1 = 0 on 09. By comparison (Theorem 2.5), wo < wq in 2. On the
other hand, u < w; implies

F(Vu, D*u) < Au? +u" < Awi +w] and F(Vwa, D*wy) = Aw{ + w?,
and u = we = 0 on 9. Hence, u < ws in 2 and then
u<wy <wi; <u in Q.

We can iterate the above procedure and construct a sequence {wy }x>1 of solu-
tions to

F(Vwg, D*wi) = Awl_| +wh_, inQ,
(3.10) (Vwg k) ko1 T WE
w =0 on 0.
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such that
u<...<wp<wp_1 <...<wy<wy <u in Q.

In particular, for every = € €, the sequence {wy(x)}r>1 is bounded and nonincreas-
ing and hence convergent. We denote u(x) this pointwise limit of the wy.

By the structure condition (F'3) and the definition of wj, on the boundary, we
have

P;@(D2wk) + 9| Vwg| > Awf | +wj_q,
wr =0 on 99,

and

P;@(D2wk) — v |Vwg| < Awi_; +wj,_,
wr =0 on 0.

By construction,
[Awi_y + wi_illon) < AT +T"[ni9),  VE 21
Thus, we can adapt Proposition 4.14 and Remark 6 in [11] using the ABP es-
timate in [13] and then, deduce that there exists a modulus of continuity p* inde-
pendent of k such that
wi(z) —wr(y)| < p*(lz —yl),  Vr,yeQ.

Hence, the sequence {wy} is uniformly bounded and equicontinuous and, as a con-
sequence of the Arzela-Ascoli compactness criterion, there exists a subsequence wy;
such that wy; converges uniformly to u in Q. Since the sequence is monotone, not
only the subsequence but the whole sequence {wy} converges to wu.

Finally, it is easy to prove that the uniform limit u is a viscosity solution of (3.1).
First of all, notice that,

u(zr) = klim wi(x) =0, Yz € 0.
Then, consider ¢ € C? and zg € € such that v — ¢ has a strict local maximum at
Zo, this iS,
(u—0)(x) < (u—¢)(x0),

for all x # xg in a neighborhood of xy. By uniform convergence, we deduce that
wg — ¢ has a local maximum at some zy, this is,

(we — @) (x) < (wi — @) (xk),
for all x # z near x. In addition, xx — z¢ as k — oo.
Since vy, is a viscosity solution of (3.10), we have

F(Vo(zy), D*¢(xx)) < Awj_ () + wi_y (k).
Taking limits as k — oo, we get
F(V(zo), D2¢(:1:0)) < Auf(zo) + u"(zo).
The supersolution case is analogous. O
3.2.2. Non existence for large A\. Under the hypotheses of this section, (F'1’), (F2)

and (F3), Theorem 8 in [6] holds. Hence, we know that there exists a principal
eigenvalue A\; for F' defined as

A1 =sup{\| Jv >0 in Q s.t. F(Vv, D*v) > \v}.
in the sense that A\; < oo and there exists a nontrivial solution (eigenfunction) to
F(Vv,D?*v) = Av in Q,
(3.11) v>0 inQ,
v=0 on 0Q.
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Moreover, by definition of A1, we know that for every A > Aq, problem (3.11) does
not have strictly positive solutions.

Other references for the existence of eigenvalues in the fully nonlinear setting are
[30], [10] and the references therein. On the other hand, in [21] the existence of a
principal eigenvalue for the 1-homogeneous co-laplacian is studied. Notice that the
1-homogeneous oo-laplacian is outside of the scope of the results in [6].

The existence of such principal eigenvalue and eigenfuntion is needed in the proof
of the following result.

Theorem 3.11. For X large enough, problem (3.5) has no solution in the viscosity
sense.

