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Introduction

This document contains the tables providing supplementary material for the article Faltings elliptic
curves in twisted Q-isogeny classes written by the same authors and submitted to XXX.

The Q-isogeny classes of elliptic curves are in correspondence with the non-cuspidal rational
points of the modular curves Xo(V). For those values of N such that the curve Xo(V) has genus
zero, one can parameterize the Q-isogeny classes in terms of the rational values of a Hauptmodul
t = t(7) generating the function field of modular functions on I'g(/N). The remaining cases correspond
to non-cuspidal rational points of X(/N) for genus > 1 and there are only a finite number of them.

Every Q-isogeny class can be represented by a graph which vertices are the elliptic curves in the
class and the edges correspond to the rational prime degree isogenies among them. There are 26
possible types of labeled Q-isogeny graphs:

h

1,

La(p) for p in {2,3,5,7,11,13,17,19, 37, 43, 67, 163} ,
L3(9), L3(25), La, T, Ts, T

Ry(N) for N in {6,10,14, 15,21} ,

Rg, Ss .

The subindexs denote the number of vertices of the graph, the letter indicates the shape of the
isogeny graph (L line, T tetrahedron, R rectangular, S special), and the level in parenthesis refers
to the maximal isogeny degree of a path in the graph (absence of level means isogenies of degree 2
or 3).

In what follows, there is a section for every one of the types of non-trivial Q-isogeny classes.
The first subsection entitled Settings describes the graph, a Hautpmodul of Xy(N) in the zero genus
cases or the rational points otherwise. Then we list the j-invariants along with the signatures
(ca,c6,A) of the elliptic curves in the Q-isogeny classes of that type. The choice of the signatures
is almost arbitrary, but it fulfills two conditions: on the one hand, the corresponding isogenies are
normalized (this is accomplished by using the Vela formulas), and on the other hand the zeroes of
the Hauptmodul are also zeroes of the discriminant (in the genus zero cases). Also we describe the
action of the automorphisms of Xy(IV) that preserve the isogeny graph.

For every type, the second subsection contains the tables displaying the p-adic valuations of: the
signatures sig,(E), the Weierstrass change u;, giving rise to a p-minimal model of E, the Kodaira
symbol K,(E), and the Pal value u,(d) for every prime p and every elliptic curve E in the isogeny
class. Recall that the Pal value u,(d) gives the Weierstrass change useful to find a p-minimal model
of the quadratic twist E? for every square-free integer d.

Finally, in every last subsection, we state a proposition that describes the Faltings elliptic curve
in the twisted isogenies classes in terms of p-valuations of the rational value of the Hauptmodul (for
the genus zero cases) and the square-free integers d. We also display the probability of a vertex in
the graph to be the Faltings curve. The last table in each type contains the global information glued
from the local information in the previous tables and it provides the data to show the corresponding
Proposition, as explained in the article.






1 Type L(2)

1.1 Settings
Graph

The isogeny graphs of type Lo(2) are given by two 2-isogenous elliptic curves:

B, —%2  E,.

Modular curve

The Q-rational points of the modular curve Xy(2) parametrize isogeny graphs of type L2(2). The
curve Xo(2) has genus 0 and a hauptmodul for this curve is:

t(r) =21 (7;?:;)24 :

j-invariants

Letting t = ¢(7), one can write

e = () =
3
() = j(ar) = L2008

Signatures

We can (and do) choose Weierstrass equations for (E7, Fs) in such a way that the isogeny graph is
normalized. Their signatures are:

Ly(2)
(E1) | (t+16)(t + 64)
(E1) | (t—8)(t + 64)?
(B1) | t(t+64)3

ca(E2) | (t+64)(t + 256)
(E2)
(E2)

(t — 512)(t + 64)?
t2(t + 64)3

Automorphisms

The subgroup of Aut Xy(2) that fixes the set of vertices of the graph is generated by the Fricke
involution of X¢(2), given by Wa(t) = 2'2/t. With regard to the action of the Fricke involution on
the isogeny graph, it can be displayed as follows:

Wy (Ey —2— Ey) = E;% 2 B2



1.2 Kodaira symbols, minimal models, and Pal values

Table 1: Lo(2) data for p # 2,3

Lo(2) p#2,3
t E sig,, (E) Up K,(E) up(d)
E; | (0,0,m) 1 Ly 1 1
vp(t) =m >0
E> | (0,0,2m) 1 Tom 1 1
vp(t) =0 E1 | (0,2k,0) pk Iy 1 1
vp(t + 64) = 4k Ey | (0,2k,0) Pk Iy 1 1
vp(t) =0 Er | (1,2k +2,3) p* 111 1 1
vp(t+64) =4k +1 | By | (1,2k +2,3) p* 111 1 1
vp(t) = By | (2,2k +4,6) pk I3 P 1
(t+64)—4k:+2 Ey | (2,2k+4,6) Pk I p 1
vp(t) = Ey | (3,2k+6,9) P I p 1
vp(t+64) =4k +3 | By | (3,2k +6,9) Pk Ir* P 1
—m=u,(t) <0 | E1 | (2,3,2m+6) | p~ (D2 | T3 p 1
m odd E; | (2,3,m+6) p~(m+1)/2 I P 1
—m=uv,(t) <0 | E1 | (0,0,2m) p ™% | I, 1 1
m even E5 | (0,0,m) p™% |1, 1 1
d=0|d#0

d (mod p)




Table 2: Ly(2) data for p =3

Ls(2) p=3
t E sigs (E) us K3(E) us(d)
Ey | (0,0,m) 1 Ln 1 1
v3(t) =m >0
Ey | (0,0,2m) 1 Tom 1 1
vp(t) =0 Ey | (1,2k+2,0) 3k Iy 1 1
vp(t + 64) = 4k By | (1,2k +2,0) 3F Ip 1 1
v3(t) =0 Ei | (>2,>3,3) 3k 111 1 1
v3(t+64) =4k +1 | By | (>2,>3,3) 3k 11 1 1
v3(t) =0 B | (3,>6,6) 3k I3 3 1
v3(t+64) =4k +2 | Ey | (3,>6,6) 3k I 3 1
v3(t) = Ey | (4,2k +8,9) 3k I 3 1
v3(t+64) =4k +3 | Ey | (4,2k +8,9) 3k r* 3 1
v3(t) = —m < 0 Ey | (2,3,2m +6) | 37(m+D/2 | 135 3 1
m odd Ey | (2,3,m+6) |3-m+TD/2 |1 3 1
vp(t) = —m < 0 Ey | (0,0,2m) 372 | Iy 1 1
m even Es | (0,0,m) 372 | L, 1 1
d=0|d#0

d (mod 3)




Table 3: Ly(2) data for p=2

Ls(2) p=2
¢ E sigy(E) ug Ks(E) uz(d)
E, | (6,9,m+6 2 o 1 2% or 4* 1
va(t) =m > 11 1| ) 1
Es | (6,9,2m — 6) 22 | LA 1 | 2%or4* 1
Ey | (6,9,17 2 x 1 2 1
wa(t) = 11 Ak ) 7
Ey | (6,9,16) 22 I; 1 2 1
Ey | (6,9,16 2 I 1 2 1
va(t) = 10 1) ) 6
Es | (6,9,14) 22 ) 1 2 1
Ey | (6,9,15 2 It 1 2 1
oalt) = 9 1 ( ) 5
Ey | (6,>9,12) 22 B 1 2 1
Ey | (6,9,14 2 I 1 2 1
oalt) = 8 1 ( ) 1
Ey | (>7,8,10) 22 I 1 2 1
By | (6,9,13 2 I 1 2 1
oalt) = 7 1 ( ) >
Ey | (5,7,8) 22 111 1 1 1
va(t) = 6 By | (4,2k +3,6) 2k I 1 1 1
vo(t + 64) = 4k L .
(4 64) /2% = 1 (4) Ey | (6,2k +6,12) 2 15 1 2 1
va(t) = 6 Ey | (4,2k +3,6) 2k 11 1 1 1
vo(t +64) = 4k L i
(4 64) /2% = 3(4) Ey | (6,2k +6,12) 2 I 1 2 1
va(t) =6 Ey | (5,2k +5,9) 2k 11 1 1 1
va(t+64) =4k +1 | By | (7,2k +8,15) 2k Ir* 1 2 1
va(t) = 6 Ey | (6,2k+7,12) 2k I 1 2 1
vo(t +64) = 4k + 2 k41
(t+ 64)/206+2 = 1 (4) By | (4,2k +4,6) 2 111 1 1 1
v (t) = 6 E1 | (6,2k +7,12) 2k I 1 2 1
vg(t+64):4k’+2 ka1
(t+ 64) /2142 = 3 (4) By | (4,2k +4,6) 2 11 1 1 1
va(t) =6 By | (7,2k+9,15) 2k Ir* 1 2 1
vo(t + 64) = 4k + 3 Ey | (5,2k +6,9) 2k+l | II 1 1 1
By | (5,7,8) 2 111 1 1 1
Ug(t) =5
Ey | (6,9,13) 2 I 1 2 1
= d=2 =
d (mod 4)

10




Table 3: Lo(2) data for p=2 (Continued)

Ly(2) p=2
t E sigy(F) Uz Ky (F) uz(d)
va(t) = 4 By | (5,5,4) 2 111 1 1 1
t/2* =1(4) E> | (4,6,8) 2 ¥ 1 1 1
va(t) = 4 By | (>6,5,4) 2 vV 1 1 1
t/24 =3 (4) Es | (4,6,8) 2 v* 1 1 1
wo(t) = 3 By | (6,>9,12) 1 I 1 2 1
Ey | (6,9,15) 1 It 1 2 1
va(t) =2 By | (4,6,8) 1 I3 1 1 1
t/22 =1(4) Es | (4,6,10) 1 b 1 1 1
va(t) = 2 Ey | (4,6,8) 1 ¥ 1 1 1
t/22 =3(4) Es | (4,6,10) 1 Ir* 1 1 1
E; | (6,9,16) 2-1 I; 1 2 1
va(t) =1
Ey | (6,9,17) 21 : 1 2 1
va(t) =0 E1 | (4,6,12) 271 I 1 1 2
t=1(4) By | (4,6,12) 21 I 1 1 2
vo(t) =0 E; | (0,0,0) 1 Iy 1 21 21
t=3(4) E> | (0,0,0) 1 Io 1 21 21
w2() = —(2m £ 1) < 0 Ei | (6,9,4m+20) | 2=(m+D) fpx ol 1 |4 or2f| 1
By | (6,9,2m+19) | 2=(m+2) | ¥ o 1 | 4*or2¢| 1
va(t) = —2m < 0 E1 | (0,0,4m) 27| Iy, 1 271 21
22mt = 3 (4) Ey | (0,0,2m) 27 | Iy 1 21 21
va(t) = —2m < 0 Er | (4,6,12+4m) | 2=(m+D b 1x 1 1 2
22mi =1 (4) By | (4,6,12+2m) | 2=(m+D | 15 1 1 2
d=1 d=2 d=3
d (mod 4)

Remark (2* or 4*): If vo(t) > 11,t =1(4), and d = 2 (4) then, for F;, Ea, the value ua(d) is given
by

[ 2ifd=-2(8)
Wuy—{4ﬁdz2@)

Remark (4% or 2*): If va(t) = —(2m + 1) < 0 and d = 2 (4) then, for E, Es, the value ua(d) is
given by

2if d = 2(8)

.ﬁEﬂMMMWM@:{4ﬁd:4®);

11



4if d=2(8)

o if t =3(8) thean(d):{ 2ifd=—2(8).

1.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(F)(d)]:
¢ [w(E)] | [u(E)(d)] d
v2(t) > 8 (1:2) | (1:1)
va(t) =17 (1:1) [ d#0(2)
va(t) =6 (1:2) ‘ -
U2(t+264)52,3(4) (2:1) | d=0(2)
va(t) =6 .
nt+60)=0,1(4) | 1.y | Y [4F0@)
vp(t) =5 (1:2) | d=0(2)
vy(t) <4 (1:1) | (1:1)

The contents of this table are the main ingredients to prove the following result:

2

Proposition 1. Let FE; Es be a Q-isogeny graph of type La(2) corresponding to a given t in
Q, t # 0,—64 as above. For every square-free integer d, the probability of a vertex to be the Faltings

2 Ezd s given by:

curve (circled) in the twisted isogeny graph FEf

Ly(2) twisted isogeny graph d Prob

va(t) > 8 Ef +— 1
va(t) =7 Ef<— d#£0(2) | 2/3
v2(t) =6 d _

ot + 64) = 2,3 (4) — B d=002) | 1/3
va(t) =6 d

ot + 64) = 0,1(4) — B2 d#0(2) | 2/3
va(t) =5 Eld<— d=0(2) | 1/3
vo(t) < 4 — EY 1

12



2 Type L2(3)

2.1 Settings
Graph

The isogeny graphs of type Lo(3) are given by two 3-isogenous elliptic curves:

By —2— E5.

Modular curve

The Q-rational points of the modular curve X((3) parametrize isogeny graphs of type Lo(3). The
curve Xo(3) has genus 0 and a hauptmodul for this curve is:

t(r) = 36 (77(3T)>12 ‘

n(7)

j-invariants

Letting ¢ = t(7), one can write

3
i) = () =3 t(t+27) |
j(E3) = j(37) = (t+ 27)§§+ 243)3 |

Signatures

We can (and do) choose Weierstrass equations for (E7, F3) in such a way that the isogeny graph is
normalized. Their signatures are:

L(3)
ca(Er) | (t+3)(t+27)
ce(E1) | (t+27)(t% + 18t — 27)
A(Ey) | t(t+27)?
ca(E3) | (t+27)(t +243)
ce(E3) | (t+27)(t? — 486t — 19683)
A(E3) | t3(t + 27)2

Automorphisms

The subgroup of Aut Xy(3) that fixes the set of vertices of the graph is generated by the Fricke
involution of X¢(3), given by W3(t) = 35/t. With regard to the action of the Fricke involution on
the isogeny graph, it can be displayed as follows:

W3 (B, —2— E3)= Ejt —2— E.

13



Table 4: Lo(3) data for p # 2,3

2.2 Kodaira symbols, minimal models, and Pal values

La(3) p#2,3
t E sig,, (E) up K,(E) up(d)

Ey | (0,0,m) 1 Ly, 1 1

vp(t) =m >0
Es | (0,0,3m) 1 I3m 1 1
vp(t) =0 E1 | (2K,0,0) pk Iy 1 1
vp(t + 27) = 6k E5 | (2k,0,0) Pk Iy 1 1
vp(t) =0 Er | (14 2k,1,2) pF I 1 1
vp(t+27) =6k+1 | B3 | (1+2k,1,2) p* 11 1 1
vp(t) =0 B | (24 2k,2,4) pk IV 1 1
vp(t+27) =6k +2 | B3 | (24 2k,2,4) Pk v 1 1
vp(t) =0 By | (3+2k,3,6) Pk I p 1
vp(t+27) =6k+3 | E3 | (34 2k,3,6) Pk I p 1
vp(t) =0 E1 | (44 2k, 4,8) pk Iv* P 1
vp(t+27) =6k +4 | E3 | (44 2k, 4,8) Pk v* p 1
vp(t) =0 Ey | (54 2k,5,10) P IT* p 1
vp(t+27) =6k+5 | E3 | (54 2k,5,10) Pk I p 1
vp(t) = —m <0 Ey | (0,0,3m) p ™2 | Iapy, 1 1
m even Es | (0,0,m) p ™21, 1 1
vp(t) =—m <0 Ey | (2,3,3m+6) | p~(mtD/2 | 1z D 1
m odd Es | (2,3,m+6) | p (mtb/2 | * p 1

d=0|d#0

d (mod p)

14




Table 5: Ly(3) data for p =3

Ls(3) p=3
t E sigs(E) us K3(E) us(d)
By | (0,0,m—6 3 L 1 1
v3(t) =m >6 1 ) 5 ‘
E5 | (0,0,3(m —6)) 3 Lim-g | 1 1
Ey | (4,6,11) 1 I 3 1
Ug(t) =5
Es | (>4,6,9) 3 v* 3 1
Ey | (4,6,10) 1 IV* 3 1
v3(t) =4
Fs | (3,5,6) 3 vV 1 1
v3(t) =3 By | (2k +4,6,9) 3k Ir* 3 1
v3(t +27) = 6k + 3
v3(t) = 3 B | (2k+4,6,9) 3k Iv* 3 1
v3(t +27) =6k +3
(t +(27) /3Gk)+3 £4,5(9) | Bs | (2k+2,3,3) 3k+1 11 1 1
vs(t) = By | (2k+5,7,11) 3k I 3 1
vg(t +27) = 6k + 4 Es | (2k +3,4,5) 3kl I 1 1
vs(t) =3 B | (2k+6,8,13) 3k I 3 1
v3(t +27) = 6k +5 Es | (2k +4,5,7) 3ktl Ty 1 1
v3(t) =3 E1 | (2k+3,3,3) 3kl II 1 1
v3(t 4 27) = 6k + 6
(t +(27) /3ek)+ —4,5(9) | Bs | (2k+5,6,9) 3k+1 I 3 1
v3(t) =3 By | (2k+3,3,3) 3k+1 11 1 1
v3(t +27) =6k +6
(t+ (27)/3612—1—6 £4,5(9) Es | (2k+5,6,9) Rl v* 3 1
vs(t) = By | (2k+4,4,5) gt 1 1
v3(t +27) = 6/~f +7 Es | (2k+6,7,11) 3k+1 IV* 3 1
vs(t) = By | (2k+5,5,7) L Y 1 1
vg(t +27) = Es | (2k+7,8,13) gkl 3 1
By | (3,5,6) 1 1Y% 1 1
Ug(t) =2
Es | (4,6,10) 1 I 3 1
Ey | (>2,3,3) 1 11 1 1
1)3(75) =1
Es | (2,3,5) 1 1Y% 1 1
= d#0
d (mod 3)

15




Table 5: Ly(3) data for p = 3 (Continued)

Lo(3) p=3
¢ E sigs(E) us K3(E) us(d)
walf) = 0 Ey | (0,0,0) 1 Iy 1 1
Es | (0,0,0) 1 Io 1 1
—m = v3(t) < 0 FEy | (0,0,3m) 372 | Iy, 1 1
m even Es | (0,0,m) 3—m/2 I 1 1
—m = wv3(t) <0 Ey | (2,3,3m+6) | 3-(mtD/2 |15 3 1
m odd FEs | (2,3,m+6) 3=(m+D/2 | 3 1
d=0|d#0

d (mod 3)

16



Table 6: Lo(3) data for p=2

17

Ls(3) p=2
t FE Sng(E) U2 KQ(E) UQ(d)
E;1 | (0,0,m) 1 I 1 21 2-1
vg(t) =m2>2
Es | (0,0,3m) 1 Ism 1 21 21
E1 | (4,6,13) 27! I 1 1 2
va(t) =1 -
Fs | (4,6,15) 2- Ik 1 1 2
va(t) =0 E1 | (6,9,14) 271 I 1 2 1
vz(t+27) = Es | (6,9,14) 91 I 1 2 1
va(t) =0 Ei | (2k+7,9,12) 2k—1 I 1 2 2
Ug(t—|—27) 6k;>1 o .
va(t) =0 By | (2k+3,3,0) 2k Io 1 1 2~ 1
va(t +27) = 6k > 1 . .
va(t) =0 Ei | (2k+8,10,14) | 21 | 1II* 1 2 1
va(t+27)=6k+1>1 | By | (2k+8,10,14) | 261 | 1II* 1 2 1
va(t) =0 By | (>4,5,4) 2k 11 1 1 1
Ug(t+27):6k+2 &
(t + 27)/26k+2 =1 (4) FEs (Z 4,5, 4) 2 11 1 1 1
va(t) =0 Ey | (>4,5,4) 2" v 1 1 1
’U2(t—|—27):6k‘+2 i
va(t) = E1 | (2k +6,6,6) 2k II 1 1* or 2* 1
vg(t +27) = 6k‘ +3 Es | (2k+6,6,6) ok 11 1 |[1*or2| 1
vy (t) = By | (2k+17,7,8) 2k I 1 1 1
’U2(t—|—27)—6k+4 B R
va(t) =0 By | (2k+7,7,8) 2k Iv* 1 1 1
va(t 4+ 27) = 6k + 4 . .
va(t) =0 Ey | (2k +8,8,10) 2k I 1 2 1
v2(t +27) =6k +5 Es | (2k +8,8,10) ok I 1 2 1
va(t) = —m < 0 Ei | (6,9,3m+18) | 27n+3)/2 | x 1 2 1
m odd Ey | (6,9,m+18) |27 (m+3)/2 | 1x o 1 2 1
=1 d=2 d=3
d (mod 4)

Continued on next page



Table 6: Lo(3) data for p=2 (Continued)

Ly (3) p=2
t FE Sng(E) U2 Ko (E) UQ(d)
va(t) = —m <0 By | (4,6,3m+12) | 27m+2/2 | = 11 1 2
m even
ot = 1 (4) By | (4,6,m+12) | 270mt22 0 1 1 2
va(t) = —m < 0 FEy | (0,0,3m) 2-m/2 | I3, 1 2~ 1 2~ 1
m even
omt =3 (4) E3 (O, 0, m) 2*m/2 Im 1 271 271
d=1 d=2 d=3
d (mod 4)

Remark (1* or 2%): If va(t) =0, t =1(4), v2(t +27) = 6k + 3, and d = 2 (4) then, for E;, Es3, the
value ug(d) is given by

[ 1itd=2(8)
uz(d) = { 2if d = —2(8).
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2.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]
t [w(E)] | [w(E)(d)] d Prob
v3(t) >5 (1:3) (1:1) (0,1)
v3(t) =4 (1:1) | d#0(3)
13
v - 1:3 -, =
vs(t + 237(;)5 ’ 5(6) Y (3:1) 14=00) <4 4>
v3(t) =
(t+2)E 2(6) | (1:1) (1) 14#00) <ii>
v3(t) = (1:3) | d=0(3)
vs(t) <1 (1:1) (1:1) (1,0)

This table is the main ingredient to prove the following result:

Proposition 2. Let E; Es be a Q-isogeny graph of type La(3) corresponding to a given t
in Q% t #£ —27. For every square-free integer d, the probability of a vertex to be the Faltings curve

(circled) in the twisted isogeny graph FEf s given by:
Ly(3) twisted 1sogeny graph d Prob

v3(t) > 5 Bl — @ 1
vs(t) = 4 E;u— d£0(3) | 3/4
v3(t) =3 @ d _

vs(t +27) = 3, 4,5 (6) — B d=0(3) | 1/4
v3(t) =3 @ d

st +27) = 0,1,2 (6) — B d#£0(3) | 3/4
vs(t) = 2 B (B) |d=0()| 1/
v3(t) <1 @ — B¢ 1

19
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3 Type Ly(5)

3.1 Settings
Graph

The isogeny graphs of type Lo(5) are given by two 5-isogenous elliptic curves:

Ey

Es.

Modular curve

The Q-rational points of the modular curve Xo(5) parametrize isogeny graphs of type La(5). The
curve Xo(5) has genus 0 and a hauptmodul for this curve is:

01=2 (355

j-invariants

Letting ¢ = t(7), one can write

(2 + 10t 4 5)°

j(Er) =j(1) = 7

)

(2 + 250¢ + 3125)°
t5 '

J(Es) = j(57)=

Signatures

We can (and do) choose Weierstrass equations for (E1, F5) in such a way that the isogeny graph is
normalized. Their signatures are:

Ly(5)
ca(Er) | (2 + 10t +5)(t* + 22t + 125)
ce(Er) | (t2 + 4t — 1)(#? + 22t + 125)2
A(Ey) | t(t? + 22t +125)3
ca(Es) | (2 + 22t + 125)(t% + 250t + 3125)
c6(Es) | (12 — 500t — 15625) (1% + 22t 4 125)?2
A(Es) | t2(t? + 22t + 125)3

Automorphisms

The subgroup of Aut Xy(5) that fixes the set of vertices of the graph is generated by the Fricke
involution of X(5), given by Ws(t) = 53/t. With regard to the action of the Fricke involution on
the isogeny graph, it can be displayed as follows:

Ws (B, —>— E5)= E;' —2>— B
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3.2

Kodaira symbols, minimal models, and Pal values

Table 7: Lo(5) data for p # 2,5

L(5) p#2,5
t E sig, (E) up, | Ky(E) up(d)

oo(t) = m > 0 E; | (0,0,m) 1 |1, 1 1
Es | (0,0,5m) 1| Ism 1 1
vp(t) =0 Ey | (0,2m,0) p™ | I 1 1
vp(t2 + 22t +125) = 4m > 0 Es | (0,2m,0) p™ | I 1 1
vp(t) =0 E| (1,2m+2,3) | p™ | III 1 1
vp(t2 +22¢t+125) =4m+1>0 | E5 | (1,2m+2,3) | p™ | III 1 1
vp(t) =0 Ey | (2,2m+4,6) | p™ | I P 1
vp(t? +22t4+125) =4m+2>0 | B | (2,2m +4,6) | p™ | I} P 1
v(t) =0 By | (3,2m+6,9) | p™ | III* P 1
vp(t2 +22¢t+125) =4m+3>0 | E5 | (3,2m+6,9) | p™ | III* P 1
Eq | (0,0,5m) p~ ™ | Ism, 1 1

vp(t) = —m <0 —
Es | (0,0,m) p~ "™ | I 1 1

d=01|d#0

d (mod p)
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The polynomial 2 + 22t + 125 factors in Qs[t] as (t — a1)(t — ag) with:

a1 =3+4-524+2-53 45 +4.554+2.57 458 4+ 5% + 512 4 3.513 1 3.5 4 515 1 O(5!7)
ap=2-554+3-5+4.564+2.57+3.5% +3.5% 44510 4 4.5 4 3.512 4 513 4 514 4 O(519)

Table 8: Ly(5) data for p =5

La(5) p=5
t E sigs (E) us | Ks(E) us(d)
wolf) =m > 3 Ey | (0,0,m —3) 5 | Im_s 1 1
Es | (0,0,5(m—3)) | 5% | Iypn_g) 1 1
vs(t) =3 Ey | (0,>0,0) 5mtl | 1 1
vs(t2 4+ 22t +125) =4m+3>0 | E5 | (0,>0,0) 5m+2 | 1, 1 1
vs(t) =3 E1 | (1,>2,3) 5m+L | TII 1 1
vs(2 4+ 22t +125) =4m+4>0 | E5 | (1,>2,3) 5m+2 | I 1 1
vs(t) =3 E1 | (2,>4,6) smHl | Tk 5 1
vs(t2 4+ 22t +125) =4m+5>0 | E5 | (2,>4,6) 5mt2 T 5 1
vs(t) = 3 Ey | (3,>6,9) 5m+L | TIT* 5 1
vs(t2 + 22t +125) =4m +6 >0 | E5 | (3,>6,9) 5m+2 | III* 5 1
Ey | (3,4,8) 1|V 5 1
vs(t) =2
Es | (2,2,4) 5 | IV 1 1
Ey | (2,2,4) 1 |1V 1 1
vs(f) =1 Es | (3,4,8) 1|1V 5 1
vs(t) =0 Ey | (0,0,0) 1 |1 1 1
t#3(5) Es | (0,0,0) 1 |1 1 1
vs(t) =0 Ey | (0,>0,0) 5m | 1o 1 1
vs (12 + 22t + 125) = 4m Es | (0,>0,0) 5m | o 1 1
vs(t) =0 By | (1,>2,3) 5m | 11T 1 1
vs (12 + 22t +125) = 4m + 1 Es | (1,>2,3) 5m | 11 1 1
vs(t) =0 By | (2,>4,6) 5m | I8 5 1
vs(t% 4 22t 4+ 125) = 4m + 2 Es | (2,>4,6) 5m | T 5 1
vs(t) =0 Ey | (3,>6,9) 5m | III* 5 1
vs(t2 + 22t + 125) = 4m + 3 Es5 | (3,>6,9) 5™ | IIT* 5 1
Ey | (0,0,5m) 5™ | Ism 1 1
vs(t) =—m <0 —
Es | (0,0,m) 57 | Iy, 1 1
d=0|d#£0
d (mod 5)
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Table 9: Ly(5) data for p=2

La(5) p=2
t E sigy (F) ug Ky (F) uz(d)

wo(®) =m > 1 E1 | (0,0,m) 1 In 1 21 21

Es | (0,0,5m) 1 Ism 1 21 21
va(t) = 0 E; | (6,6,6) 1 11 1 [ 1*or2*| 1
t=1(4) Fs | (6,6,6) 1 11 1 [ 1*or2*| 1
va(t) =0 Ey | (5,8,9) 1 111 1 1 1
t=3(4) FEs | (5,8,9) 1 11 1 1 1
2o(t) = —m < 0 Ei | (4,6,5m+12) | 270+ | ¢ 1 1 2
Es | (4,6,m+12) |270mFD | 1% 1 1 2

d=1 d=2 d=3
d (mod 4)

Remark (1* or 2*): If va(t) =0, t = 1(4), and d = 2 (4) then, for Ei, Es5, the value us(d) is given

by
=18 then o) = { 3 4= 20
o if t =5(8) then uy(d) = { ?1322(28()?)
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3.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

¢ [w(B)] | [u(E)(d)] d Prob
vs(t) >3] (1:5)] (1:1) (0,1)
iy [d206) | /51

us(t) =2 (1:5) (5:1) | d=0(5) <6’6>
B . (1:1) d#0(5) 15

wf)=1) 1:1) (1:5) | d=0(5) (6’6>
() <0] (1:1) | (1:1) (1,0)

Proposition 3. Let FE; > Fs5 bea Q-isogeny graph of type Lo(5) corresponding to a given t

in Q*. For every square-free integer d, the probability of a vertex to be the Faltings curve (circled)
5

in the tunsted isogeny graph Ef Egl s given by:

Ls(5) twisted isogeny graph d Prob

vs(t) >3 E{l% 1
E{l% d#0(5) | 5/6
—>Eg d=0() | 1/6
vs(t) = 1 —>Eg d#£0(5) | 5/6
E;u_ d=0(5) | 1/6
vs(t) <0 —>E5d 1
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4 Type Ly(7)

4.1 Settings
Graph

The isogeny graphs of type Lo(7) are given by two 7-isogenous elliptic curves:

B, - E;.

Modular curve

The Q-rational points of the modular curve Xy(7) parametrize isogeny graphs of type Lo(7). The
curve Xo(7) has genus 0 and a hauptmodul for this curve is:

t(r) = 7* (737(5:)))4 :

j-invariants

Letting ¢ = ¢(7), one can write

2 3 (42
(B = () _(+5t+1) t(t +13t+49)’

(2 + 13t + 49) (2 + 245¢ + 2401)°

J(ER) = j(7) = =

Signatures

We can (and do) choose Weierstrass equations for (E1, F7) in such a way that the isogeny graph is
normalized. Their signatures are:

Ly(7)
(B1) | (2 4+5t+1)(t? + 13t + 49)
(Ey) | (2 + 13t +49)(t* + 1413 +63t2 + 70t — 7)
A(Ey) | t(t? 4+ 13t + 49)?
(E7) (
(E7) (
(E7)

(2 + 13t + 49) (2 + 245t + 2401)
(12 4+ 13t + 49)(t* — 49013 — 21609 % — 235298t — 823543)
t7(12 4+ 13t 4 49)?

Automorphisms

The subgroup of Aut Xy(7) that fixes the set of vertices of the graph is generated by the Fricke
involution of X(7), given by Wx(¢) = 72/t. With regard to the action of the Fricke involution on
the isogeny graph, it can be displayed as follows:

Wy (Ey —— E;)= BE;7T —— BT,
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4.2

Kodaira symbols, minimal models, and Pal values

Table 10: Lo(7) data for p # 2,3,7

Ly(7) p#2,3,7
t E sig, (E) up, | Ky(E) up(d)
oo(t) = m > 0 Ey | (0,0,m) 1 | I, 1 1
E7 | (0,0,7m) 1| Irm 1 1
vp(t) =0 E1 | (2m,0,0) p™ | I 1 1
vp(t2 + 13t 4+ 49) = 6m > 0 E7 | (2m,0,0) ™ | I 1 1
vp(t) =0 By | 2m+1,1,2) | p™ |1I 1 1
vp(t24+13t+49) =6m+1>0 | By | (2m+1,1,2) | p™ | 1I 1 1
vp(t) =0 Ey | 2m+2,2,4) p™ | IV 1 1
vp(2 4+ 13t +49) =6m+2>0 | By | (2m+2,2,4) | p™ | IV 1 1
vp(t) =0 E, | 2m+3,3,6) | p™ | I P 1
vp(t2 4+ 13t+49) =6m+3>0 | By | (2m+3,3,6) | p™ | I} p 1
vp(t) =0 E; | (2m+4,4,8) p™ | IV* D 1
V(B2 +13t+49) =6m+4>0 | By | (2m+4,4,8) | p™ | IV* P 1
vp(t) =0 By | (2m+5,5,10) | p™ | II¥ P 1
vp(t2 +13t+49) =6m+5>0 | E; | (2m+5,5,10) | p™ | II* P 1
E; | (0,0,7m) p~ ™ | It 1 1
vp(t) =—m <0 —
E; | (0,0,m) p~™ | I, 1 1
d=01|d#0
d (mod p)
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Table 11: Lo(7) data for p =3

Ly(7) p=3
¢ E | sigg(E) | uz | K3(E) us(d)

Ey | (0,0,m) 1 | L, 1 1

v3(t) =m >0
Er | (0,0,7m) | 1 | Ipm, 1 1
) =0 | By | (2,3,4) 1 |1 1 1
t=1,409 | By | (2,3,4) 1 |1 1 1
) =0 | B | (3,5,6) 1 |1V 1 1
t=16,25(27) | B | (3,5,6) 1|1 1 1
v3(t) =0 Ey | (3,>6,6) | 1 |Ig 3 1
t=727 | B |(3.26,6) | 1 |I 3 1
Ey (0, 0, 7771) 37™ | Iz, 1 1

’Ug(t) =-m<0
Er | (0,0,m) |37 1L, 1 1

d=0|d#0

d (mod 3)
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The polynomial #2 + 13t + 49 factors over Qz[t] as (t — a1)(t — az) with:

a1 =1+5-T+5-T+4- BT 4+6-T4+4-74+74+6-7+3-7+6-7046-71 +0(72)
ar=T"+2-7+5-74+2.7+5.77+3.74+4. 72 +5.78 4+ 2. 71 + O(7%)

Table 12: Ly(7) data for p =7

Ly (7) p=T
t E sigy (E) ur | K7(E) uz(d)
orlf) =m > 3 By | (2,3,m+4) 1 s 7 1
Er | (2,3,7m—-8) | 7 N ¢ 1
vr(t) =2 Ey | (>1,1,2) 7| II 1 1
v7(t? + 13t +49) = 6m > 2 E; | (>1,1,2) 7L I 1 1
vr(t) =2 By | (>3,2,4) ™ IV 1 1
vr(t? +13t+49) =6m+1>2 | By | (>3,2,4) U Y 1 1
vr(t) =2 Ei | (>2,3,6) ™ | I 7 1
v7(t? 4 13t +49) = 6m + 2 E; | (>2,3,6) 7T 7 1
vr(t) =2 B | (>3,4,8) ™ | IV* 7 1
v7(t2 + 13t +49) = 6m + 3 E7 | (>3,4,8) 7L Ve 7 1
vr(t) =2 Ey | (>4,5,10) 7| I 7 1
v7(t? 4 13t + 49) = 6m + 4 E7 | (>4,5,10) 7t T 7 1
vr(t) = 2 Ei | (>1,0,0) 7 T 1 1
v7(t2 + 13t +49) = 6m + 5 E7 | (>1,0,0) T2, 1 1
Ey | (1,2,3) 1|1 1 1
vr(t) =1
Er | (3,5,9) 1| I 7 1
vr(t) =0 Ei | (>1,0,0) ™ |1 1 1
v7(t2 + 13t +49) = 6m > 0 E7 | (>1,0,0) ™ | I 1 1
vr(t) =0 B | (>2,1,2) 7 |10 1 1
vr(t? + 13t +49) = 6m + 1 FE; | (>2,1,2) 7|11 1 1
vr(t) =0 By | (>3,2,4) 7 IV 1 1
v7(t2 + 13t +49) = 6m + 2 E7 | (>3,2,4) ™ | IV 1 1
v7(t) =0 Ey | (>3,3,6) ™ I 7 1
v7(t2 + 13t +49) = 6m + 3 E7 | (>3,3,6) ™ | T 7 1
d=01|d#0
d (mod 7)

Continued on next page
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Table 12: Ly(7) data for p = 7 (Continued)

La(7) p="7
t E sigy (E) ur | K7(E) uz(d)
vr(t) =0 By | (>4,4,8) ™| IV 7 1
vr(t? + 13t 4+ 49) = 6m + 4 E7 | (>4,4,8) 7| IV* 7 1
vr(t) =0 Ey | (>5,5,10) | I 7 1
vr(t2 4+ 13t +49) = 6m + 5 E; | (>5,5,10) | I 7 1
or(t) = —m <0 Ey | (0,0,7m) 7 | I 1 1
E; | (0,0,m) 7| L, 1 1
d= d#0
d (mod 7)
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Table 13: Lo(7) data for p=2

LQ(?) P = 2
t FE Sng(E) U2 KQ(E) UQ(d)
E; | (4,6,m+12 21 I 1 1 2
Uz(t) —m>9 1 ( ) m+4
Er | (4,6,7m+12) | 27% | I3, ., 1 1 2
E; | (0,0,1 1 I 1 21 21
va(t) = 1 1] 0.0 !
E7 | (0,0,7) 1 I; 1 2=t | 27!
ve(t) =0 E1 | (0,0,0) 1 Iy 1 -1 -1
t=1(4) E7 | (0,0,0) 1 Iy 1 ! !
va(t) =0 E1 | (4,6,12) 2-1 I} 1 1 2
t=3(4) E7 | (4,6,12) 27t | Iy 1 1 2
E1 | (0,0,7) 21 I; 1 21 21
’Ug(t) =-1

E7 | (0,0,1) 2-1 L 1 2-1 | 27!