Proof. Fix p > A\ and consider
1
r—g (L—g)'9\""
Ao=p—1(r—1 (7 .
r=1) (r—q)re

In order to reach a contradiction, suppose that there exists A > Ay such that the
problem

F(Vuy, D*uy) = Auf +u} in Q,
(3.12) uyx >0 in Q,

uy =0 on 99,
has a solution u)y. Then, we have
(3.13) F(Vuy, D*uy) = Aul +u} > puy  in Q,
in the viscosity sense. In fact, it is enough to demonstrate that

min ®(t) > pu where ®y(t) = At 4L
teR+
It is easy to check that

d

d AMl-g)\
dt ’

(r—1)
which, indeed, is a minimum. Since ®,(t) — oo both as ¢t — 0 and ¢t — oo, it is a
global minimum. Then,

O,\(t)=0 & )= <

q—1
r—1 (r — 1—qg)r—qa
Da(tn) = A r=a)( Tf]) > p

(r—1)7
by our election of A\. On the other hand, define 1 = dp;, where 5 is a solution of
(3.11). Hopf’s Lemma (Proposition A.1) implies that there exists ¢ > 0 such that

1 < uy. Then,
(3.14) F(Vip,D*) =\ ¢ < puy  in 9,
by definition of .
By construction, we have 0 < ¢ < uy, where 1 and u) satisfy (3.13) and (3.14).

Hence, we can apply the iteration method as in the proof of existence to get v,
satisfying ¢ < v < u, a viscosity solution of

F(Vv, D*v) = pw.

Hence, v is a positive solution of (3.11), which is a contradiction with the definition
of )\1. O

Corollary 3.12. There exists A € RY with 0 < A < oo such that (3.5) has a
positive viscosity solution for every A € (0, A).
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Proof. Let us define
A =sup {)\ € RT : problem (3.5) has a Solution}.

Theorem 3.7 implies A > 0, while Theorem 3.11 gives A < co. Inded, there exists
Ay near A and wyy, such that

F(Vua, D*up) = Ay ud, +ufy  in Q,
up >0 in Q,
upy =0 on 9.

Fix 0 < p < Apr and take Ay, such that 0 < A, < p. We have proved that there
exists a unique u,, solution to

F(Vtm, D*tp) = Ay ud,
(3.15) Uy >0 in Q,
Um =0 on 0.

in

)

Obviously, ups is a supersolution of (3.15) and Theorem 2.1 implies u,, < up.
Since,
F(Vm, D*up) = A uld, < pud, +ul,
and
F(Vuar, D*up) = A ud, +ulyy > pul, +uly,
we can apply the iteration method described in the proof of Theorem 3.7 to get the
existence of a solution u, > 0. (|

4. EXAMPLES AND FURTHER RESULTS

In this section, we show several operators for which Theorem 3.2 still applies even
though the hypotheses of Section 3 do not hold. We emphasize that the fundamen-
tal ingredients of the method are the Harnack inequality and the Hopf boundary
Lemma; such properties are still available in the examples considered below.

4.1. The linear problem with variable coefficients. Consider the linear prob-
lem

—trace (A(z)D*uy) + (b(x), Vur) = Auf inQ,
(4.1) ux >0 in
uy =0 on 09,

with A > 0 and 0 < ¢ < 1. We assume that A(z) is a symmetric and uniformly
elliptic matrix, i.e., there exist constants 0 < 6§ < © such that

01¢)? < (A(z)E,€) < Of¢)* VE € R™,

and that the coefficients A(x), b(x) are, say, Lipschitz continuous. Then, it is possible
to adapt the arguments in the proof of Theorem 2.1. Notice that the hypotheses
are not optimal (see for instance Section 5.A in [16]); with this example, we intend
to illustrate the technical difficulties arising in the proof of comparison, since the
argument remains essentially the same. These technical difficulties are handled using
the regularity of the coefficients.

Theorem 4.1. Let 0 < g < 1, A =1 and Q C R" be a bounded domain. Con-
sider u,v € C(Q) a viscosity sub- and supersolution of (4.1) with the coefficients
A(x),b(x) under the hypotheses above. Finally, suppose that both, u and v are
strictly positive in §, that one of them is in C*(Q) for a > 1/2, and u < v on
OQ. Then, u < wv in Q.

The proof is an adaptation of that of Theorem 2.1.
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Proof. We argue by contradiction. As v — v € C(Q2) and Q is compact, u — v
attains a maximum at €. In order to arrive at a contradiction, let us suppose that
maxg(u — v) > 0. Consider the functions @ and ¥ as in the proof of Theorem 2.1.
Arguing as before, we can fix € > 0 small enough and suppose that there exists 2*
with Q* C Q which contains all the maximum points of % — 7. and

qg (A(x)Va,Va)
1—gq m

—trace (A(z) D) — + (b(z),Va) <1 in Q"

and
4 (A@)Vi, Vi)
1—gq Ve

—trace (A(z)D*0.) + (b(x), Vi) > (1+¢€) >1 in QF,

in the viscosity sense. Consider w(z,y) = a(z) — 0c(y) — 5|z — y|?* for each 7 >
0, land let (z,,y,) be a maximum point of w in Q x . The arguments in the
proof of Theorem 2.1 show that, for 7 large enough, z.,y, € Q* and @(z,) >
V¢ (y-). Moreover, the Maximum Principle for semicontinuous functions implies the
existence of two symmetric matrices X, Y; such that

(T(xq- —yr), X ) cJ ’+~(3:7.) and (T(IT — yq-),Yq-) € 727_65(97%

and

(4.2) —3T(é ?)g()gf —(;T)S?’T(—II _II>

Hence, we have

—trace (A(z,)X;) — T4 e
+7’<b(177-),( _y‘r)> 1,
and
—trace (A(y,)Y;) — —2 T (A(y:) (@r = yr), (27 — yr))

1- q 'DE(yT)
+7(b(Yr), (7 —yr)) > 1+

and, subtracting the first equation from the second one, we have

0 < e <—trace (A(y,)Yr — A(z,)X,) — q {72<A(y7.)(:v.,- —yr), (7 — yr))

1-— q 175(217)
T2 <A(.’L'7—)(«T7—ﬂzxy3)v (zr —yr)) } —7(b(z;) = b(yr), (xr — yr))

< — trace(A(yT)Y — Az X, )
q T {(Alz,) = Alyr)) (&7 = yr), (&r — yr))
l—q u(x )
- T<b(x7.) = b(y-), (zr — y7)>,

since U (yr) < U(z,). Now, we estimate each term in the right hand side of the above
expression separately. We follow Example 3.6 in [16]. For the first term, multiply
the right part of (4.2) by the nonnegative, symmetric matrix

( A($T)1/2A(x7)1/2 A(y7)1/2A(x7)1/2 )
A(xf)l/QA(yT)l/z A(yﬂ')l/QA(yT)l/z 7

+

where A(x)'/? is well defined since A(zx) is uniformly elliptic. Taking traces we
arrive at

—trace (A(y-)Yr — A(z,)X,) < 37 - trace {(A(yT)l/Q _ A(If)l/zﬂ ,
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As the matrix A(x) is Lipschitz continuous and uniformly bounded away from 0,
A(x)'/? is Lipschitz as well. Then,

—trace (A(y,)Yr — A(z)X;) < C Tz, —y. %
Next, for the second and third terms, we use that A(-),b(-) are Lipschitz, indeed
2 {(Alzr) = A(yr)) (&7 = yr), (27 = yr)) < O 7|2y =y, |,
and
—7(b(z7) = b(y-), - —yr) < T |zr —yo

Collecting all the estimates above, we get
(1.3) 0<e<C(rlar—yol2+72 s — yel?).
It remains to show that the right hand side of (4.3) tends to 0 as 7 — co. We follow

the observations in Section 5.A in [16]. By definition of ., y,, we have

-
5 |xT - yT|27
for all (z,y) near (-, y.). Since either u or v are Holder continuous, say u € C*(2*),
we have that @ € C*(Q*) as well and then, setting z = y = y,, we get

i(x) = u(y) = Sle —yl* < aler) = oelyr) -

T ~ ~
§|5177' - y7'|2 <a(zr) —u(y-) < Cler —yr|*

Hence

Tler —yr|7 =0 as7—0 Yo >2—a.
Hence, since a > 1/2, the right hand side of (4.3) tends to 0 as 7 — oo, which is a
contradiction. g

Remark 4.2. Notice the fundamental role that (4.2) plays in the final estimate of
the above proof.

For the existence, notice that the operator is uniformly elliptic and hence both
the Harnack inequality and the Hopf Lemma in Section 3 are still available. Hence,
Theorem 3.2 applies in this context. Moreover once a viscosity solution is found,
by elliptic regularity, it is C%*.