Er | (4,6,7m+12) | 2=(m+) | 1z 1 1 2

va(t) = —m < =2

Er | (4,6,m+12) | 2-(m+D | x 1 1 2

= d=2 | d=

d (mod 4)
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4.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

t [w(E)] | [u(E)(d)] d Prob
vr®) =2 (1:7) | (1:1) (0,1)
. (1:1) | dZ0(7)| /7 1

i) =11 (1:1) (1:7) | d=0(7) <8’8>
vr(H) <0 | (1:1) | (1:1) (1,0)

The contents of this table are the main ingredients to prove the following result:

7

Proposition 4. Let E; E; be a Q-isogeny graph of type Lo(7) corresponding to a given t
in Q*. For every square-free integer d, the probability of a vertex to be the Faltings curve (circled)
7

in the twisted isogeny graph Ef E‘71 s given by:

Ly(7) twisted isogeny graph d Prob

v7(t) > 2 B +— 1
— B¢ d 7/8
B — d 1/8
v7(t) <0 — B4 1

BN
o
—~
~
S~—

Il

o
—

~
-
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5 Type Ly(11)

5.1 Settings
Graph

The isogeny graphs of type Lo(11) are given by two 11-isogenous elliptic curves:

Eq

Fi1.

Modular curve

The Q-rational points of the modular curve X((11) parametrize isogeny graphs of type Lo(11). The
modular curve Xy(11) is an elliptic curve of rank 0 over the rationals. More precisely, we can choose
the Weierstrass model y?+y = 23 —22—10 2 —20 for Xo(11). The j-forgetful map j: Xo(11) — Xo(1)
is given by

P(z) +yQ(z)
(—=1722 — 2y — 2432 — 105y + 859)°

j:

P(z) = 2% +16017027 + 2201381725 — 12348912442° + 184036823462 — 1459472539573
+14229494979472% + 5880426893238z + 7325611514413,

Q(z) = —69225 — 125107922° + 815793738z* — 1794746304223 + 1129669932082
4916344467042 — 468196759663 .

j-invariants

One has
Xo(11)(Q) ={(0:1:0),(5: =6:1),(5:5:1),(16: —61:1),(16:60:1)}
and thus:
j((0:1:0)) =00, j((16:—-61:1)) =00,
§((16:60:1)) = =112, j((5:—=6:1)) = —11-131%, 4j((5:5:1)) = =215,
) =

(0:1:0), (0) = (16 : —61 : 1), one rational
=

511 € H and two non-cuspidal non-CM points
= 0.540.09227...i, and 7, = 0.5+ 0.24630...; € H.

These rational points are: two rational cusps (oo

CM point (5 : 5 : 1) that corresponds to 7, =
(16 :60: 1) and (5 : —6 : 1) that correspond to
That is

1
2
Ta

i(m) =—=2,  j(ra)=-112,  j(r})=—11-1313,

and we have j(117,) = j(7) and j(117,) = j(72).
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Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass model J(E) label
Ei, | y*+ay+y=a®+a®—30x—76 —11-131% | 121at
En, | ¥ +ay+y=a%+2%— 305z + 7888 | —11° 121a2
By, |V +y=a®—2® Tz +10 —915 121b1
Ey, | v +y=a—2? — 887z — 10143 —215 121b2

Their signatures are:

E Ey, E1, E Eq, Eqq,
cy(E) | 11-131 | 114 ca(F) | 2°-11 25113
c6(E) | 11-4973 | —11°-43 c(E) | —23-7-112 | 23.7-11°
A(E) | —112 —1110 A(E) | —113 —119

For k € {a, b}, we have that the Faltings curve (circled) in the graph is

DR

Note that any Q-isogeny class of elliptic curves of type Ly(11) is isomorphic to Ej, A Eqq, for

some k € {a,b}. Note also that £y, and Ej;, have complex multiplication by the ring of integers of
Q(v—11) and Eyy, = E; '

5.2 Kodaira symbols, minimal models, and Pal values

There is only one bad reduction prime p = 11.

p=11
E | sig;(E) | Ku(E) u11(d)
B, | (1,1,2) |1 1 1
Eu1, | (4,5,10) | I* 11 1
By, | (1,2,3) |1 1 1
En, | (3,5,9) | III* 11 1
d=0|d#0
d (mod 11)
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5.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

[w(E)(d)] d Prob

(1:1) d#0(11) <11 1>
(1:11) | d=0(11) | \12712

This table is the main ingredient to prove the following result:

Proposition 5. Let k € {a,b}. For every square-free integer d, the probability of a vertex to be the
11

Faltings curve (circled) in the twisted isogeny graph Ejik Eflk is given by:

twisted isogeny graph | condition | Prob

—>Ef1k d#0(11) | 11/12

EY{ —> d=0(11) | 1/12
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6 Type Ly(13)

6.1 Settings
Graph

The isogeny graphs of type Lo(13) are given by two 13-isogenous elliptic curves:

B, -2 B,

Modular curve

The Q-rational points of the modular curve X((13) parametrize isogeny graphs of type Lo(13). The
curve Xo(13) has genus 0 and a hauptmodul for this curve is:

t(r) =13 <”(137>>2 .

n(7)

j-invariants

Letting ¢ = ¢(7), one can write

, _ 12 45t 4+ 13) (t* + 763 + 2012 + 19t +1)°
iE) = itr) = )T s,

, , 12 4 5t 4 13) (t* + 24713 + 33802 + 15379¢ + 28561)°
](E13) = ](137—) = ( ) ( t13 ) .

Signatures

We can (and do) choose Weierstrass equations for (E7, F13) in such a way that the isogeny graph is
normalized. Their signatures are:

L>(13)
ca(Er) | (82 + 5t + 13)(#% + 6t + 13) (1 + 7¢3 + 202 + 19t + 1)
c6(E1) | (12 + 5t + 13)(t% + 6t + 13)2(t5 + 10t° + 46t + 1083 + 1222 + 38t — 1)
A(Ey) | t(t? + 5t + 13)3(t? + 6t + 13)3
ca(Ers) | (82 + 5t + 13)(t? + 6t + 13)(¢t* + 2473 + 33802 + 15379¢ + 28561)

(
c6(E13) | (12 + 5t + 13)(¢2 + 6t + 13)2(t5 — 494> — 20618t* — 237276t> — 1313806t> — 3712930t — 4826809)
(Ers) | t13(2 + 5t + 13)2(t2 + 6t + 13)3

Automorphism

The Fricke involution of X((13) is given by Wis(t) = 13/t. With regard to the action of the Fricke
involution on the isogeny graph, it can be described as:

Wis(By —2— Ei3) = B —B— B3,
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6.2

Kodaira symbols, minimal models, and Pal values

Table 14: Lo(13) data for p # 2,3,13

Ly(13) p#2,3,13
t E sig,, (E) up | Ky(E) up(d)
oo(t) = m > 0 By | (0,0,m) 1 | Iy 1 1
FEy3 | (0,0,13m) 1| Lizm 1 1
vp(t) =0 Ey | (2m,0,0) | I 1 1
vp(t2 + 5t + 13) = 6m E13 | (2m,0,0) " | Ip 1 1
vp(t) =0 By | (2m+1,1,2) | p™ |1I 1 1
vp(t2+5t+13) =6m+1 | Ejz3 | (2m+1,1,2) | p™ |10 1 1
vp(t) =0 By | (2m+2,2,4) | p™ | IV 1 1
vp(t2+5t+13) =6m+2 | Ei3 | (2m+2,2,4) p™ | IV 1 1
vp(t) =0 E; | (2m+3,3,6) p" | I D 1
vp(t2 +5t+13) =6m+3 | Ei3 | (2m+3,3,6) p™ | I P 1
vi3(t) =0 E, | (2m+4,4,8) pm | IV* D 1
vp(t2+5t+13) =6m+4 | Ei3 | (2m +4,4,8) p™ | IV* P 1
vp(t) =0 By | (2m+5,5,10) | p™ | II* p 1
vp(t2 +5t+13) =6m+5 | Ei3 | (2m+5,5,10) | p™ |II* P 1
vp(t) =0 By | (0,2m,0) " | Iy 1 1
vp(t? + 6t + 13) = 4m Ey3 | (0,2m,0) ™ | Ip 1 1
vp(t) =0 By | (1,2m+2,3) | pm™ |11 1 1
vp(t2+6t+13) =4m+1 | Ei3 | (1,2m+2,3) p™ | III 1 1
up(t) =0 Ey | (2,2m +4,6) "I D 1
vp(t2+6t+13) =4dm+2 | Ei3 | (2,2m +4,6) pm | I P 1
d= d#0
d (mod p)
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Table 14: Lo(13) data for p # 2, 3,13 (Continued)

Ly(13) p#2,3,13
t E sig,(E) up | Kp(E) up(d)
vp(t) =0 By | (3,2m+6,9) | pm™ | III* P 1
vp(t2+6t+13) =4m+3 | Ei3 | (3,2m+6,9) | p™ | III* P 1
0(®) = —m < 0 E1 | (0,0,13m) p~2™m | Tizp, 1 1
b Eis | (0,0,m) p2m | 1, 1 1
d= d#0
d (mod p)
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Table 15: Ly(13) data for p =3

L(13) p=3
¢ E | sigy(E) us | Ks3(E) us(d)

Ei | (0,0,m) 1 | I, 1 1

v3(t) =m >0
Eis | (0,0,13m) | 1 | Iigm 1 1
v3(t) =0 B | (1,>3,0) 1|1 1 1
t=1(3) Eis | (1,>3,0) 1| I 1 1
v3(t) =0 E | (2,3,4) 1 |1 1 1
t=5,8(9) | Bz | (2,3,4) 1 |1 1 1
v3(t) = 0 B | (3,5,6) 1| 1v 1 1
t=2,20(27) | By | (3,5,6) 1 |1V 1 1
v3(t) =0 B | (3,266 | 1 |I; 3 1
t=11(27) | Eys| (3.>6,6) | 1 |I; 3 1
E1 | (0,0,13m) | 372™ | I13,, 1 1

v3(t) =—m <0
Ei3 | (0,0,m) 372m | 1, 1 1

d=0|d#0

d (mod 3)
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Table 16: Ly(13) data for p = 13
L(13) p=13
t E sigy3(£) wz | Kiz(E) u13(d)
Ei | (2,3, m+5 1 x 13 1
vi3(t) =m > 2 ( ) :n !
Fi3 | (2,3,13m —7) 13| Lypnqy | 13 1
vi3(t) = 1 E1 | (2,3,6) 1 I 13 1
t/13 #2,5(13) Fi13 | (2,3,6) 13 | I 13 1
vi3(t) =1 By | (1,>3,3) 13™ | III 1 1
t/13 = 2(13)
E 1,>3,3 137+ | 111 1 1
Ulg(tQ + 6t + 13) =4m 13 ( B )
vi3(t) = 1 E1 | (2,>3,6) 3™ | I 13 1
t/13 =2(13)
E 2,>4.6 13m+L T 13 1
vis(2+6t+13) =dm+1 | 7 (2,2 4,6) 0
vi3(t) = 1 B | (3,>5,9) 13™ | III* 13 1
t/13 = 2(13)
E 3,>6,9 13+ | IIT 13 1
013(t2+6t+13):4m+2 13 (7_ ’ )
v3(t) =1 E; | (0,>1,0) 13m*L | 1, 1 1
t/13 = 2(13)
E 0,>2.,0 13m+2 | 1 1 1
via(t 1 6t +13) = dm + 3 | 23 | (0220 ‘
Ulg(t) =1 E1 (Z 2, 2,4) 13™ v 1 1
t/13 = 5(13)
E >22.4 137+ | IV 1 1
v13(t2 + 5t + 13) = 6m 3] (2 )
v3(t) =1 E1 | (>2,3,6) 3™ | I 13 1
t/13=5(13
) / (13) E3 | (>3,3,6) 13m+t | T 13 1
Ulg(t + 5t + 13) =6m+1
v3(t) =1 E1 | (>3,4,8) 13 | IV* 13 1
t/13 =5 (13)
Ei3 | (>4,4,8 137+ | V™ 13 1
vis(2 + 5t +13) =6m+2 | (z )
v3(t) =1 Ei | (>4,5,10) 13" | II* 13 1
t/13=5(13
) / (13) Ei3 | (>5,5,10) 13m+L | IT* 13 1
Ulg(t + 5t + 13) =6m-+3
vi3(t) =1 E1 | (>0,0,0) 13+ | 1, 1 1
t/13 =5 (13)
E >2,0,0 13712 | 1 1 1
o2 45t +18) = 6m 44 | 21 | (2200 0
d=01]d#0
d (mod 13)
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Table 16: Lo(13) data for p = 13 (Continued)

Lo(13) p=13
t E sig;3(E) uis | Kis(E) u13(d)
v3(t) =1 E | (>2,1,2) 3™t 1 1
via(t? i/;f +_ 12)(12)6m 15 | B| 2312) 13m | 1 ! !
v13(t) =0 E; | (0,0,0) 1|1 1 1
t#7,8(13) E; | (0,0,0) 1|1 1 1
v13(t) =0 E; | (0,>1,0) 13m | I 1 1
t=7(13)
vlg(t2 +6t+ 13) = 4m Ers | (0,20,0) 13 To 1 1
v13(t) =0 E; | (1,>3,3) 13m | 111 1 1
t=7(13)
via(2 + 60+ 13) = am 1 | £ | (12 23) 137 L L
v13(t) =0 E; | (2,>5,6) 13m | I 13 1
t=7(13) .
v13(t2 + 6t + 13) = dm + 2 EBig | (2,24,6) 1371 13 !
v13(t) =0 Ei | (3,>7,9) 13™ | III* 13 1
t="7(13) X
o1a(t? 4 6t 1 13) = 4m + 3 Ei3 | (3,>6,9) 13m | 111 13 1
v13(t) =0 B | (>1,0,0) 13m | I 1 1
t/13 = 8(13)
) Ei3 | (>0,0,0) 13m | I 1 1
v13(t2 + 5t 4+ 13) = 6m
v13(t) = 0 El | (>2,1,2) 13m | II 1 1
/13 = 8(13)
) Eis | (>1,1,2) 13m | 11 1 1
v13(t2 4 5t 4+ 13) = 6m + 1
v13(t) =0 Ei | (>3,2,4) 13m | IV 1 1
t=28(13)
) Eis | (>2,2,4) 13m | IV 1 1
v13(t* 4+ 5t + 13) = 6m + 2
v13(t) = 0 Ei | (>4,3,6) 13m | I 13 1
t=8(13) .
v13(t? + 5t 4+ 13) = 6m + 3 B | (23,3,6) 137 13 !
d=01|d#0
d (mod 13)

Continued on next page
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Table 16: Lo(13) data for p = 13 (Continued)
Lo(13) p=13
t E sig;3(E) uis | Kis(E) u13(d)
v13(t) = 0 Ey | (>5,4,8) 13m | IV* 13 1
t=8(13) .
v13(t2 4 5t + 13) = 6m + 4 By | (24,4.8) 137 v 13 !
v13(t) = 0 Ey | (>6,5,10) 13m | 11" 13 1
t=28(13) .
v13(t2 + 5t + 13) = 6m + 5 Eis | (25,5,10) 171 13 1
E; | (0,0,13m) 13727 | Iy3p, 1 1
v13(t) = —m <0
E13 | (0,0,m) 1372 | 1, 1 1
d=0|d#0
d (mod 13)
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Table 17: L2(13) data for p=2

L2(13) p=2
t FE Sig2(E) U9 KQ(E) UQ(d)
E 0,0,m 1 I 1 21 21
va(t) = m > 2 1 ) m
Ei3 | (0,0,13m) 1 Lism 1 21 21
E 4,6,13 21 I 1 1 2
va(t) = 1 1 ) 5
Ei3 | (4,6,25) 21 * 1 1 2
va(t) =0 E, | (6,6,6) 1 11 1 1* or 2* 1
t=1(4) Ei3 | (6,6,6) 1 11 1 | 1*or2e| 1
va(t) =0 E | (5,8,9) 1 11 1 1 1
t=3(4) Ei3 | (5,8,9) 1 111 1 1 1
E1 | (0,0,13) 272 I3 1 21 21
Ug(t) =-—1
Ei3 | (0,0,1) 272 I 1 21 21
Er | (4,6,13m+12) | 27Cm+D) fr, 11 1 2
va(t) = —m < =2
Ei3 | (4,6,m+12) | 2-Cm+) |18 1 1 2
d=1 d=2 d=3
d (mod 4)

Remark (1" or 2*): If va(t) =0, ¢t =1(4) and d = 2 (4) then, for E, E13, the value us(d) is given

by
e if t = 1(8) then us(d) = { ; E Z i 2—(28()8);
T
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6.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

t [u(E)] | [w(E)(d)] | Prob
vis(t) >0 | (1:13) | (1:1) | (0,1)
vis(t) <0 | (1:1) | (1:1) | (1,0)

The contents of this table are the main ingredients to prove the following result:

Proposition 6. Let E; 12 Fi3 bea Q-isogeny graph of type L2(13) corresponding to a given

t in Q*. For every square-free integer d, the probability of a vertex to be the Faltings curve (circled)
13

in the twisted isogeny graph EY¢ Ef3 s given by:

Ly(13) twisted isogeny graph | Prob

vi3(t) >0 Eii — @ 1
’1)13(75) < 0 — Eilg 1
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7 Type Lo(17)

7.1 Settings
Graph

The isogeny graphs of type Lo(17) are given by two 17-isogenous elliptic curves:

B, T By

Modular curve

The Q-rational points of the modular curve X((17) parametrize isogeny graphs of type Lo(17). The
modular curve Xy(17) is an elliptic curve of rank 0 over the rationals. Its rational points are: two
rational cusps and two non-cuspidal non-CM points 7,7’ € H.

j-invariants

The corresponding j-invariants of 7 and 7/ are:

. —17-3733 , —172-1013
j(r) = —om jir') = —

We have j(177) = j(7').

Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass model J(E) label
—17-3733
By | y? + 2y = 2% + 22 — 660z — 7600 —5r— | 14450n1
9 3 9 —17%.1013
FEi7 |y +xy =2+ 2" —878710x + 316677750 — s 14450n2
Their signatures are:
E Ey Ey7
cy(E) | 5-17-373 5-174.101

Q

P>

(
6(E) | 52-17-14891 | —5%.17° - 7717
(B) | —217.5%.172 | —2.53.17%0

We have that the Faltings curve (circled) in the graph is

@—>E17

Note that any Q-isogeny class of elliptic curves of type L2(17) is obtained by quadratic twist from

B, T B
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7.2 Kodaira symbols, minimal models, and Pal values

There are three bad reduction primes p =2, 5, and 17.

p=2
E | sigy(E) | Ko(E) ug(d)
E | (0,0,17) | 17 |1 1/2 | 1/2
Eir | (0,0,1) | L |1 1/2 | 1/2
d=1|d=2|d=3
d (mod 4)
p=2>
E | sigs(E) | K5(E) | us(d)
By | (1,2,3) | 11 1
Eir | (1,2,3) | III 1
p=17
E | sigi7(E) | Ki7(E) uy7(d)
B | (1,1,2) | 1 1
Err | (4,5,10) | II* 17 1
d=0| d=0
d (mod 17)

7.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(F)] and u(d)

[u(E)(d)] d Prob

(1:1) | d#0(17) <171>
(1:17) [d=0(17) | \18718

47




This table is the main ingredient to prove the following result:

Proposition 7. For every square-free integer d, the probability of a vertex to be the Faltings curve
17

(circled) in the twisted isogeny graph Ef E{. s given by:

twisted isogeny graph | condition | Prob

—>E;i7 d#£0(17) | 17/18
Ef—> d=0(17) | 1/18
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8 Type L(19)

8.1 Settings
Graph

The isogeny graphs of type L2(19) are given by two 19-isogenous elliptic curves:

B, 2 B,

Modular curve

The Q-rational points of the modular curve X((19) parametrize isogeny graphs of type L2(19). The

modular curve X(19) is an elliptic curve of rank 0 over the rationals. Its rational points are: two

V=19
519 € H.

rational cusps and one rational CM point 7 = 3 +
j-invariants
The corresponding j-invariant of 7 is:

j(r) = —2". 3%
We have j(197) = j(7).

Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass model J(E) label
Ei | y? 4y =2%— 38z +90 —215.33 | 361a1
Fig | 2 +y =2 — 13718z — 619025 | —21%.33 | 361a2

Their signatures are:

E Ey Eqg
cy(E) | 25-3-19 25.3.19°
cg(E) | —23-3%.19% | 23.33.195
A(E) | —193 —199

We have that the Faltings curve (circled) in the graph is

@—>E19

Note that any Q-isogeny class of elliptic curves of type L2(19) can be obtained by quadratic twist
from

B Y By,

Note that Fy and Fj9 have complex multiplication by the ring of integers of Q(v/—19) and E19 =
ETY.
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8.2 Kodaira symbols, minimal models, and Pal values

There are only one bad reduction prime p = 19.

p=19
E | sigig(E) | Kio(E) u19(d)
Ei | (1,2,3) |11 1 1
B | (3,5,9) | III* 19 1
d=0|d#0
d (mod 19)

8.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

[uw(E)(d)] d Prob

(1:1) d #0(19) (19 1)
(1:19) | d=0(19) | \20"20

This table is the main ingredient to prove the following result:

Proposition 8. For every square-free integer d, the probability of a vertex to be the Faltings curve
19

(circled) in the twisted isogeny graph E¢ Edy is given by:

twisted isogeny graph | condition | Prob

—>Efg d #0(19) | 19/20
Ef—> d=0(19) | 1/20

50



9 Type Ly(37)

9.1 Settings
Graph

The isogeny graphs of type Lo(37) are given by two 37-isogenous elliptic curves:

B, 3T B

Modular curve

The Q-rational points of the modular curve X((37) parametrize isogeny graphs of type Lo(37). The
modular curve X((37) has genus 2. Its rational points are: two cusps and two non-CM points
corresponding to a pair 7,7’ € H.

j-invariants
The corresponding j-invariants of 7 and 7/ are:

jr)y=—7-113,  j(r') = —7-137% - 20833,
and j(377) = j(7').

Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass model J(E) label
Ei |V +aoy+y=a3+2>-8x+6 —7-113 1225h1
Esr | v + 2y +y = 2® + 22 — 208083z — 36621194 | —7- 1373 - 20833 | 1225h2

Their signatures are:

E | E Es7
ca(E) | 5-7-11 5-7-137-2083
cg(E) | =5%-7-47 | 52.7-11-1433 - 11443
A(E) | =53 -7? —53. 72

We have that the Faltings curve (circled) in the graph is

@—>E37

Note that any Q-isogeny class of elliptic curves of type L2(37) can be obtained by quadratic twist
from

B, 2T Ey.
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9.2 Kodaira symbols, minimal models, and Pal values

There are two primes of bad reduction p =5 and 7.

p=2>
E | sigy(B) | K5(E) | us(d)
B | (1,2,3) | 111 1
Esr | (1,2,3) | III 1
p="7T
E | sigr(E) | K7(E) | ur(d)
B | (1,1,2) | I 1
By | (1,1,2) | 1T 1

9.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(F)(d)]:

[u(E)(d)] | Prob
(1:1) | (1,0)

This table is the main ingredient to prove the following result:

Proposition 9. For every square-free integer d, the probability of a vertex to be the Faltings curve
37

(circled) in the twisted isogeny graph E{l Eg7 s given by:

twisted isogeny graph | Prob

—>E§l7 1
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10 Type Ly(43)

10.1 Settings
Graph

The isogeny graphs of type Lo(43) are given by two 43-isogenous elliptic curves:

B -8B B,

Modular curve

The Q-rational points of the modular curve X((43) parametrize isogeny graphs of type Lo(43). The

modular curve X((43) has genus 3. Its rational points are: two rational cusps and one rational CM

point given by 7 = % + ﬁ cH.

j-invariants

The corresponding j-invariant of 7 is:
g(r) = —218.3%. 5%
We have j(437) = j(1).

Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass model J(E) label
By | y? +y =23 —860x + 9707 —218.33.53 | 1849a1
Eu3 | y% +y = 2% — 15901402 — 771794326 | —2'8 .33 .53 | 1849a2

Their signatures are:

E E Ey3
cy(E) | 26-3-5-43 26.3.5.433
c6(E) | —23-3%.7-432 | 23.3%.7.43°
A(E) | —433 —439

We have that the Faltings curve (circled) in the graph is

@—>E43

Note that any Q-isogeny class of type L2(43) is obtained by quadratic twist from

B -8 B,

Note that F; and E43 have complex multiplication by the ring of integers of Q(v/—43) and E43 =
E.
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10.2 Kodaira symbols, minimal models, and Pal values

There is only one bad reduction prime p = 43.

p=43
E | sigy3(E) | Kas(E) uys(d)
B | (1,2,3) |1 1 1
Es | (3,5,9) | III* 43 1
d=0|d#0
d (mod 43)

10.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(F)(d)]:

[w(E)(d)] d Prob

(1:1) | d#0(43) <431>
(1:43) | d=0(43) | \44’ 44

This table is the main ingredient to prove the following result:

Proposition 10. For every square-free integer d, the probability of a vertex to be the Faltings curve
43

(circled) in the twisted isogeny graph E{l EZ?) s given by:

twisted isogeny graph | condition | Prob

— B4 d#0(43) | 43/44
Ef—> d=0(43) | 1/44
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11.1 Settings
Graph
The isogeny graphs of type Lo(67) are given by two 67-isogenous elliptic curves:

B, 5 B

Modular curve

The Q-rational points of the modular curve X((67) parametrize isogeny graphs of type L2(67). The
modular curve X(67) has genus 5. Its rational points are: two cusps and one CM point associated

: _ 1 v/ —67
with 7= 5 + 55 € H.

j-invariant
The corresponding j-invariant of 7 is:
g(r) = —21°.3%. 5% . 113,
with j(677) = j(7).
Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass model J(E) label
E1 | y? +y=a® — 7370x + 243528 —215.33.53.113 | 4489a1
Eg7r | y? +y = 23 — 330839302 — 73244287055 | —215 .33 .53 .113 | 4489a2

Their signatures are:

E Ey Eg7
ca(B) | 2°-3-5-11-67 25.3.5-11-673
cg(B) | —23-3%.7-31.67% | 23.3%.7-31-67°
A(E) | —673 —67°

We have that the Faltings curve (circled) in the graph is

@—)E(ﬁ

Note that any Q-isogeny class of type L2(67) can be obtained by quadratic twist from

B, - E,.

Note that F1 and Fg7 have complex multiplication by the ring of integers of Q(v/—67) and Eg; =
E57.
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11.2 Kodaira symbols, minimal models, and Pal values

There is only one bad reduction prime p = 67.

p =067
E | siger(E) | Ker(E) ug7(d)
B | (1,2,3) |1 1 1
Esr | (3,5,9) | II* 67 1
d=0|d#0
d (mod 67)

11.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(F)(d)]:

[w(E)(d)] d Prob

(1:1) d # 0(67) <67 1>
(1:67) | d=0(67) 68’ 68

This table is the main ingredient to prove the following result:

Proposition 11. For every square-free integer d, the probability of a vertex to be the Faltings curve
67

(circled) in the twisted isogeny graph E{l Eg7 s given by:

twisted isogeny graph | condition | Prob

— E& d#0(67) | 67/68
Ef—> d=0(67) | 1/68
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12 Type Ly(163)

12.1 Settings
Graph

The isogeny graphs of type Lo(163) are given by two 163-isogenous elliptic curves:

163
Eq Eies .

Modular curve

The Q-rational points of the modular curve Xy(163) parametrize isogeny graphs of type Lo(163).
The modular curve X((163) has genus 13. Its rational points are: two rational cusps and one rational

CM point corresponding to 7 = % + VQ._IE(;S € H.

j-invariants

The corresponding j-invariant of 7 is:
g(r) = —218.3%.53.23%. 293,
with j(1637) = j(7).

Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass model J(E) label
E1 | % +y = 2% — 21744202 + 1234136692 —218.33.53.233.293 | 26569a1
Eig3 | v? +y = 2% — 57772164980z — 5344733777551611 | —218.33.53.233.293 | 26569a2

Their signatures are:

E | By Ei63
ca(E) | 26-3-5-23-29-163 26.3.5.23.29-1633
cg(B) | —23-3%.7-11-19-127-163% | 23-33.7.11-19-127-163°
A(E) | —1633 —-163°

We have that the Faltings curve (circled) in the graph is

@ — Ei63

Note any Q-isogeny class of type L2(163) can be obtained by quadratic twist from

163
By ——— Fig3.-

Note that E; and Ejg3 have complex multiplication by the ring of integers of Q(v/—163) and Ei63 =
B0,
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12.2 Kodaira symbols, minimal models, and Pal values

There is only one bad reduction prime p = 163.

p =163
E | sigig3(E) | Kigs(E) u163(d)
E | (1,2,3) |1 1 1
Eigs | (3,5,9) | III" 163 | 1
d=01|d#0
d (mod 163)

12.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(F)(d)]:

[w(E)(d)] d Prob

(1:1) | d#0(163) <1631>
(1:163) | d=0(163) | \ 164’ 164

This table is the main ingredient to prove the following result:

Proposition 12. For every square-free integer d, the probability of a vertex to be the Faltings curve
163

circled) in the twisted isogeny graph FE¢ Ed. s given by:
1 163

twisted isogeny graph | condition Prob

— B, d #0(163) | 163/164
E§—> d=0(163) | 1/164
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13 Type L3(9)

13.1 Setting
Graph

The isogeny graphs of type L3(9) are given by three isogenous elliptic curves:

B, -2 By -2 Ey.

Modular curve

The Q-rational points of the modular curve Xy(9) parametrize isogeny graphs of type L3(9). The
curve Xo(9) has genus 0 and a hauptmodul for this curve is:

t(r)=3° <737((97T))>3 .
j-invariants

Letting ¢ = t(7), one can write

(t+3)3(t3 + 912+ 27t + 3)3
t(t2 4+ 9t +27) ’

Jj(E) =j(1) =

(t+3)3(t+9)3
B3(t2+9t+427)3°

J(Es) =j(37)=

(t+9)3(t3 + 24312 + 2187t + 6561)3
(2 + 9t + 27)

J(Ey) = j(97) =

Signatures We can (and do) choose Weierstrass equations for (E7, 3, Eg) in such a way that the
isogeny graph is normalized. Their signatures are:

L3(9)
(t+3)(t2+ 912+ 27t + 3)
6+ 18¢° + 135¢* + 50413 + 89112 + 486t — 27
t(t? 4+ 9t + 27)
(t+3)(t+9)(t* +27)
(% —27)(t* + 1813 + 1622 + 486 ¢ + 729)
t3(t2 + 9t +27)3
(t+9)(t® + 24312 + 2187 + 6561)
6 — 486° — 24057 t* — 367416 t3 — 2657205 > — 9565938 t — 14348907
92 + 9t + 27)

o
N

t
iy

Q
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t
=

>
5
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N
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)
=)
~ N | N |~
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Automorphisms

The subgroup of Aut X((9) that fixes the set of vertices of the graph is generated by the Fricke
involution of X(9), given by Wy(t) = 33/t. The involution Wy acts on the isogeny graphs of type
L3(9) as:

Wo(Ey —— B3 —— Eg) = E;% 2 E;3 2 B3,
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13.2 Kodaira symbols, minimal models, and Pal values

Table 18: L3(9) data for p # 2, 3

Ls(9) p#2,3
t E | sig,(E) up | Kp(E) | up(d)
B | (0,00m) | 1 |IL 1
vp(t) =m >0 Es | (0,0,3m) 1| Iy 1
Eo | (0,0,9m) | 1 | Iom 1
E; | (0,0,m) 1 I 1
uplt) =0 By | (0,0,3m) | 1 | Ism 1
m = v,(t? +9t+27) >0 o | (0.0.m) . N
B | (0,0,9m) | p~™ | Tom, 1
vp(t) = —m <0 Es | (0,0,3m) | p™™ | I3 1
By | (0,0,m) |p™ |1, 1
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Table 19: L3(9) data for p—3
L3(9) p=3
t E sigs(E) us | K3(F) us(d)
Ei | (2,3,m+3) 1 R 3 1
vst)=m>3 | B3 | (233m—-3) | 3 |, 5| 3 1
Ey | (2,3,9m—21) | 3 |I5, 5 | 3 1
Er | (2,3,5) 1|1V 1 1
vst)=2 | By | (>2,3,3) 3 |1 1 1
By | (>4,6,9) 3 |1V 3 1
B | (>2,3,3) 1|1 1 1
vst)=1 | By | (>4,6,9) 1| Ive 3 1
Eo | (4,6,11) 1| 3 1
B | (0,0,9m) 3=m | 1, 1 1
v3(t)=—m <0 | E3 | (0,0,3m) 37| I3, 1 1
Eo | (0,0,m) 3|1, 1 1
d=0|d#0
d (mod 3)




Table 20: L3(9) data for p=2

L3(9) p=2
t E sigy(E) U Ka(E) uz(d)
E1 | (4,6,m + 12) 271 Y4 1 1 2
vot)=m>0 | B3| (4,6,3m+12) | 271 | I§ ., 1 1 2
Ey | (4,6,9m+12) | 271 | I§ .4 1 1 2
Ei | (>8,9,12) 2=t | 1II* 1 2 2
va(t) =0 E3 | (>8,9,12) 2=t | II* 1 2 2
Ey | (>8,9,12) -1 | II* 1 2 2
Ey | (4,6,9m+12) | 27™ 1 1 Ig 1 1 2
va(t)=-m <0 | E3 | (4,6,3m+12) | 271 | T§ ., 1 1 2
Ey | (4,6,m+12) |27™7 1 T* , 1 1 2
= d= =
d (mod 4)
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13.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

t w(E)] | [uw(E)d)] d Prob
v3(t) <0 | (1:1:1) | (1:1:1) (1,0,0)
B o (1:1:1) | d£0(3) §1
w(f)=1) (1:1:0) (1:3:3) | d=0(3) (4’4’0>
B o (1:1:1) | d#0(3) 31
va(t) =2 (1:3:3) (1:1:3) | d=0(3) (0’4’4)
v3(t) >3 (1:3:3%) | (1:1:1) (0,0,1)

The contents of the above table are the main ingredients to prove the following result:

Proposition 13. Let E; —>— F3 —2 Ey bea Q-isogeny graph of type L3(9) corresponding to
a given t in Q. For every square-free integer d, the probability of a vertex to be the Faltings curve

(circled) in the twisted isogeny graph Ef 3 E¢ 3 E$ s given by:

L3(9) twisted isogeny graph d Prob

v3(t) <0 —>E3d—>Eg 1
—>E§—>Eg d#0(3) | 3/4
Ef<——>E§l d=0(3) | 1/4
Ef<——>E§l d#0(3) | 3/4
Ef<—Eg<— d=0(3) | 1/4
v3(t) >3 Ef<—E§<— 1
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14 Type L3(25)

14.1 Settings
Graph
The isogeny graphs of type L3(25) are given by three isogenous elliptic curves:

By —5— Ey —5— P .

Modular curve

The Q-rational points of the modular curve X((25) parametrize isogeny graphs of type L3(25). The
curve X(25) has genus 0 and a hauptmodul for this curve is:

n=s(227)

j-invariants

Letting ¢ = t(7), one can write

(B = §(r) (19 +10t9 + 55t + 2007 + 525t6 + 1010t5 + 1425¢* + 1400t3 + 875t2 + 250t + 5)3
= T =
)= t(t4 1 513 + 1562 1 25¢ + 25)

)

(245t +5)% (t1 +5t% + 25)° (4 + 53 + 206> + 25¢ + 25)°
B 5 (4 + 5t3 + 15t2 + 25¢ + 25)°

J(Es) = j(57)

)

(Ens) = j(257) (19 + 250t + 4375t% 4 350007 + 178125t° + 631250t5 4 1640625+ + 3125000¢> + 4296875t2 + 3906250t + 1953125)3
= T )= -
Sl =d 25 (t* + 5¢3 + 15t2 + 25¢ + 25) .

Signatures

We can (and do) choose Weierstrass equations for (Eq, Es5, E9s) in such a way that the isogeny graph
is normalized. Their signatures are:
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65

(92 +198 + 18T + g16 + 1) (S + 12+ 1) ot | (S8a)V
(92999L6 — 09TTEG6T — IGLEVSYIT — ¢0009TIST — §#STIE0E8 — FO0SLETE — oPSGLRTL] — ,H0GLEIT — GPSTI8T — 200G — or?) (STT + 2001 + 297 + 20T + 37) (G +12+ ¢2) | (557)%
(gTTEG6T + 70ST906€ + ;7GL896TT + ¢2000STTE + $2GTI0FIT + F0STTEY + o?STISLT + ,2000SE + g?GLEY + 610ST + 17) (S + 12+ z2) | (%)™

(T H19 + 8T+ g1+ 1) (SR + o) 8 | ()Y
(92T + 1001 + 15 + 20T + 52) (G + 20T + 226 + 7% + 42) (T + 29T+ 42) (G +12+ 1) (G —¢1) | (47)%
(22 + 16T + 7208 + 26+ 42) (G + 28+ 52) (G +18+ 22) (G +1c+52) | (Sap)vo

(92 +192 + 8T+ g15 +42) (s +1e+ ) 1 | (TD)Vw
(T — 2007 + £29TL + ¢IOTET + 1I96ET + oIFO0T + ¢?5TG + ,700T + ¢755 + 10T + o12) (G + 201 + 26 + g +37) (G + 22+ 1) | (1)
(g + 09T + 4#9L8 + P00VT + (#9CFT + ¢70TOT + ¢7GTS + ,700C + g79S + 20T + o#) (S + 12+ 22) | (7)™

(gz)¢1




Automorphisms

The subgroup of Aut X((25) that fixes the set of vertices of the graph is generated by the Fricke
involution of X(25), given by Was(t) = 5/t. The involution Wss acts on the isogeny graphs of type

L3(25) as:

Waos(Ey —2— E5 —2— Eys) = By —— E;° —>— E°.