4.2. The p-laplacian, p < co. The p-laplacian operator is given by
Apu = div(|Vu|p_2Vu> = trace ((Id +(p— 2)%)D2u) | VaulP2.
u

The divergence-form is useful for variational problems, while the expanded ver-

sion, is preferred in the viscosity setting. It is immediate to check that it verifies

hypotheses (F'1) and (F'2), it is degenerate elliptic and homogeneous of degree p—1.
Take 0 < g <p—1<rand A > 0, and consider the problems

—Apuy = Auf, inQ,
(4.4) uy >0 in Q,
uy =0 on 01,
and
—Apuy = Auf +uy inQ,
(4.5) uy >0 in Q,
uy =0 on 9.

It is well-known that continuous variational weak solutions to this kind of prob-
lems are viscosity solutions, see [5] and [23].
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The following already known result (see [1] and [7] and the references therein)
can be achieved following the ideas in Section 3 as a consequence of Theorem 2.1,
the Harnack inequality and the Hopf boundary lemma.

Theorem 4.3. Let Q C R"™ be a smooth bounded domain, 0 < ¢ <p—1<r, and
A > 0. Then,
(1) There exists a unique solution to (4.4) for every X\ > 0 satisfying

up(z) = Apa T uy(x),

where uy s the solution with X = 1.

(2) Suppose in addition that Q satisfies an interior sphere condition. Then ex-
ists 0 < A < oo such that there is at least one positive viscosity solution of
(4.5) for every A < A, and no nontrivial solution for A > A.

In this case the subsolution can be taken as a positive eigenfunction conveniently
scaled. For variational eigenvalues of the p-laplacian see for instance [18] and [28].

4.3. The 3-homogeneous infinity-laplacian. Consider the infinity laplacian op-
erator,

Agou = (Dquu,Vw = Z Uz iz, U Uz -
i,j=1
Clearly, it is homogeneous of degree 3 and degenerate elliptic and hence, not in the
framework of Theorem 3.2. Nevertheless, the methods in Section 3 can be adapted
to produce the following result.

Theorem 4.4. Let 2 C R" be a smooth bounded domain, 0 < ¢ < 3 < r and
A > 0. Then,
(1) There exists a unique viscosity solution of
—Asuy = Auf in Q,
(4.6) uy >0 in Q,
uy =0 on 0N.

Indeed, uy(x) = AT ui(x), where uy is the solution for A = 1.
(2) There exists at least one solution of
—Agoty = )\ui +uy  inQ,
(4.7) ur>0 inQ,
uy =0 on 09,

for X small enough.

The uniqueness assertion in the first part of Theorem 4.4 is a consequence of
Theorem 2.1.

For the existence part, we follow the construction in Section 3. We start studying
the auxiliary problems.

Proposition 4.5. The auxiliary problem
—AgUyx =X in €,
(4.8) vy >0 inQ,
vy=0 on 09,

has a unique viscosity solution for every .
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Proof. As 0 is a subsolution, we only have to construct a suitable supersolution and
apply Perron’s method. Consider xg ¢ €2 and let

B 9 . A 13 BC?
O(z) =« > |z — xo)*, with g Bist(wo, )7 and « 5

where C' = max |z — z¢|. By direct computation,
€N

—An®(z) = B [z — wof? >

in €, while w < ® on 099, since
D) =a— §|x — 202 >0,

by construction. In remains to construct barriers in order to force ® to have the
correct boundary value. Following [16] and [21], for every z € 052, we define
U, (x)=Dlz—2z"? zeQ
where
D3 > 16 Adiam(Q)°/2.

A straightforward computation shows
D3
—AoWo(z) = T lo - 2|72 >\

therefore vy (z) = 0 on 9.

Furthermore, 0 < vy < ® by comparison, (Theorem 2.5). Since vy # 0 (we get
a contradiction with the equation otherwise), the Harnack inequality (see [26], [25]
and [4]) implies vy > 0. O

Corollary 4.6. The problem

—Aswy = Ad(x) inQ
(4.9) wy >0 inQ

wy=0 on 0Q,

where d(x) is the normalized distance to the boundary, namely,

i) = dfst(x, o) ,

[[dist(-, Q)|

has a viscosity solution.

Proof. 1t is sufficient to consider v, as a supersolution and proceed as in the previous
proposition. O

Now, we can construct a supersolution of the concave problem (4.6) as in Lemma
3.4. For the construction of the subsolution we argue as in Lemma 3.5 using the Hopf
Lemma in [4]. Then, the Comparison Principle (Theorem 2.1) yields existence (and
uniqueness) of solutions to (4.6) via the Perron method for A = 1. By homogeneity,
we extend the result for every A. In the concave-convex case, problem (4.7), we
follow Lemmas 3.8 and 3.9. Hence, we construct a sub- and supersolution u,, %y
from vy, wy in (4.8) for A < Ag, the latter given by (3.8). Following the iteration
procedure in Subsection 3.2 we get a sequence

Uy <...<wp <wp—1 < ... <wy <wp <7y, in

where
—Asowp =Awl_| +wp_; inQ,
wr =0 on IN.
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for k > 1 (by convention wg = @y ). Notice that, since —Awi > 0 in 2, we have
(see [25] and [26]) that
< wi () Ux(z)

~ dist(x, 09) — dist(z, 0Q)

|Vwy (x) a.e. T € €,

for every k > 1. Hence, both ||wg|/s and ||Vwg|s are uniformly bounded on
compact subsets of €. Since wy = 0 for all k, by the Ascoli-Arzela compactness
criterion and the monotonicity of the {wy}, the whole sequence converges uniformly
in  to some uy € C(2) which is a solution of (4.7) in the viscosity sense. We have
now finished the proof of Theorem 4.4.

4.4. The 1-homogeneous infinity-laplacian. In the previous section we have
considered the (classical) infinity laplacian with degree of homogeneity 1. Other
definition can be considered, namely,

~ Vu Vu
Asou=( DPu—m— , —— ).
! < UWMIVM>

This operator naturally arises in many equations obtained as a limit of p-laplacian
type equations; it is easy to adapt the arguments in [23] and [14] to get an example
of this issue. Furthermore, when studying evolution equations governed by the
infinity laplacian (see [22] and the references therein), it is natural to consider
the 1-homogeneous infinity laplacian rather than its 3-homogeneous version since
then, the homogeneity of the parabolic part matches that of the infinity laplacian.
Finally, the Poisson problem for this infinity laplacian has been recently studied in
[29] using Tug-of-War games, and in [21], an eigenvalue-type equation is studied.
Our aim here is to study the existence and uniqueness of solutions to

—Apuy = Auf  in Q,
(4.10) uy >0 in Q,
uy =0 on 09,
and
—Auy = Auf +uy in Q,

(4.11) uyx >0 in Q,

uy =0 on 99,
with A > 0 and 0 < g < 1 < r. It would be necessary to make precise the definition
of viscosity solution (respectively sub- and supersolution) in this context, since
the operator is singular when Vu = 0. Our definition follows the one in [21] for

the eigenvalue problem. First, given a matrix A € S™, we denote its largest and
smallest eigenvalues by M (A) and m(A), respectively, this is,

M(A) = |£Ii§<A§,€>, m(A) = ‘g‘i:nl@‘lé,@-
Then, we have the following definition.

Definition 4.7. Let 2 C R™ be a bounded domain. An upper semicontinuous
function v : Q@ — R is a viscosity subsolution of (4.10) in Q if, whenever & € 2 and

¢ € C? are such that (v — ¢)(z) < (v — ¢)(2) = 0 for all x # 2 in a neighborhood
of z, then

{ —Asd(®) < A¢1(2), if Vo(@) # 0,
~M(D?¢(&)) < A¢U(#), i V() = 0.
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A lower semicontinuous function w : Q@ — R is a wviscosity supersolution of (4.10)
in Q if, whenever 2 € Q and ¢ € C? are such that (w — ¢)(z) > (w — ¢)(2) = 0 for
all £ # & in a neighborhood of Z, then

{ ~And(@) = A ¢"(2), if V(@) # 0,
~m(D*$(2)) = A¢(&), if Vo() = 0.

Finally, a continuous function u : Q@ — R is a wviscosity solution of (4.10) in Q if it
is both a viscosity subsolution and viscosity supersolution.