14.2 Kodaira symbols, minimal models, and Pal values

Table 21: L3(25) data for p # 2,5

66

L3(25) p 7é 27 3> 5
t E sig, (F) u, | Kp(E) up(d)
By | (0,0,m) 1 |1, 1 1
vp(t) =m >0 Es | (0,0,5m) 1| Isp, 1 1
E25 (0 0 25m) 1 I25m 1 1
E1 | (0,2k,0 Pl 1 1
Up(t) —0 1| ( ) p 0
2 o1 5) — 4k Es | (0,2K,0) PP T 1 1
t2+2t+5) =
ol ) Ess | (0,2k,0) I 1 1
Ey | (1,2+2k,3) | pF | II 1 1
vp(t) =0
2o B Es | (1,2+2k,3) | p~ |1 1 1
t24+2t+5) =4k +1
ol +5) Ess | (1,2 +2k,3) | pF |10 1 1
Ey | (2,4+2k,6) | p* | T3 P 1
vp(t) =0 A
) 2 Es | (2,4+2k,6) | p* | T3 P 1
t2 4+ 2t +5) = 4k +
ol ) Eos | (2,4 +2k,6) | pr | T3 P 1
By | (3,6 +2k,9) | pF |III* p 1
vp(t) =0
L o B — 413 Es | (3,6 +2k,9) | pF | III* p 1
2 +2t+5) =4k +
ol ) Ess | (3,6 +2k,9) | pF | III* p 1
Ey | (0,0,m 1|1 1 1
vp(t) =0 L ) "
§ 5 15 42564 95) > 0 E5 | (0,0,5m) R 1 1
= v, (t* + 5¢3 + 152 + 25¢ + 25) >
m= ol )20 o T 0.0.m) 1 |1, 1 1
By | (0,0,25m) | p73™ | Iosm, 1 1
vp(t) = —m <0 Es | (0,0,5m) p3m | Ism, 1 1
Ess | (0,0,m) p3m | Iy, 1 1
d= d#Z0
d (mod p)
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Table 22: L3(25) data for p=>5
L3(25) p=>5
¢ E sigs (E) us | Ks(E) us(d)
Ey | (2,3,m+5) 1 W 5 1
vs(t) =m > 1 Ey | (2,3,5m+1) 5 I’g(mfl) 5 1
B | (2,3,25m—19) | 5 | Iy, 5| 5 1
us(t) = 1 By | (1,14 2k,3) 5k | 1T 1 1
Es | (1,>1+2k,3) | 581 | 1T 1 1
us(t" + 2t +5) = 4k Bas | (1,>1+2k,3) | 52 | 111 1 1
By | (2,3 +2k,6) 58 13 5 1
vs(t) =1
Es | (2,>3+2k,6) | 5k | T2 5 1
vs(t2 + 2t +5) =4k + 1 B 2531200 57T - n
vs®) = 1 By | (3,5+ 2k,9) 5k | 10T 5 1
Es | (3,>542k,9) | 5k | III* 5 1
ot 204 5) =dk 2 (3,>5+2k,9) | 5M2 | 1r* 5 1
vst) = 1 E1 | (0,14 2k,0) LA 1 1
Es | (0,>142k,0) | 582 | I 1 1
m = vs(t? + 2t +5) = 4k + 3 B | (0.5 1426.0) | 5 | 1, ! )
vs(®) = 0 Ey | (0,>1,0) 581 1o 1 1
Es | (0,>1,0) 58| I 1 1
vs(t2 4+ 2t + 5) = 4k P | (0.5 1.0) F L n n
E; | (1,>2,3 5k | III 1 1
us{t) =0 Es 21, > 9, 3; ¢ | I 1 1
vs(t2 42t +5) = 4k + 1 By | (1>2.3) T 1 )
vs(®) = 0 By | (2,>4,6) 58| T 5 1
Es5 | (2,>4,6) 581 13 5 1
vs(t? 4+ 2t +5) = 4k + 2 By | (2.5 4.6) 5 |1 - )
vs(f) = 0 E1 | (3,>6,9) 5F | TII* 5 1
) Es | (3,>6,9) 5k | TIT* 5 1
vs(t2 4+ 2t +5) = 4k + 3 T | 3.56.9) TR T . n
d=01|d#0
d (mod 5)




Table 22: L3(25) data for p = 5 (Continued)

L3(25) p=>5
t E sigs (E) us | Ks5(E) us(d)
E1 | (0,0,25m) 573 | Tosm, 1 1
vs(t) = —m < 0 Es5 | (0,0,5m) 573m | Ispm 1 1
Ess | (0,0,m) 573m | 1, 1 1
d=0|d#0
d (mod 5)
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Table 23: L3(25) data for p=2

L3(25) p=2
t E sigy (F) U2 Ky (F) uz(d)
E1 | (0,0,m) 1 L 1 21 21
va(t)=m >0 | E5 | (0,0,5m) 1 Ism 1 2~ ! 2~ 1
Ess | (0,0,25m) 1 Iosm 1 21 21
E | (5,8,9) 1 111 1 1 1
?;ﬁl? Es | (5,8,9) 1 I 1 1 1
Ess | (5,8,9) 1 II1 1 1 1
E, | (6,6,6) 1 II 1 1* or 2% 1
?;gjf Es | (6,6,6) 1 1l 1 [ 1*or2r| 1
Es | (6,6,6) 1 11 1 | 1*or2*| 1
Ey | (4,6,25m +12) | 2731 | 150, 1 1 2
vo(t)=-m <0 | E5 | (4,6,5m+12) | 273%™t 1 1 1 2
Eas | (4,6,m + 12) 273m=l | T* 1 1 2
= d=2 d=
d (mod 4)

Remark: If ¢t =3(4) and d = 2 (4) then, for Eq, E5, Es, uz(d) is given by

o t =3(8): uz(d) = {

o t =7(8): ua(d)

1ifd=—2(8)
2 if d = 2 (8);
(
)

2if d = —2(8)
1ifd=2(8).
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14.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(£)] and u(d)

t [w(E)] | [u(E)(d)] | Prob
vs(t) > 1| (1:5:5%) [ (1:1:1) | (0,0,1)
vs(t) <O | (1:1:1) | (1:1:1) ] (1,0,0)

The contents of the above table are the main ingredients to prove the following result:

Proposition 14. Let E; >  FEs —2 Ey bea Q-isogeny graph of type L3(25) corresponding
to a given t in Q. For every square-free integer d, the probability of a vertex to be the Faltings curve

(circled) in the twisted isogeny graph E¢ 5 E¢ > Ed. is given by:
L3(25) | twisted isogeny graph | Prob
vs(t) > 1 E{U—EgU— 1
vs(t) <0 —>E§—>E§5 1
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15 Type Ly

15.1 Settings
Graph

The isogeny graphs of type L4 are given by four isogenous elliptic curves:

B, -2 By -3 Ey % E,.

Modular curve

The Q-rational points of the modular curve Xy(27) parametrize isogeny graphs of type Ls. The
modular curve X(27) is elliptic of rank 0 over the rationals. Its rational points are: two rational
cusps and one rational CM point 7 € H.

j-invariants

The corresponding j-invariant of 7 is:

j(r)=—2"%.3.5.

Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass equation | j(E) label
B | y?*+y=2%—30x+63 —215.3.53 | 27a4
Es |y +y=2a3 0 27a3
Ey | 4+y=2%-7 0 27al
Eyr | y? +y = 2% — 2702 — 1708 —215.3.53 | 27a2
Their signatures are:
E | E Es Ey Ear
cy(E) | 25-3%2-5 0 0 25.3%.5
cs(E) | —23-.3%.11-23 | —23.33 | 23.36 | 23.36.11.23
A(E) | —35 33 -39 | -3l

We have that the Faltings curve (circled) in the graph is
El%@—)Eg—)Eg'y.

Note that any Q-isogeny class of type L4 can be obtained by quadratic twist from

B, -3 By -2 By -3 Ey.

Note that Fq, F3, Eg and E37 have complex multiplication by an order of the ring of integers of
Q(v/=3), and Eg = Ey* and Eo7 = B3,
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15.2 Kodaira symbols, minimal models, and Pal values

There is only one bad reduction prime p = 3.

p=3
E | sigg(E) | K3(E) u3(d)
B | (2,35 | 1Iv 1 1
Es | (0,3,3) II 1 1
Eo | (0,6,9) | 1v* 3 1
Eor | (4,6,11) | II* 3 1
d= d#0
d (mod 3)

15.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

[u(E)(d)] d Prob
(1:1:1:1) | d#£0(3) 31
(1:1:3:3) | d=0(3) (0’4’4’())

This table is the main ingredient to prove the following result:

Proposition 15. For every square-free integer d, the probability of a vertex to be the Faltings curve
(circled) in the twisted isogeny graph

d 3 d 3 d 3 d
El E3 E9 E27

s given by:

twisted isogeny graph condition | prob

E1<—@—>Eg—>E27 d#£0(3) | 3/4

El%EgH—>E27 d=0(3) | 1/4
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16 Type R4(6)

16.1 Settings
Graph

The isogeny graphs of type R4(6) are given by four isogenous elliptic curves:

Ey —>— Ej
g g
By —3— Fg.

Modular curve

The Q-rational points of the modular curve Xy(6) parametrize isogeny graphs of type R4(6). The
curve X(6) has genus 0 and a hauptmodul for this curve is:

¢ — 933271(27)n(67)°
n(7)°n(37)
j-invariants
Letting ¢ = ¢(7), one has
(t +6)3(t2 + 18t% + 84t + 24)3
t(t+8)3(t +9)? ’
(t+12)3 (83 + 1262 4 48t + 192)°

J(E) =j(r) =

J(E2) = j(27)=

t2(t + 8)6(t 4+ 9) ’
() = i(3 )_(t+6)3 (3 + 182 + 324t 4 1944)°
SN = T = 3t + 8)( + 9)0 ’
, , t+ 12)3(3 + 252t% + 3888t + 15552)°
jg) = j(6r) = U IDAC 2020 4 S8R 1 19552)
t5(t + 8)%2(t +9)

Signatures

We can (and do) choose Weierstrass equations for (E1, Eo, F3, Eg) in such a way that the isogeny
graph is normalized. Their signatures are:
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R4(6)
ca(Er) | (t+6)(t2 + 1812 + 84t + 24)
c6(Er) | (2 4 12t 4 24)(t* + 243 + 19242 + 504t — 72)
A(Ey) | t(t+8)3(t+9)?
ca(Eo) | (t412)(t3 4+ 12¢* + 48t 4 192)
ce(E2) | (12 + 12t 4 24)(t* + 243 + 1922 — 4608)
A(Es) | t2(t+8)%(t +9)
ca(Es) | (t+6)(t3 + 1812 + 324t + 1944)
ce(E3) | (12 + 3614 216)(t* — 21612 — 1944t — 5832)
A(Es) | 3(t+8)(t +9)°
ca(Eg) | (t+12)(t3 + 252t + 3888 ¢ + 15552)
ce(Eg) | (12 +36t + 216)(t* — 5043 — 13824 % — 124416t — 373248)
A(Eg) | t9(t +8)%(t +9)3
Automorphisms

The subgroup of Aut Xy(6) that fixes the set of vertices of the graph is generated by the Fricke
involutions of X(6), given by

Wo(t) = —8(t+9)/(t+8),  Ws(t)=—9(t+8)/(t+9),  We(t)=T2/t.

With regard to the action of the Fricke involutions on the isogeny graph, it can be displayed as
follows:

E, —— By By —>— Eg
3 3
EQ E6 El E3
-3 3 -3 -3 3 -3
E; E; E; E;
\2 \2 W3 \2 \2 W
-3 3 -3 -3 3 -3
E6 E2 ES El
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16.2 Kodaira symbols, minimal models, and Pal values

Table 24: R4(6) data for p # 2, 3

R4(6) p#2,3

t E | sig,(E) up | Kp(E) | up(d)
B | (0,0,m) | 1 |Ln 1
Wit} =m > 0 By | (0,0,2m) | 1 | Tom 1
By | (0,0,3m) | 1 | I 1
Eg | (0,0,6m) 1 Ism, 1
Er | (0,02m) | 1 |Iom 1
up(t) =0 Ey | (0,0,m) 1 | Ly 1
m=uv,(t+9) | B3| (0,0,6m)| 1 |Ign 1
Es | (0,0,3m) | 1 | Iz 1
B | 0,03m) | 1 | I 1
up(t) =0 Es | (0,0,6m) 1 | Igm 1
m=uv,(t+8) | B3| (0,0,m) | 1 |In 1
Es | (0,0,2m) 1 I 1
B | (0,0,6m) | p~™ | Tgm 1
) = —m <0 B> | (0,0,3m) p:m Ty 1
Es | (0,0,2m) | p™ | Lo, 1
Es | (0,0,m) |p™™ | I, 1
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Table 25: R4(6) data for p=3

R4(6) p= 3
t E sigs(E) us | Ks(E) u3(d)

B | 23m+4) | 1 |, 3 1
EQ (2, 3, 2m + 2) 1 §(m72) 3 1

v3(t) =m > 2 ”
Es | (2,3,3m) 3 13(m_2) 3 1
Ee | (2,3,6m—6)| 3 |If, o | 3 1
E1 (2, 3, 2m + 2) 1 Z(m72) 3 ].
m=uvs(t+9) | By | (23,6m—6)| 3 [Ii, 5| 3 1
Es | (2,3,3m) 3 | g | 3 1
F (Z 2,3,3) 1 111 1 1
Ey | (>2,3,3) 1 111 1 1

Ug(t) =1 "
Es | (>4,6,9) 1 |1 3 1
Es | (>4,6,9) 1 | 1 3 1
E: | (0,0,3m) 1| I 1 1
U3 (t) = EQ (0, 0, 6m) 1 I6m 1 1
m=uv3(t+8) | Es | (0,0,m) 1 | L, 1 1
Es | (0,0,2m) 1 Tom, 1 1
Ei | (0,0,6m) 377 | Tgm 1 1
Es | (0,0,3m) 37 | Is, 1 1
v3(t) =—m <0
Es | (0,0,2m) 37 | Iy, 1 1
Eg | (0,0,m) 3-m | 1, 1 1
d=0|d#£0

d (mod 3)
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Table 26: R4(6) data for p=2

R4(6) p=2
t E sigy(F) U2 Ky (F) uz(d)
E1 | (4,6,m+9) 1 i 1 1 2
Ey | (4,6,2m + 6) 2 | 1 1 2
va(t) =m >3

Fs | (4,6,3m +3) 1 I, s 1 1 2
FEg | (4,6,6m — 6) 2 o | 1 1 2
Ey | (4,6,3 + 3m) 1 I, s 1 1 2
vo(t) =3 Ey | (4,6,6m — 6) 2 Lm—14 1 1 2
m=uva(t+8) | E3 | (4,6,m+9) 1 Tl 1 1 2
Eg | (4,6,2m + 6) 2 I 1 1 2
Ey | (4,6,8) 1 I 1 1 1
Ey | (>4,5,4) 2 I 1 1 1

va(t) =2
Es | (4,6,8) 1| I 1 1 1
Ee | (>4,5,4) 2 11 1 1 1
Ey | (>4,5,4) 1 I 1 1 1
alt) = 1 By | (4,6,8) 1| I 1 1 1
Es | (>4,5,4) 1 11 1 1 1
Eg | (4,6,8) 1 I 1 1 1
Ey | (4,6,2m+12) | 271 | I3 .4 1 1 2
va(t) = Ey | (4,6,m +12) 27! 4 1 1 2
m=uv(t+9) | B3| (46,6m+12) | 271 | If .4 1 1 2
Eg | (4,6,3m+12) | 271 |15 .4 1 1 2
By | (4,6,6m+12) [ 271 | IE ., 1 1 2
wo(t) = —m < 0 Ey | (4,6,3m+12) | 27™7 L I T5 1 1 2
Es | (4,6,2m+12) | 27™7 L 115, 1 1 2
Eg | (4,6,m+12) |27m 1 T* 1 1 2

7

a
Il
X

d (mod 4)




16.3 Conclusion

From the above tables one gets the (projective) vectors u, = [u,(E)] and u,(d) = [up(E)(d)]:

t [ua (E)] [ug(E)(d)]
ve(t)>2 ] (1:2:1:2) | (1:1:1:1)
ve(t) <1 ] (1:1:1:1) ] (1:1:1:1)

t [uz(E)] [uz(E)(d)] d
va(t)>2 | (1:1:3:3) [ (1:1:1:1)

B o (1:1:1:1) | d#0(3)
wa() =11 (1:1:1:1) (1:1:3:3) | d=0(3
vs(t) <0 | (1:1:1:1) [ (Q:1:1:1)

The contents of these tables are the main ingredients to prove the following result:

Proposition 16. Let

By —3 E4
I
By —3 Eg

be a Q-isogeny graph of type R4(6) corresponding to a given t in Q\ {0, —8,—9} as above. For every
square-free integer d, the probability of a vertex to be the Faltings curve (circled) in the twisted graph

d _ 3 pd
LY £3
S
d_3 d

s given by:

Table 27: Faltings curves in R4(6)

R,(6) twisted isogeny graph d prob
&)
va(t) <1 | w3(t) <0 l J 1

0 J d=0(3) | 1/4

H=

|

¢
o
T~

Continued on next page
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Table 27: Faltings curves in R4(6) (Continued)

Ef<—
oo

B} «+——— E¢

d#0(3)

3/4

() (t) S 1

vg(t) > 2

Ef<—
o

B} +——— E¢

() (t) Z 2

v3(t) <0

Ef —— EY

L]
@ —

() (t) Z 2

1/4

d#0(3)

3/4

va(t) > 2

v3(t) > 2

Bt — B
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17 Type R4(10)

17.1 Settings
Graph
The isogeny graphs of type R4(10) are given by four isogenous elliptic curves:

B, —> B
5 \ \ 9
E2 E10 .