Notice that this definition is slightly different to the one in [29]; however, it is
easy to see that both definitions are equivalent.

If u satisfies —Aoou > 0 in 2 in the viscosity sense, then —Au > 0 in 2 as
well. Hence the Harnack inequality and Hopf Lemma used in the previous section
(see [4], [25] and [26]) also apply to the operator A.,. Then, the results in [29] and
the Harnack inequality imply the existence of a unique solution to the auxiliary

problem

—Av=X\ inQ,
(4.12) v>0 1in €,
v=0 on Jf.

According to the results in [21], there exists a solution for the eigenvalue problem

—Apw =X\ w in Q,

w>0 in ),
w=0 on 99,
with ||w|leec = 1 for general . Then we can use as a subsolution ¢w, ¢ small,

and then avoid the use of the Hopf boundary lemma. Moreover, the existence of a
first eigenvalue allows us to prove the non existence of solutions for large A in the
concave-convex case. Following the ideas in Section 3 and completing the details as
in the case of the 3-homogeneous infinity laplacian, we get the following result.

Theorem 4.8. Let Q C R"™ be a bounded domain, 0 < g <1 <71 and X\ > 0. Then,
(1) There exists a unique positive viscosity solution of (4.10) for every A > 0.
In fact,
up(z) = AT uy(x),
where wuy s the solution for A = 1.
(2) If Q satisfies an interior sphere condition, then there exists 0 < A < oo
such that there is at least one positive viscosity solution of (4.11) for every
A < A and no nontrivial solution for A > A.

4.5. Monge-Ampere equations. The above theory also applies to equations of
the Monge-Ampere type. It is well known (see for example [11] and [16]) that the
Monge-Ampere operator
F:5"—=R
M — det(M),

is elliptic only for positive definite matrices. Hence, it is natural to look for strictly
convex solutions. Let 2 C R™ be a bounded, smooth, strictly convex set, 0 < g <
n < r and A > 0. Our model concave problem reads

det(D?*u) = A |u|? in Q,
(4.13) u convex in {2,

u=0 on 09,
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and, in the concave-convex case,

det(D?*u) = X |u|? + [u|” in Q,
(4.14) u convex in {2,

u=0 on Jf.
Notice that 0f2 is the zero level set of the strictly convex function u and hence it is
natural to assume that  is strictly convex. Since det(+) is increasing in the set of
positive definite-matrices, the equation should be written in the form

—det(D%*u) + A|u|? =0 in Q

in order to follow the same convention as in the rest of the paper. As we are looking
for negative solutions, we have to adapt the arguments in Theorem 2.1 which in
this context reads as follows.

Theorem 4.9. Let Q2 C R" be a bounded strictly convexr domain and consider a
viscosity subsolution u and a supersolution v of

(4.15) —det(D*w) + Nw|? =0  inQ,
where 0 < g < n. Suppose that both, u and v are strictly negative in §2, continuous
up to the boundary and satisfy u < v on 0. Then, u < v in €.
For the proof, as before, we can take A = 1 by homogeneity. Replace (2.8) by
- -1 1-2 - -1 —a
a(x) = 1_2(—u(:v)) B and o(x) = 1_2(—1}(90)) "

n n

and (2.9) by
te(z) = (1 —¢)- (0(x) +¢).
Then, since @ < ¥ on 02, we have
G—e=u—(1—€v—(1l—¢€e<0 on Of).

Then, following the arguments in the proof of Theorem 2.1, we can suppose that
there exists * such that Q* C Q contains all the maximum points of @ — ¥, for €
small enough. Then, 4, . satisfy

— det (D2a+ LM) +1<0 O
n—q m
and . )
— det (D2@E+LM> +(1-e">0 inQ,
n—gq Ve

and we can complete the proof as in Theorem 2.1.

The Comparison Principle in Theorem 2.5 can also be adapted to the present
setting in a similar way.

For the existence of solutions of (4.13) and (4.14), we have the following result.