5

Modular curve

The Q-rational points of the modular curve X((10) parametrize isogeny graphs of type R4(10). The
curve X(10) has genus 0 and a hauptmodul for this curve is:

n(27)n(107)°

t=4+2%5
n(7)3n(57)

j-invariants
Letting ¢t = ¢(7), one has
(16 — 4t° 4 16t + 16)°
(16 — 445 + 2561 + 256)°
(t—4)2t10(t+ 1)

(Bs) = i(5r) = (16 — 485 + 2404 — 480¢3 + 1440¢2 — 944t + 16)°
B =T = (= 4pt(t+1)10

Jj(E2) = j(21) =

(16 + 2361° + 1440¢* 4 1920¢3 4 3840¢2 4 256t + 256)°
(t—4)10¢2(t + 1)° '

j(Ew) = j(107) =
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Signatures

We can (and do) choose Weierstrass equations for (E7, Eo, 5, Ep) in such a way that the isogeny
graph is normalized. Their signatures are:

R4(10)
ca(Er) | (2 +4)(t5 — 4% + 16t + 16)
ce(Br) | (2 —2t —4)(t? — 2t +2)(#2 + 4)2(t* — 2% — 61> — 8t — 4)
A(Ey) | (=4 +1)2(t2 +4)3
ca(Eo) | (2 + 4)(t% — 415 + 256t + 256)
co(Ea) | (12 — 2t —4)(1% +4)2(t2 + 4t + 8) (¢ — 8¢ + 2412 — 32t — 64)
A(Ey) | (=420t + 1) (¢2 + 4)3
cs(Es) | (2 +4)(t6 — 415 + 240t* — 480¢% + 1440t% — 944t + 16)
ce(Es) | (12 — 2t +2)(t2 +4)2(t? + 22t — 4)(t* — 261> + 661> — 536t — 4)
A(Es) | (t —4)5¢(t + )12 + 4)3
ca(Ero) | (8% +4)(t5 + 236t° + 1440t* + 19203 + 3840t + 256t + 256)
ce(E10) | (12 +4)2(t2 + 4t + 8)(t% + 22t — 4)(t* — 53613 — 264t> — 416t — 64)
A(Eqg) | (t—4)10%2(t + 1)5(¢% 4 4)3

Automorphisms

The subgroup of Aut X((10) that fixes the set of vertices of the graph is generated by the Fricke
involutions of X(10), given by

Wio(t) =4+ 1)/(t—4), Ws(t) = (—t+4)/(t+1), Wa(t) = —4/t.

With regard to the action of the Fricke involutions on the isogeny graph, it can be displayed as
follows:

5
E1 5 E5 E% E%O
‘2 ‘2 : Id ‘2 ‘2 . WQ
E Eno B} 2 E2
-5 5 -5 —-10 5 —10
E5 El ElO E2
Chm b
-5 —10 5 —10
ElO E5 El

where the arrows correspond to the dual isogenies.
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17.2 Kodaira symbols, minimal models, and Pal values

Table 28: R4(10) data for p # 2,5

82

R4(10) p#2,5

t E sig, (E) up | Ky(E) up(d)
Ey | (0,0,5m) 1| Isn, 1 1
ooff) = m > 0 Ey | (0,0,10m) 1| Liom 1 1
Es | (0,0,m) 1 |1, 1 1
FEio | (0,0,2m) 1| Iy 1 1
Ey | (0,0,2m) 1| Loy 1 1
vp(t) =0 E,; | (0,0,m) 1 L, 1 1
m=uv,(t+1)>0 | E5 | (0,0,10m) 1| Liom 1 1
Eq | (0,0,5m) 1 Ismn 1 1
Ey | (0,0,m) 1 | L, 1 1
vp(t) =0 Ey | (0,0,2m) 1 Iom 1 1
m=uv,(t—4)>0 Es | (0,0,5m) 1 Ism 1 1
FEio | (0,0,10m) 1| Liom 1 1
E1 | (0,2k,0) Pk I 1 1
vp(t) =0 Ey | (0,2k,0) p* | I 1 1
vp(t2 +4) = 4k E5 | (0,2k,0) AN T 1 1
E1o | (0,2k,0) PP 1o 1 1
Ey | (1,2+2k,3) | p* | 1 1
vp(t) =0 By | (1,242k,3) | pF |1II 1 1
vp(t24+4) =4k +1 | BEs | (1,2+2k,3) | pF |III 1 1
Fi | (1,2+2k,3) | pF |III 1 1
Ey | (2,4+2k,6) | p* |T§ p 1
vp(t) =0 Ey | (2,4+2k,6) | p* | I} p 1
v(t? +4) =4k +2 | BEs | (2,442k,6) | pF |I§ P 1
Eio | (2,4+2k,6) | p* | T P 1
By | (3,6 +2K,9) | pF |IIf P 1
vp(t) =0 Ey | (3,6 +2k,9) | pF |III* P 1
v(t? +4) =4k +3 | BEs | (3,64+2k,9) | pF | III* P 1
Fio | (3,6 +2k,9) | pF | III¥ P 1




Table 28: R4(10) data for p # 2,5 (Continued)
E1 | (0,0,10m) —2m | 1o, 1 1
op(t) = —m <0 Ey | (0,0,5m) p:2m Ism 1 1
Es | (0,0,2m) p=2m | 1oy, 1 1
Ei1o | (0,0,m) p2" | 1, 1 1
d=0|d#0
d (mod p)
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The polynomial 2 + 4 factors over Qs[t] as (t — a1)(t — az) with

a1 =1+2-5+2-534+3-5*4+4-564+2.5" +3.584+3.5%94+4.510 4.5 1 3.512 4 O(513),
p=4+2-5+4-524+2-53 454 +4.5 4+ 2.57 + 5% 459 1 512 1 3.513 1 3.514 4L O(519),

Table 29: R4(10) data for p =5

R4(10) p=5
t E sigs (E) us | Ks(E) us(d)
Ey | (0,0,5m) 1| Isn 1 1
E2 (0 0 10m) 1 IlOm 1 1
vs(t) =m >0
Es | (0,0,m) 1|1, 1 1
E1o | (0,0,2m) 1| Iom 1 1
Ey | (0,1+ 2k,0) 58| I 1 1
125@ T5§) By | (0142600 | 55 |1 1 1
- k
vs(£2 + 4) = dk Es | (0,2k,0) 5 Iy 1 1
FE1o | (0,2k,0) 58| 1o 1 1
Ey | (1,3 +2k,3) 58| 110 1 1
U5(t)175) Bs | (1,3+2k,3) | 5° |II 1 1
t=
k
vs(t2+4) = 4k +1 | Fs | (1L2+2k,3) 5 111 1 1
Ero | (1,2 + 2k, 3) 5k | 11T 1 1
Ey | (2,5 + 2k,6) 5| I8 5 1
5l us (t );? Es (2 542k,6) | 5 | I 5 1
= oo
Fo ( 4 + 2k, 6) 581 13 5 1
Er | (3,7 +2k,9) 5k 10T 5 1
1’5(”1?5? Es | 3,7+2k9) | 5¢ |1 5 1
t=
k *
Fo (3 6 + 2k 9) 5k 10T 5 1
By | (1,>2,3) 5F | I 1 1
vs(t) =0 B | (1,>3,3) 5¢ | I 1 1
t=14(25) T
U5(t2 _|_4) =4k E5 (1, > 2 ) 5 11T 1 1
Fi | (1,>2,3) 5k III 1 1
d=01|d#0
d (mod 5)
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Table 29: R4(10) data for p = 5 (Continued)

R4(10) p=5
t b sigs (E) us | Ks(E) us(d)

Er | (2,>3,6) 5k T 5 1
it B | (2,236 5 1 R
vs(244) = dk+1 | P5 | (2,23,6) 5P TG 5 1
Ei | (2,>3,6) sEFL I TE 5 1
By | (3,25,9) 5k | III* 5 1
vs(2+4) = dk+2 | B5 | (3,>5,9) 55| I 5 | 1
Eip | (3,>5,9) 5k+L | TIT* 5 1
Ey | (0,=1,0) 5P 1 g 1 1
tvi(?zleQg) Ey | (0,>1,0) 5FFL ] I 1 1
s +4) = ak+3 | B5 | (0,>1,0) 5542 1 o 1 1
Ei | (0,>1,0) 542 1 o 1 1
Ey | (2,3,m+5) 1 W 5 1
:5:(2 (225(; Ey | (2,3,2m +4) 1 | A 5 1
vs(t —4) =m Es | (235m+1) | 5 [T, 5 5 1
Eio | (2,3,10m—4) | 5 |Ig, 10| 5 1
Ey | (2,2 3,6) 1| I 5 1
vs(t) = E; | (2,>3,6) 1 I; 5 1
t=9,19(25) Es | (2,>3,6) 5 T 5 1
Eio | (2,>3,6) 5 I3 5 1
Ey | (2,3,2m +4) 1 | 5 1
:5?4?22) Ey | (2,3,m+5) 1 S 5 1
vs(t+1) =m Es | (2,3,10m—4) | 5 | T, 19| 5 1
Eio | (2,3,5m +1) 5 | Ii, s 5 1
Ey | (0,>0,0) 1 Io 1 1
vs(t) =0 E; | (0,>0,0) 1 Ip 1 1
t=2,3(5) Es | (0,>0,0) R 1 .
Eo | (0,>0,0) 1 Iy 1 1

d=0]d#0
d (mod 5)
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Table 29: R4(10) data for p = 5 (Continued)

R,4(10) p=>5
¢ E sigs (E) us | Ks(E) us(d)

E1 | (0,0,10m) 572™ | Tiom 1 1

E> | (0,0,5m) 572m | Iy, 1 1

vs(t) = —m <0 Es | (0,0,2m) 5-2m | 1, 1 1
E1o | (0,0,m) 572m | 1, 1 1

d=0|d#0
d (mod 5)
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Table 30: R4(10) data for p=2

R4(10) p=2
t E sigy(F) ug Ky (F) uz(d)
Ey | (6,9,5m + 8) 1 I, o 1 | 2ford4*| 1
wolt) = m > 2 E> | (6,9,10m — 2) 2 Yome12 | 1 | 2for4*| 1
Es | (6,9,m + 16) 1 6 1 2% or 4* 1
Eyo | (6,9,2m + 14) 2 | 1 | 2for4*| 1
Ey | (6,9,m + 16) 1 b 1 |4 or2| 1
va(t) =2 E; | (6,9,2m + 14) 2 L5 1 4* or 2* 1
m=uva(t—4) | E5 | (6,9,5m +8) 1 15, o 1 |4 or2v| 1
Eyo | (6,9,10m — 2) 2 Yome12 | 1 | 4*or2F| 1
E; (7 11,15) 1 Ir* 1 2 1
wolt) = 1 By | (5,8,9) 2 111 1 1 1
Fs (7 11,15) 1 111 1 2 1
Ey | (5,8,9) 2 111 1 1 1
E1 | (0,0,2m) 1 Iom 1 21 2-1
va(t) =0 Ey | (0,0,m) 1 L., 1 2-1 21
m=v2(t+1) | E5 | (0,0,10m) 1 Liom 1 2-1 21
E1 | (0,0,5m) 1 Isim 1 21 -1
Er | (4,6,10m+12) [ 272m=1 | 15,y 1 1 2
wal) = —m <0 Ey | (4,6,5m+12) | 272m=L 1z 1 1 2
Es | (4,6,2m+12) |272m~1 15 ., 1 1 2
FEio | (4,6,m +12) 272m=l\ 1* 1 1 2
d=1 d=2 d=3
d (mod 4)

Remark (2* or 4%): If vo(t) > 2 and d = 2 (4) then, for E1, Eq, E5, Ejp, the value ug(d) is given by

2if d = 2(8)
uﬂd%:{ziﬁdz—&(&.

Remark (4* or 2*): If vo(t) = 2 and d = 2 (4) then, for E1, Eq, E5, Ejp, the value ug(d) is given by

4if d=2(8)
1@M)={ 2if d=—2(8).
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17.3 Conclusion

From the above tables one gets the (projective) vectors u, = [u,(E)] and u,(d) = [up(E)(d)]:

t [ua (E)] [ug(E)(d)] d
va(t) >1 ] (1:2:1:2) [ (1:1:1:1)
o (1:1:1:1) | d#0(2)
) =1 1202 o Ta =0
va(t) <O | (1:1:1:1) [(1:1:1:1)
t [us (E)] [us (E)(d)]
vs(t) # 0
vs(t)=0 | (1:1:1:1) ] (1:1:1:1)
t#4(5)
vs(t) =0 1.5 11
t5z45) (1:1:5:5) | (1:1:1:1)

The contents of these tables are the main ingredients to prove the following result:

Proposition 17. Let

B, —>— Ej
RN
By —>— Ejp

be a Q-isogeny graph of type R4(10) corresponding to a given t in Q\ {—1,£4} as above. For every
square-free integer d, the probability of a vertex to be the Faltings curve (circled) in the twisted graph

d__5 d
Ly L3
-

d _ 5 d
By Ly

s given by:

Table 31: Faltings curves in R4(10)

R4(10) twisted isogeny graph d prob
us(t) # 0 —
va(t) <0 | l 1
us(f) =0 B — By
t#4(5)

Continued on next page
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Table 31: Faltings curves in R4(10) (Continued)

— B
vs(t) #0 J d=0(2) | 1/3
E{ —— FEY,
UQ(t) =1 i i
:55)425;) | J d#0(2) | 2/3
@ «— Ef)
vs (t) # 0 Bl —— B
Ug(t) > 1 l J 1
v5(t) =0 +—— EY
t5§é 4(5) <)
B} —— EY¢
va(t) > 1 :‘2)4:5;) T 1 1
E{ —— %
B} ——
T d=0(2) | 1/3
we =1 | w00 jj — z
1 |azoe | s
EY %
_ Bl @
awso| s |16 1
FEY «+—— Ef,
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18 Type R4(14)

18.1 Settings
Graph
The isogeny graphs of type R4(14) are given by four isogenous elliptic curves:

B, " E;
E E
By — 1 Ey.

Modular curve

The Q-rational points of the modular curve X((14) parametrize isogeny graphs of type R4(14). The
modular curve X(14) is elliptic of rank 0 over the rationals. Its rational points are: four cusps and
two CM points given by 77" € H.
j-invariants
The corresponding j-invariants of 7 and 7/ are:

jr)=-=3-5%  j(r')=3"-5"-17".
We have j(147) = (7).

Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass model J(E) label
El |V +aoy=a>—22—-22-1 —3%.53 49a1
Ey |y +oy=a%—2%2—-372 78 355317 | 49a2
E; | y? + oy =23 — 22 — 107z + 552 —3%. 53 49a3
Eiu | y? + oy =2 — 2% — 18222 4+ 30393 | 3°-5% - 173 | 49a4

Their signatures are:

E Eq E, by Eqy
cs(E) | 3-5-7(3-5-7-173-5-73|3-5-7.17
cg(E) | 3572 | 3*.72.19 | -32.7° | —3+.7°.19
A(E) | -7 73 -7 73

We have that the Faltings curve (circled) in the graph is

@) — 5
I



Note that any Q-isogeny class of type R4(14) can be obtained by quadratic twist from

B, " E;
E E
By — 1 Ey.

Note that Fq, Fo, EF7 and E14 have complex multiplication by an order in the ring of integers of
Q(W~=T7) and E; = B, By = E, .

18.2 Kodaira symbols, minimal models, and Pal values

There is only one bad reduction prime p = 7.

p="7
E | sigy(E) | K7(E) uz(d)
B (1,23 m |1 1
B | (1,2,3) | m |1 1
Er | (3,5,9) | mr- |7 1
B | (3,5,9) | mrr |7 1
d=0|d=0
d (mod 7)

18.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

[u(E)(d)] d Prob

(1:1:1:1) | d£0(7) 7 1
(1:1:7:7) | d=0(7) (8’0’8’0)

This table is the main ingredient to prove the following result:

Proposition 18. For every square-free integer d, the probability of a vertex to be the Faltings curve
(circled) in the twisted isogeny graph

d _ T d
o

d _ 7 d
£y iy

is given by:
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Table 32: Faltings curves in R4(14)

twisted isogeny graph | condition | prob
— &

l l d£0(7) | 7/8
B —

l d=0(7) | 1/8

|

Ef «—— B,
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19 Type R4(15)

19.1 Settings
Graph
The isogeny graphs of type R4(15) are given by four isogenous elliptic curves:

B, —>— FE;
5
Es Eis.

Modular curve

The Q-rational points of the modular curve Xy (15) parametrize isogeny graphs of type Ry4(15). The
modular curve X((15) is elliptic of rank 0 over the rationals. Its rational points are: four cusps and
four CM points given by 7,7/, 7", 7" € H.

j-invariants

The corresponding j-invariants of 7,7/, 7" and 7" are:

. —52 _ —52.241% | —-5.29% 5-2113
== i) =—F— i=—F%— " ="35

We have j(157) = j(7').

Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass model J(E) label

Ey | 2 =23 —2?—8xr+112 _752 400c1
B3 | y? =% — 2% — 2008z + 35312 | =224° | 400c2
By | y? =% — 2% — 1208z — 19088 | =32 | 400c3
Eis | y* =2 — 2 + 8792z + 140912 | 22° | 400c4

Their signatures are:

E E, Es E; Eqs
ca(E) | 2152 24.52.241 24.5%3.29 | —24.53.211
cg(E) | —20-5%.59 | —26.52.13.1439 | 26.5%.421 | —26.5%.13.239
A(E) _213 . 54 _215 . 54 _217 . 58 _227 . 58
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We have that the Faltings curve (circled) in the graph is

B) — 5
[

Note that any other Q-isogeny class of type R4(15) can be obtained by quadratic twist from

E o

E3 Eis.

19.2 Kodaira symbols, minimal models, and Pal values

There are two primes of bad reduction p = 2 and 5.

p=2
E | sigy(E) | Ka(E) uz(d)
B | (46,13 1n |1 1 2
B | (4,6,15) | Ir |1 1 2
BEs | (4,6,17) | I; |1 1 2
Eis | (4,6,27) | I, |1 1 2
d=1|d= d=3
d (mod 4)
p=
E | sigg(F) | K3(E) us(d)
E; | (2,2,4) v 1 1
B | (22,4) ] IV |1 1
Es | (3,4,8) | V- |5 1
Eis | (3,4,8) | IV* |5 1
d=0|d=0
d (mod 5)
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19.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

[u(E)(d)] d Prob

(I1:1:1:1) | d#0(5) 5 1
(1:1:5:5) | d=0(5) (6’0’6’0)

This table is the main ingredient to prove the following result:

Proposition 19. For every square-free integer d, the probability of a vertex to be the Faltings curve
(circled) in the twisted isogeny graph

d__5 d
Ly L3
]
d_5 _ pd

is given by:

Table 33: Faltings curves in Ry(15)

twisted isogeny graph | condition | prob
&) — =
l l d#0(5) | 5/6

d d
E3 E15

Eﬁh—@
L]

d d
ES E15

d=0(5) | 1/6
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20 Type Ry4(21)

20.1 Settings

The isogeny graphs of type R4(21) are given by four isogenous elliptic curves:

B, —— E
g g
By —— Ey

Modular curve

The Q-rational points of the modular curve X((21) parametrize isogeny graphs of type Ry4(21). The
modular curve X(21) is elliptic of rank 0 over the rationals. Its rational points are: four cusps and
four non-cuspodial non-CM points corresponding to 7,7, 7", 7" € H.

j-invariants

The corresponding j-invariants of 7,7/, 7" and 7/ are:

) _32.56
i) = —%—

_33.5°

_ —3%.5%.383
2 7 B

—32.5%.1013
27 ’ ’

221

j(T”) j(T///) —

J(7)

Signatures

We can (and do) choose Weierstrass equations in such a way that the isogeny graphs are normalized:

E | Minimal Weierstrass model | j(E) label

Ei | y? =2 + 45z + 18 +3-8% 1296k1

Bs | 4> =2° — 675z + 7074 =3 1296k2

Er | y? =2 — 172350 — 870894 | 3233857 | 1996Kk3

By | 4% = a® — 13635z — 1244862 | —225;101° | 1296k4

Their signatures are:
E | B Es E; En

cy(E) | —24.3%.5 | 24.3%. 52 24.3%.5.383 | 24.3*.5.101
cg(E) | —26-3° —26.36.131 | 26.35.48383 | 26.36.23053
A(E) _ 913 . 36 _ 915310 _919 .36 _ 933310




Note that any Q-isogeny class of type R4(21) can be obtained by quadratic twist from

ks by

20.2 Kodaira symbols, minimal models, and Pal values

There are two bad reduction rational primes p = 2 and 3.

p=2
E | sigy(E) | Ko(E) uz(d)
B | (4613 1n |1 1 2
Es | (4,6,15) Iz 1 1 2
Br | (4,619 T, |1 1 2
By | (4,6,33) ] Iy |1 1 2
d=1|d= d=3
d (mod 4)
p=
E | sig3(E) | Ks(E) us(d)
E; | (3,5,6) v 1 1
Es | (4,6,10) | IV* |3 1
E; | (3,5,6) v 1 1
B | (4,6,10) | 1v* |3 1
d=0|d#0
d (mod 3)
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20.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

[u(E)(d)] d Prob

(I1:1:1:1) | d#0(3) 3 1
(1:3:1:3) | d=0(3) (4’0’4’0)

This table is the main ingredient to prove the following result:

Proposition 20. For every square-free integer d, the probability of a vertex to be the Faltings curve
(circled) in the twisted isogeny graph

B —— B¢

b

d _ 7 d

is given by:

Table 8/: Faltings curves in Ry(21)

twisted isogeny graph | condition | prob

) — =
!

l d#£0(3)| 3/4

d d
E3 E21

| l d=0(3)| 1/4

98



21 Type Rg

21.1 Settings
Graph

The isogeny graphs of type Rg are given by six isogenous elliptic curves:

Modular curve

The Q-rational points of the modular curve X((18) parametrize isogeny graphs of type Rg. The
curve X((18) has genus 0 and a hauptmodul for this curve is:

(27)n(37)n(187)*

P (6 (om)

j-invariants

Letting ¢ = t(7), one can write

(5 —2)° (¢9 — 616 — 123 — 8)°
(t—2)t9(t 4+ 1)2 (12 — t + 1) (12 + 2t + 4)

J(Er) = j(1) =

(83 4+ 4)° (2 — 1266 + 4843 + 64)°

) =IC0 = T m s 1) (@ 1 1) (2 4 2t 1 47

(8 —2)° (83 + 6t — 2)° (16 — 61* — 4¢% + 3612 + 12t + 4)°

J(Es) =j(37) = (t—2)383(t+ 1)6 (12 — t + 1)0 (12 + 2t + 4)°

(3 +4)° (£ 4+ 612+ 4)° (5 — 65 + 361* + 8t — 2412 + 16)°
(t —2)626(t +1)3 (2 — t + 1) (£2 + 2t + 4)°

J(Eg) = j(67) =

(3 + 6t — 2)° (12 + 23417 — 616 + 756¢5 — 936t + 217263 — 1512¢2 4 936¢ — 8)°

(t —2)%(t +1)18 (12 — t +1)* (12 + 2t + 4)

J(Ey) = j(97) =

(3 + 612 + 4)° (¢9 + 23415 4 75617 + 21726 + 187265 + 3024¢* 4 48t% 4 3744¢2 + 64)°

J(E1s) = j(187) = (t—2)182(t+ 1) (12 —t+ 1) (12 + 2t + 4)2

Signatures

We can (and do) choose Weierstrass equations for (F1, Eq, E3, Fg, Eg, E1g) in such a way that the
isogeny graph is normalized. Their signatures are:
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dTH1+ ) (T+1—g8) g(@—2)-6(1+2) ¢ (8tq)v

(GTG — 1WP19 — VP19 — ¢H0TSEY — HIFVEST — (FG66TS — gI1CEILE — LIFEITY — gPIEBLT — 6IOLFT — o1 1F86E — 1178TG — ¢11) (8 — 796 + #8F — ¢786 + ,1¥G + o176 + o3) | (8T@)9%
(P9 + 1FVLE + (387 + $#7T0E + G2TL8T + g1TLTT + ,29GL + 1FET + 1) - (F+ 29+ ¢3) | (8Tg)™ =
dT+1—20) -G+t (1+9)-4c—1-3 | (¢a)v T

(8 —321TT — £#896L + ¢1T6LYT — H1896ET + 295901 — o#OLY + ,3TIEE — g1T6L + 2089 — (8% + 11T — z11) - (8 — 296 + 98V — (906 + VT + VT + ¢3) | (67)9

(8 — 79€6 + Z1TTIST — ¢#TLIT + $19€6 — c19GL + o719 — ,#WET + 1) - (G — 19 + m: (6x)7>

oW1+ ) g(T+2—2t) gt g@—1 g1+ | OV

(P9 + #59 — #9 + #8TT + 129G — 29T — g9+ 28+ g?) - (T + W + 29+ 2T — 3 - (8 — 18 — 28— 1) - (T—3T + 3 | (97)9%

QT+ 2 — 18+ 4198 + 19 — o) - (P + 519+ 1) - (P +¢¥) | (9a)Po

oI +1—gD) ¢+t ) o1+ -¢t-¢(@-1) | )V

(F+19T — g9+ 28+ 1T — 19T — o + 30+ 1) - T+ + 29+ 16— 1) - (G — 18— iz — 1) - (T — 1+ 1) | (87)%

(TH+18T+ 296+ ¢ — 319 — o1) - (T — 29+ ¢7) - (T — m@ (eq)vo

dFHI+ ) (T+1—g) gt =9 T+ | (Ca)v

(CTe — ¢1BIS — 18 — 11 - (8 — ¢ — o) | (BA)%

(FO+ 18V + el — 2) - (T + 1) | (Ba)™

dI+1—0) W+ + ) 6t (149 (€-1) | (Vv

(8— 18— 18— z1?) (8 — W — oY) | (T7)%

(8= ¢lT— 19— ) (T —¢¥) | (T@)¥o

seinjeudis oYy




Automorphisms

The subgroup of Aut Xy(18) that fixes the set of vertices of the graph is isomorphic to the Klein
group of order 4.

automorphism permutation order
id(r) = 0O 1
ot) =2(t+1)/(t—2) | (j1,18)(d2;J9)(J3. Jo) 2
T(t) =-2/t (J1, 32) (J3; g6 ) (Jo, j18) 2
or(t)=—(t—2)/(t+1) | (j1,d0)(J2, 518)(J3)(Js) | 2

Automorphism action on the graph

id ()

o (E1, E18)°73(Ey, Eg)®3(E3, Fg)® ™3

T (E1, Ey)(E3, Eg)(Eqg, E1g)

o7 | (E1, Eg)® 3(Ey, E18)¥3(F3)®3(E)® 3
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21.2 Kodaira symbols, minimal models, and Pal values

Table 35: Rg data for p #£ 2,3

Rg p#2,3
t E sig,,(E) up | Kp(E) up(d)
E1 | (0,0,9m) 1| Igm 1 1
Ey | (0,0,18m) | 1 | Ligm 1 1
Es | (0,0,3m) 1| Ism 1 1
vplf) =m >0 Eg Eo, 0,6m) | 1 | Igm 1 1
Ey | (0,0,m) 1| Ly 1 1
Eis | (0,0,2m) 1| Iom 1 1
E1 | (0,0,m) 1|1 1 1
Ey | (0,0,2m) 1| L 1 1
up(t) =0 Es | (0,0,3m) 1| Ism 1 1
vp(t—2) =m >0 Es | (0,0,6m) 1| Igm 1 1
Ey | (0,0,9m) 1| Igm 1 1
Eig | (0,0,18m) | 1 | Iign 1 1
E1 | (0,0,2m) 1| Iom 1 1
Ey | (0,0,m) 1|1y 1 1
up(t) =0 Es | (0,0,6m) 1| Igm 1 1
vp(t+1)=m >0 Es | (0,0,3m) 1| Ism 1 1
Ey | (0,0,18m) | 1 | Ligm 1 1
Eis | (0,0,9m) 1| Igm 1 1
E; | (0,0,m) 1|1y 1 1
Ey | (0,0,2m) 1| Iom 1 1
() =0 Es | (0,0,3m) 1| Ism 1 1
vt +2t+4)=m>0 | Es | (0,0,6m) 1 | Igm 1 1
Ey | (0,0,m) 1| In 1 1
Eis | (0,0,2m) 1| Iom 1 1
d=0|d#0
d (mod p)
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Table 35: Rg data for p # 2,3 (Continued)

Rg p#2,3

t E sig,,(F) up | Kp(E) up(d)
Ey | (0,0,2m) 1| I 1 1
By | (0,0,m) 1 | In 1 1
vp(t) =0 Ez | (0,0,6m) 1| Im 1 1
v —t+1)=m>0 | Eg | (0,0,3m) 1| Iy 1 1
FEo | (0,0,2m) 1| I 1 1
Eig | (0,0,m) 1 | Iy 1 1
E1 | (0,0,18m) | p73™ | Tigm 1 1
Ey | (0,0,9m) | p73™ | Igp 1 1
Ez | (0,0,6m) | p73™ | Igm 1 1

vp(t) =—m <0 —
Eg | (0,0,3m) | p73™ | I3 1 1
Ey | (0,0,2m) | p=3™ | Iy, 1 1
Eis | (0,0,m) p3 | 1, 1 1
d=0|d#0

d (mod p)
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Table 36: Rg data for p =3

Rs p=3
t E sigg(F) ug | K3(E) u3(d)
E; | (0,0,9m) 1 Iom 1 1
E, | (0,0,18m) 1 Lism 1 1
v3(t) =m >0 By | (0,0,3m) L | Tam 1 1
Eg | (0,0,6m) 1 Iem 1 1
Ey | (0,0,m) 1 | L, 1 1
Eqg | (0,0,2m) 1 Loy, 1 1
E; | (2,3,m+05) 1 o 3 1
Ey | (2,3,2m+4) 1 5 3 1
”i(tz) 5: 50; Es | (2,3,3m+3) 3 |15, s 3 1
Ugt(t_ _9) (:)m Eg | (2,3,6m) 3| s 3 1
Ey | (2,3,9m —3) 32 |15, 3 1
Eig | (2,3,18m—12) | 3% |Ijg, 15| 3 1
E; | (2,3,2m +4) 1|, 3 1
Ey | (2,3,m+5) 1 o 3 1
1;3 S)STQS’ Es | (2,3,6m) 3 e 3 1
vs(t+1)=m | Po | (2,3,3m+3) 30| I, s 3 1
Ey | (2,3,18m—12) | 3% | Ijg, 15| 3 1
Eig | (2,3,9m — 3) 32 o 3 1
E1 | (0,0,18m) 373m | Tiam 1 1
Ey | (0,0,9m) 373 | Top, 1 1
E3 | (0,0,6m) 373 Tgm 1 1
v3(t) = —m <0
Eg | (0,0,3m) 373 gy 1 1
Ey | (0,0,2m) 373 gy, 1 1
Eig | (0,0,m) 3=3m | 1. 1 1
d=0|d#0
d (mod 3)
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Table 37: Rg data for p=2

Rg p=2
t E sigy (F) U2 Ks(E) u2(d)
Er | (4,6,9m + 3) 1 | I, s 1 1 2
B> | (4,6,18m — 6) 2 Tem-1a | 1 1 2
oot =m > 1 E3 | (4,6,3m +9) 1 I3 41 1 1 2
Es | (4,6,6m +6) 2| T s 1 1 2
By | (4,6,m +11) 1 [T 1 1 2
Eis | (4,6,2m + 10) 2 | I 1 1 2
Ey | (4,6,m+11) 1 m+3 1 1 2
B> | (4,6,2m + 10) 2 | The 1 1 2
oa(t) = 1 By | (4,6,3m +9) RN S 1 1 2
va(t—2)=m | By | (4,6,6m + 6) 2 | Lo 1 1 2
By | (4,6,9m +3) 1 | s 1 1 2
Eis | (4,6,18m — 6) 2 Tsm—14 | 1 1 2
B | (4,6,2m+12) | 270 [T, 1 1 2
FEy | (4,6,m +12) 27! mtd 1 1 2
v(t) = Es | (4,6,6m+12) | 27! [T, 1 1 2
v+ =m | B | (4,6,3m+12) | 271 [, 1 1 2
Eo | (4,6,18m+12) | 270 [Tignu | 1 1 2
FEis | (4,6,9m + 12) 21 Lma 1 1 2
Ey | (4,6,18m+12) | 2731 | T5g oy 1 1 2
By | (4,6,9m+12) |23 1[5 1 1 2
va(t) = —m < 0 Bz | (4,6,6m+12) [ 27915 1 1 2
Es | (4,6,3m+12) |273m—1[15 1 1 2
Ey | (4,6,2m+12) | 27%" 1 /15 ., 1 1 2
Eig | (4,6,m+12) | 2731 1* 1 1 2
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21.3 Conclusion

From the above tables one gets the (projective) vectors u, = [u,(E)] and u,(d) = [up(E)(d)]:

t [ua(E)] [ug(E)(d)]
va(t) >0 ] (1:2:1:2:1:2) | (1:1:1:1:1:1)
va(t) <O | (1:1:1:1:1:1) | (1:1:1:1:1:1)

t [uz(E)] [uz(E)(d)]
v3(t) =0 ] (1:1:3:3:3%2:3%) [ (1:1:1:1:1:1)
va(t)#0| (1:1:1:1:1:1) | (1:1:1:1:1:1)

The contents of these tables are the main ingredients to prove the following result:
Proposition 21. Let

B, —2— B3 —3 F,

N

Es Eg Eqg

3 3

be a Q-isogeny graph of type Rg corresponding to a given t in Q\ {0,—1,2} as above. For every
square-free integer d, the probability of a vertex to be the Faltings curve (circled) in the twisted graph

Ef —— Bf —— B

2 E E

Eg Eg

3

s given by:

Table 38: Fultings curves in Rg

Rg twisted isogeny graph prob

B} 3 pd — E¢

Lol
@%Eg’*)Ef’g

Bl 2 _pd 5 Ed

va(t) > 0 | w3(t) =0 J J | 1

E§—>Eg—>

Continued on next page

UQ(t) >0 ’1)3(t) #0
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Table 38: Faltings curves in Rg (Continued)

B ]

va(t) <0 | v3(t) #0 | J J

d d d
E2 Eﬁ E18

. iC)

va(t) <0 | v3(t) =0 J J

d d d
E2 E6 EIS
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22 Type T}

22.1 Settings
Graph

The isogeny graphs of type T are given by four isogenous elliptic curves:

Eq

‘2
Es
27N
Ey Es.

Modular curve

The Q-rational points of the modular curve Xy (4) parametrize isogeny graphs of type Ty. The curve
Xo(4) has genus 0 and a hauptmodul for this curve is:

8
+— 98 <77(47')) .
n(7)
j-invariants

Letting ¢ = ¢(7), one can write

(t? + 16t + 16)3

jr=j(Er) = j(7) = i1 16)

Jo2 = j(E2) = j(27) _& ;(16;_ 1_62)26)3
=B = jan) <O
iz = j(Er2) = j(T+1/2) = - - _t(?—itlg)i%)g '
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Signatures

We can (and do) choose Weierstrass equations for (E7, Eo, F4, E12) in such a way that the isogeny
graph is normalized. Their signatures are:

ca(Er) | (2 +16t+16)

c(Er) | (t+8) (2 + 16t —8)
A(Ey) | t(t+16)

ca(Es) | (12 4161+ 2506)

c(Fa) | (t — 16)(t + 8)(t + 32)
A(Es) | t3(t +16)2

ca(Ey) | (2 42561 +4096)
ce(Eq) | (t+32) (t* — 512t — 8192)
A(Ey) | t*(t+16)

ca(Erg) | (% — 224t + 256)

cs(Er2) | (t —16) (t* + 544t + 256)
A(Er) | —t(t+16)*

Automorphisms

The subgroup of Aut Xy(4) that fixes the set of vertices of the graph is isomorphic to the symmetric
group Sz with elements:

permutation order

d(t) =t (J1, 2, Ja, J12) 1
o(t) =-256/(t+16) (ji2,J2,71,52) 3
o%(t) =—16(t+16)/t (ja,j2,712,51) 3
T(t) =256/t (ja,j2, 4, J12) 2
or(t) =—(t+16) (J1,J2,Ja,j12) 2
o?r(t)=—16t/(t +16) (j12,J2,ja,51) 2
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22.2 Kodaira symbols, minimal models, and Pal values

Table 39: Ty data for p # 2

110

Ty p#2
t E sig,,(E) Up K, (E) up(d)
E; | (0,0,m) 1 L 1 1
oo(t) = m > 0 Ey | (0,0,2m) 1 Tom 1 1
E; | (0,0,4m) 1 Lim 1 1
E1 | (0,0,m) 1 L 1 1
E; | (0,0,m) 1 Ly 1 1
vp(t) =0 Es | (0,0,2m) 1 | Y 1 1
vp(t+16)=m >0 | E; | (0,0,m) 1 Ln 1 1
E1 | (0,0,4m) 1 Lim 1 1
Ey | (2,3,4m+6) | p~ D2 | 1% p 1
vp()? —m <0 By | (2,3,2m+6) | p~(m+D/2 | 135 p 1
m odd Ey | (2,3,m+6) |p (mtD/2 ] 1% p 1
E1p | (2,3,m+6) —m+1)/2 | 1 p 1
Ey | (0,0,4m) p™2 | Ly 1 1
vp(t) = —m < 0 Ey | (0,0,2m) p2 | T 1 1
m even E; | (0,0,m) p~m/2 I 1 1
E1 | (0,0,m) p~m/2 1, 1 1
d=0|d#0
d (mod p)