Theorem 4.10. Let 2 C R™ be a bounded, strictly convex, smooth domain, and
consider 0 < g <n <r and A > 0. Then,

(1) There exists a unique solution to (4.13) for every X > 0 satisfying
ua(@) = A7 ui (a),

where uy is the solution with X\ = 1.
(2) There exists 0 < A < oo such that there is at least one positive viscosity
solution of (4.14) for every A < A, and no nontrivial solution for A > A.
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The above result was already known, see [20] for example where the Leray-
Schauder degree is used. Our proof is different and constructive.

For the proof of both statements, we adapt the monotone iteration scheme in
Section 3. Hence, fix € € (0,1) and consider the auxiliary problem

det(D?vy) =X in Q,
vy convex in §,
vy = —e on 0f).

Since A > 0, it is known (see [12]) that there exists a unique strictly convex solution
vy € C*°(Q). Indeed, vy < 0 in Q by strict convexity. Furthermore, consider the
Monge-Ampere eigenvalue problem

det(D21/)1) = Al(—l/Jl)n in Q,
1 convex in €,

1 =0 on 9.

In [27], it is shown that there exists ¢; € C11(Q)NC> () such that 1 < 0in Q and
that A\; > 0 is isolated. Then, we can construct a subsolution and a supersolution
of (4.13) (with A =1).
_9q =1
Lemma 4.11. Let T = ||v||&5 % and t < A\{™7. Then
u(z) = To(zx) and  u(x) =t(x)
are, respectively, classical sub- and supersolution of (4.13) with A\ = 1.

The proof is similar to that of Lemmas 3.4 and 3.5 but, since now we are looking
for negative solutions, the details are slightly different. In a similar fashion to Lem-
mas 3.8 and 3.9 we get strictly convex, classical subsolutions and supersolutions.

Lemma 4.12. There exists Ao > 0 such that for all X € (0, o], we can find
constants T'(N),t > 0 such that
uy () =T (A) vy (x) and uy(x) =t (),
are respectively a classical sub- and supersolution of (4.14). Indeed, t is chosen such
that wy, <y in Q for all X € (0, Ao).
Then, consider wy, the solution of

det(D?wy) = A |uy |7 + |uy|” in Q

w1y convex in {2

w; = =T (\) - € on 0Q.
Theorem 1.1 in [12] imply that exists a unique w; € C>°(2) and it is strictly convex.
By comparison,

uy <wp <y in Q.

Then, consider

det(D%wq) = X |w1|? + |wq|” in Q,

wy convex in {2,

wy = —T(A\)-€® on 0Q.

Again, Theorem 1.1 in [12] implies the existence of a unique wy € C°°(£2), which is
strictly convex. Then, by comparison,

uy <wy <wo <y in €
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We can iterate this procedure. In general, we get
det(D?*wy) = A |wg_1|? + w1 | in €,
wg, convex in ),
wy = —T(\) -1 on 0Q.
Each wy, is unique, strictly convex, and C*°(Q). Furthermore,
Uy Swp Swy << wpmg Swg <L Ty in Q.

Since every wy € C®(f), it is a weak solution in the sense of [32], and the Holder
estimate in [32, Theorem 4.1] gives the necessary relative compactness. Hence, the
Ascoli-Arzela compactness criterion and the monotonicity of the sequence, gives
uniform convergence of the whole sequence to some u € C(€2). Then, for every
compact subset Q* of €2, we can pass to the limit in the viscosity sense and get

det(D?*u) = X |ul|? + |u|" in Q*.

Furthermore, u is convex (is an uniform limit of strictly convex functions) and
verifies u = 0 on 92 by construction.

4.6. The equation min{|Vu|—Au?, —A,u} = 0. We finally consider the equation
min{|Vuy| — Auf, —Axur} =0 on Q,

(4.16) uyx >0 on 09,
uy =0 on 09,

for A > 0 and 0 < ¢ < 1. The existence and uniqueness of positive solutions to

(4.16) for every A > 0 has already been studied in [14]. In fact, it is proven that
there exists a smooth curve of solutions given by

up(z) = AT uy(x),

where w; is the solution to (4.16) with A = 1.

Clearly, (4.16) does not fit the general shape considered in this work, namely
(3.1). However, both the comparison principle in [14] and our Theorem 2.1 (for
m=1) are particular cases of the following slightly more general result.

Theorem 4.13. Let Q C R" be a bounded domain and F : R x R™ x S™ — R such
that

(1) F(ts,t&tX)=1t-F(s,&,X) for every t > 0, and F(0,0,0) = 0.

(2) F(s,6,X) < F(s,&,Y) whenever Y < X.

(8) For fired £ € R™ and X € S™, F(-,&,X) is strictly decreasing.
Let u,v € C(Q) be a viscosity subsolution and a viscosity supersolution to

(4.17) F(f(w), Vw,D*w) =0 in Q,
where f(-) satisfies hypothesis (2.2) with m = 1. Assume that u,v are strictly

positive in Q and u < v on IQ. Then, u < v in .

Let us point out that we are not under the scope of [16] since we are not assuming
the properness of F.

The proof is an adaptation of the one to Theorem 2.1. In this context, Lemma
2.3 reads as follows.

Lemma 4.14. Let w > 0 be a supersolution (subsolution) of problem (4.17) in Q
and q as in (2.2). Then,
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is a viscosity supersolution (subsolution) of

f( (1-q) () 11") o
(418)  F | } Vi, Dy 4 — L YOEVE
T 1—gq w

(1= q) ()] ™

in every Q* such that Q* C Q.

The rest of the proof of Theorem 3.2 applies almost unchanged.

APPENDIX A. HOPF’S LEMMA FOR UNIFORMLY ELLIPTIC EQUATIONS

We recall the Hopf boundary lemma, used in the proof of the analogous to Lemma
3.5. For further refinements, see [24] (see also [3] and [31]).

Proposition A.1 (Hopf’s Lemma). Let Q be a bounded domain and u a viscosity
solution of
F(Vu,D*u) <0 in Q,
where F' satisfies (F1'), (F2), and (F3). In addition, let xo € 0Q satisfy
i) u(xzo) > u(x) for all x € Q.

i) O satisfies an interior sphere condition at xg.
Then, for every nontangential direction & pointing into €2,

lim u(wo + t§) — u(wo)
t—0t t

< 0.

Proof. Our proof follows [19, Section 3.2]. Since € satisfies an interior sphere con-
dition at xg, there exists a ball B = Br(y) C 2 with zy € 0B. For 0 < p < R, we
consider A ={z € Q: p<|r—y| < R} and define

v(z) = eia‘z{y‘2 — (37062R2 ,

and
w(z) = u(z) — u(xp) + ev(x),
for x € A, where a, € > 0 are constants yet to be determined. Then,
1. Pyo(D*w) —v|[Vw| < 0in A for a large enough. Let ¢ € C*> and # € A
such that w — ¢ has a local maximum at Z. It is easy to see that u — ® has a

local maximum at #, with ®(z) = ¢(x) — ev(z). Since v € C?, so it is ®, and the
definition of « and the structure condition (F'3) imply

0> F(V®(2), D*°®(2)) = F(Vé(&) — e Vo(2), D*¢(&) — e D*v(%))
> F(Ve(@), D*¢(2)) + Py g(—€ D*v(1)) — 7| Vo(2)]
> F(0,0) + Py o(D?6(2)) =7 |Vo(@)| — € P o(D?0(2)) — v e |Vo(d)].

By direct computation,

. —alz—y[?
P;@(DQU@)) =e¢ P;@(az(iﬂ -y @ (@ —y)—al)
< e T (—a®p’0+an®),
—alz—y|?

[Vu(z)| <aRe™ =

Combining the expressions above,

POj@(D%ﬁ(@) —7|Vo(2)| < 667&‘127“2 ( —a?p*0+a(nO — vy R)) <0,

for « large enough.
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2. w < 0 on JA for € > 0 small enough. Since u — u(zo) < 0 on 9B,(y), we can
choose € > 0 small enough such that

(A1) (u— u(zo) + €ev) <0

on 9B, (y). Moreover, since v = 0 on 0Bg(y), (A.1) also holds in the outer boundary.
Hence, the ABP estimate, (see for instance [13, Proposition 2.12]) implies w < 0 in
the whole A. Hence, for every nontangential direction £ pointing into €2, one has

tli%l+ U —Hi) — u(@o) < —e g—z(:co) =cae ¥ (o —y),&) <O. O
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