Table 40: Ty data for p=2

Ty p=2
t E sigy (E) us Ko (E) uz(d)
E1 | (0,0,m —8) 2 Lns 1 27t | 271
E 0,0,2(m — 8 22 | DY 1 2= | 27!
on(t) = m > 7 2 | ( ( ) 2(m—8)
Ey | (0,0,4(m — 8)) 23 Li(m—g) 1 2-1 | 27!
E2 | (0,0,m —8) 22 | S 1 2-1 | o-t
Er | (4,6,11) 1 I 1 1 1
By | (4,6,10) 2 11+ 1 1 1
vo(t) =7
Ey | (4,6,8) 22 H 1 1 1
FE1o | (4,6,11) 2 I 1 1 1
E1 | (4,6,10) 1 Ir* 1 1 1
Ey | (4,6,8 2 H 1 1 1
va(t) = 6 2 | (4,6,8) !
Ey | (5,5,4) 22 111 1 1 1
F1z | (4,6,10) 2 Ir* 1 1 1
E1 | (4,6,9) 1 I3 1 1 1
Ey | (4,>7,6) 2 111 1 1 1
Ug(t) =5
Ey | (6,>10,12) 2 I 1 2 1
Ei2 | (4,6,9) 2 I3 1 1 1
E1 | (4,6,9) 1 I3 1 1 1
vo(t) = 4 Ey | (4,27,6) 2 111 1 1 1
t/2t=1(4) Ey | (4,6,9) 2 I; 1 1 1
E1p | (6,>10,12) 2 I 1 2 1
E1 | (4,6,4+m) 1 o 1 1 2
va(t) = 4 Es | (4,6,2m —4) 2 : 1 1 9
m —
t/2* = —1(16) E2 Yo ) im 12 1 : :
vo(t+16) =m > 7 1| +m) m—4
FEis | (4,6,4m — 20) 22 | 1 1 2
Ei | (4,6,11) 1 I 1 1 1
va(t) = 4 Ey | (4,6,10) 2 5 1 1 1
t/2* = 7(16) E; | (4,6,11) 2 I 1 1 1
Eiz | (4,6,8) 22 I; 1 1 1

111

=Y
Il
[\

=Y
Il

d (mod 4)




Table 40: T, data for p=2 (Continued)

Ty p=2
t E sigy(F) U2 Kq(E) usz(d)
Ey | (4,6,10) 1 I 1 1 1
va(t) = 4 E> | (4,6,8) 2 I 1 1 1
t/2t =3(8) By | (4,6,10) R 1 1 1
Es | (5,5,4) 22 11 1 1 1
Ey | (4,>7,6) 1 IT 1 1 1
Ey | (6,>10,12 1 3 1 2 1
v2{f) =3 Es EG, 9,15) ) 1 12 1 2 1
FE1s | (6,9,15) 1 : 1 2 1
Ey | (5,5,4) 1 IT 1 1 1
vo(t) = 2 Es | (4,6,8) 1 I} 1 1 1
/2> =1(4) By | (4,6,10) 1 5 1 1 1
E1s | (4,6,10) 1 3 1 1 1
Ey | (5,5,4) 1 111 1 1 1
vo(t) =2 Ey | (4,6,8) 1 I} 1 1 1
t/2* =3(4) Es | (4,6,10) 1 TIr* 1 1 1
Eps | (4,6,10) 1 I 1 1 1
E1 | (6,9,14) 21 I; 1 2 1
E, | (6,9,16 21 I; 1 2 1
ealt) =1 Es EG, 9, 17; 91 i 1 2 1
Ei1 | (6,9,17) 21 3 1 2 1
Er | (4,6,12+8m) | 270D |15 o 1 1 2
vp(t) = —2m < 0 Ey | (4,6,1244m) | 2=m+) 130 1 1 2
22mt =1 (4) Ey | (4,6,124+2m) | 270D |15, 1 1 2
Eip | (4,6,1242m) | 2=(m+D) |1 1 1 2
E; | (0,0,8m) 27 | Igy 1 2= | 27!
vp(t) = —2m < 0 Ey | (0,0,4m) 27 | Iy 1 -1 gt
22mt = 3 (4) Ey | (0,0,2m) 27 | Igpy 1 2= | 27!
E12 | (0,0,2m) 27| Iy 1 2= | 27!
= d=2 | d=
d (mod 4)
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Table 40: T, data for p=2 (Continued)

T4 p = 2
t FE Sng(E) U9 KQ(E) UQ(d)
Ey | (6,9,8m+22) | 272 | 15, 1 22 1
Ey | (6,9,4m +20) | 2=(m+2) | 1* 1 22 1
ylt) = —(2m +1) <0 -2 L ;
Ey | (6,9,2m+19) | 2=(m 5o 1 2 1
Eiz | (6,9,2m +19) | 2=(m+2) | 15 1 22 1
= d=2 =
d (mod 4)
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22.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

t [u(E)] [u(E)(d)] d Prob
va(t) > 6 (1:2:22:1) | (1:1:1:1) (0,0,1,0)
o= [ [BTEOLIE0R] (012
ALy e e (ege)
t/@(i?é) (1:2:2:2%) | (1:1:1:1) (0,0,0,1)

va(t) =3 (I:1:1:1)

(1:2:2:2) | d£0(2) 21
SEER <37370’0>
va(t) <2 (I:1:1:1) | (1:1:1:1) (1,0,0,0)

The contents of this table are the main ingredients to prove the following result:

Proposition 22. Let

E, Eqo

be a Q-isogeny graph of type Ty corresponding to a given t in Q, t # 0,—16. For every square-free
integer d, the probability of a vertex to be the Faltings curve (circled) in the twisted isogeny graph

% X
Ef Ef,

18 given by:

Table 41: Faltings curves in Ty

Ty twisted isogeny graph d ‘ Prob ‘

Continued on next page
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Table 41: Faltings curves in Ty (Continued)

va(t) > 6

2

I

5

1/3

d#0(2)

2/3

1/3

d#0(2)

2/3

1/3

d#0(2)

2/3

Continued on next page
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Table 41: Faltings curves in Ty (Continued)

Ug(t) <2 l
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4

4

2

2
bl Vu2
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23 Type T;

23.1 Setting
Graph

The isogeny graphs of type Ty are given by six isogenous elliptic curves:

Modular curve

The Q-rational points of the modular curve X (8) parametrize isogeny graphs of type Ts. The curve

X0o(8) has genus 0 and a hauptmodul for this curve is:

_ 51(27)%n(8t)*
P T

j-invariants

Letting ¢ = ¢(7), one can write

(t* — 1612 + 16)°
(t—4)e2(t+4) ’
(t* — 1612 + 256)°
(t— 424t 1+ 4)2
(* — 256t 4 4096)°
(t— 4Bt +4)

(* + 22442 + 256)°

(t— o2+ 41
o , (t* + 240¢3 + 2144¢% 4 3840t + 256)°
Jjs = j(Es) = j(87) = (t — 4)8¢(t + 4)2 ’
(t* — 2403 + 214412 — 3840t + 256)°

J1=j(Er) = j(7) =

J2 = j(E2) = j(27) =

J12 = j(Er2) = j(T+1/2) =-

ja = j(Es) = j(47) =

Joo = j(E22) = j(21 +1/2) = — (= 2)%(t 1 4

Signatures

We can (and do) choose Weierstrass equations for (Ey, Es, E12, E4, Eg, E92) in such a way that the

isogeny graph is normalized. Their signatures are:
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Ts signatures
(B1) | (t* —16t% +16)
(E1) | (2 =8)(t* — 1612 —8)
A(Ey) | 2t —4)(t +4)
(E2)
(E2)
(E2)

(t* — 162 + 256)
(t? — 32)(t? — 8)(t* + 16)
th(t — 4)%(t + 4)*

(F12) | (t* — 256t 4- 4096)
c6(Er2) | (2 —32)(t* + 5122 — 8192)
(

A(Byr2) | —t3(t —4)(t +4)

ca(By) | (t* + 22412 + 256)

ce(Ey) | (82 — 24t +16)(t% + 16)(t> + 24t + 16)

A(Ey) | 2(t — )4t + 4)*

ca(Es) | (t*+ 24013 + 2144 % + 3840 ¢ + 256)

c6(Eg) | (2 + 24t 4 16)(t* — 52812 — 4000 1> — 8448t + 256)
A(Es) | t(t—4)8(t+4)>

ca(Eg2) | (#* — 2403 + 214412 — 3840t + 256)

(
c6(E22) | (12 — 24t +16)(t* + 5283 — 40002 + 8448t + 256)
(Ex) | —t(t—4)%(t +4)°

Automorphisms

The subgroup of Aut X((8) that fixes the set of vertices of the graph is isomorphic to the dihedral
group Dy of eight elements:

[1,2,3,4,5,6] <---> [E1,E2,E12,E4,E8,E22]

————— T6

w=-t --(ord(w)=2)-->d=1 --> [ 1, 2, 3, 4, 6, 5]

w=16/t --(ord(w)=2)-->d=1 --> [ 3, 2, 1, 4, 5, 6]

w=(4%t + 16)/(t - 4) --(ord(w)=2)--> d=-1 --> [ 5, 4, 6, 2, 1, 3]
w=(-4xt + 16)/(t + 4) --(ord(w)=2)--> d=-1 --> [ 6, 4, 5, 2, 3, 1]
w=(-4xt - 16)/(t - 4) --(ord(w)=4)--> d=-1 --> [ 5, 4, 6, 2, 3, 1]
w=(4xt - 16)/(t + 4) --(ord(w)=4)--> d=-1 --> [ 6, 4, 5, 2, 1, 3]
=-16/t --(ord(w)=2)-->d=1 --> [ 3, 2, 1, 4, 6, 5]

B
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23.2 Kodaira symbols, minimal models, and Pal values

Table 42: Ty data for p £ 2

Ts p#2
t E | sig,(E) up | Kp(E) up(d)

E; | (0,0,2m) 1 Iom 1 1
By | (0,0,4m) | 1 | Lim 1 1
W) =m0 B | (0,0,8m) | 1 | Igm 1 1
Eq | (0,0,2m) | 1 | Iom 1 1
Bs | (0,0,m) | 1 |ILn 1 1
Es | (0,0,m) 1 I 1 1
E | (0,0,m) | 1 |1In 1 1
By | (0,0,2m) | 1 | Iom 1 1
vp(t) = 0 Bz | (0,0m) | 1 |1, 1 1
vp(t—4)=m>0 | Ey | (0,0,4m) | 1 | I4py 1 1
Eg | (0,0,8m) 1 Ism 1 1
Es | (0,0,2m) 1 Iom 1 1
Er | (0,0,m) | 1 |ILn 1 1
E; | (0,0,2m) 1 Iom 1 1
v(t) =0 Ei | (0,0,m) | 1 |Ln 1 1
vt+4)=m>0 | By | (0,0,4m) | 1 | Ly 1 1
Es | (0,0,2m) | 1 | Tom 1 1
Es | (0,0,8m) 1 Ism 1 1
Ey | (0,0,8m) | p7™ | Ism 1 1
Ey | (0,0,4m) | p7™ | Ium 1 1
Ei5 | (0,0,2m) | p=™ | Iop, 1 1

vp(t) = —m <0 —
Eq | (0,0,2m) | p~™ | Tom 1 1
Eg | (0,0,m) |[p™™ | I, 1 1
Ea | (0,0,m) | p™™ |1y 1 1

d=0|d#0

d (mod p)
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Table 43: Ty data for p=2

Ts p=2
t E sigy(E) Uy Ko (E) uz(d)
E1 | (4,6,2m +4) 1 S 1 1 2
Ey | (4,6,4m — 4) 2 Lo | 1 1 2
FE1z | (4,6,8m — 20) 22 Lmos | 1 1 2
va(t) =m >3
Ey | (4,6,2m +4) 2 34 1 1 2
Fg | (4,6,m +8) 2 I, 1 1 2
Fyy | (4,6,m +8) 2 I, 1 1 2
Ey | (4,6,10) 1 3 1 1 1
Ey | (4,6,8) 2 I 1 1 1
Eis | (5,5,4 22 II 1 1 1
valt) = 3 E, E4, 6, 13)) 2 3 1 1 1
Fg | (4,6,11) 2 I 1 1 1
Foy | (4,6,11) 2 I 1 1 1
E; | (0,0,m) 2 L 1 2-1 | 27t
Ey | (0,0,2m) 22 Iom 1 21 21
:2:(2 ;22) Ers | (0,0,m) 2 |1, 1 | 2t | 2t
ool —4) = m + 5 Ey | (0,0,4m) 23 Lim 1 271 | 27!
Es | (0,0,8m) 24 Ism 1 21 21
Ey | (0,0,2m) 23 Lom 1 -1 21
Ey | (0,0,m) 2 L, 1 R
Es | (0,0,2m) 22 Lom 1 R
valt) =2 Eis | (0,0,m) 2 |1, 1 | 271 | 27!
£=28(32) Ey | (0,0,4m) 23 I 1 2= | 27!
vo(t+4)=m+5 1 7 Am
Eg | (0,0,2m) 23 Lom 1 2= | 27!
Ey | (0,0,8m) 24 Ism 1 2=l | 271
By | (4,6,11) 1 I 1 1 1
By | (4,6,10) 2 Ir* 1 1 1
va(t) = 2 Ei | (4,6,11) 2 I 1 1 1
t=12(32) Ey | (4,6,8) 22 ¥ 1 1 1
Es | (4,6,10) 22 IIT* 1 1 1
d=1|d=2|d=3
d (mod 4)

Continued on next page
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Table 43: Ty data for p=2 (Continued)

Ts p=2

+ E Ky (E) ua(d)
E 111 1 1 1
E; IT* 1 1 1
Es III* 1 1 1
va(t) =2 Eis IT* 1 1 1
t=20(32) E,4 H 1 1 1
Eg 111 1 1 1
Ex II1* 1 1 1
E; 1 1T 1 1 1
Es 1 I 1 1 1
wolt) = 1 E19 1 I 1 1 1
E,4 1 5 1 1 1
FEg 1 I 1 1 1
E I 1 1 1
Ei | (4,6,8m+12) | 2=m+D) |1, 1 1 2
Ey | (4,6,4m +12) | 2=(m+D 1 1 1 2
so(f) = —m < 0 Eip | (4,6,2m+12) | 2=(m+D 1 15 1 1 2
Ey | (4,6,2m +12) | 2=m+D) 13, 1 1 2
Es | (4,6,m+12) | 2=(m+D) |1 1 1 2
By | (4,6,m+12) |2-(m+D 1% 1 1 2
= d=2 =

d (mod 4)




23.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

t [u(E)] [u(E)(d)] Prob
va(t) >3 (1:2:22:2:2:2) | (1:1:1:1:1:1) | (0,0,1,0,0,0)
t;’;ﬁ;:é) (1:2:2:22:22:2%) | (1:1:1:1:1:1) | (0,0,0,0,0,1)
t;}222(t;_(4) (1:2:2:22:23:22) [ (1:1:1:1:1:1) | (0,0,0,0,1,0)
va(t) <1 (1:1:1:1:1:1) (1:1:1:1:1:1)] (1,0,0,0,0,0)

The contents of this table are the main ingredients to prove the following result:

Proposition 23. Let

be a Q-isogeny graph of type Ty corresponding to a given t in Q, t # 0,+4. For every square-free
integer d, the probability of a vertex to be the Faltings curve (circled) in the twisted isogeny graph

Ef E¢

is given by:

123



Table 44: Faltings curves in Tg

Ts twisted isogeny graph Prob
B Ey
‘\ /
va(t) >3 /E‘Z*>E4\ 1
@ Es
o) )
UQ(t) =2 \ / 1
t/22 =3(4) By «—— B,
Eps / \ Ey
E Ey
v(t) = 2 ~, . 1
t/22 =1(4) / .
Eqp @
® B
va(t) <1 \EHE/ 1
e N
Eq Es
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24 Type Tg

24.1 Settings
Graph

The isogeny graphs of type Ty are given by eight isogenous elliptic curves:

Ey Eg1
2 E
FEs FEg
Ey E, Eie
‘ 9
Ey

Modular curve

The Q-rational points of the modular curve X((16) parametrize isogeny graphs of type Ts. The
curve Xo(16) has genus 0 and a hauptmodul for this curve is:

- 5 n(27)n(16¢)2
P ()
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j-invariants
Letting ¢ = ¢(7), one can write

(8 - 16t* + 16)°

J(Er) = j(m) = (t—2)t4(t+2) (12 +4)°

(* — 16t* + 256)°

J(B2) =3(2m) = (t — 2)28(t +2)2 (12 + 4)>

(#* — 256t* + 4096)°
(t—2)t16(t +2) (2 +4)’

J(Ba1) = j(r+1/2) = —

(t* — 483 + 812 + 16t + 16)° (¢4 + 4¢3 + 82 — 16t + 16)°
(t — 2)44(t + 2)4 (12 + 4)*

J(Ey) = j(47) =

I

(t* — 1613 + 82 + 64t +16)° (t* + 16t3 + 8¢2 — 64¢ + 16)°
(t — 2)2t2(t 4 2)2 (2 + 4)°

J(En) =721 +1/2) = -

)

(8 4 24016 + 2144¢* 4 38402 + 256)°
(t — 2)312(t 4 2)8 (2 + 4)°
j(Egl) = ](4’7’ + 1/2) =
(8 — 2407 + 2160t° — 67205 + 17504¢* — 26880¢% + 34560t — 15360t + 256)°
(t — 2)4(t + 2)16 (12 4 4) ’

J(Es) = j(87) =

)

(18 + 24017 + 21605 4 672045 + 17504¢* 4 268803 + 34560 + 15360t + 256)°

J(Ere) = j(167) = (t — 2)164(t + 2)2 (2 1 4)
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Signatures

8L

=

- (420 ole—9-4e+91 | @)V
m (9GT + 1T6LEE — HFVLEY — ¢19ET6C — ISTITE — HVSLYT — oIW86E — ;78T — gb) - (9T + 796 + VT + 4T + 1) | (917)9
m (96T + 209€GT + 209G¥E + ¢20889T + HH0GLT + 0TLI + 1091 + ,207C + g3) | (9%7)7
B F+e0) ge+d) p@—v-1-(1-) | (B7)V
vw, (96T + 1T6LEE + ITVLEY — ¢19ET6G + (ISFITE — HFSLYT + 1F86E — ,182C + o) - (9T + 296 — ;T + 45T — 43) | (187)9
vm (962 + 209€GT — 209G¥E + 208892 — HH0GLT + H0TLI — G091 + ,207C — g3) | (1877)7
! T se D) glc—1- | DV
S (9T + 1296 + 1T + WG + 3#) - (9T + 49T + 14) - (9T + 996 — 9T + o105 — 33) | (87)%
S (96T + LOTSE + (HIVTT + o207T + ) | (37)™
5 STt o@+d) g le—9 (1-) | ("a)v
S m (998 + £187F8 + ;70007 — ¢78CS + gt) - (T — W+ 1) - (7 — 1w — ¢3) | (eg)%
3 £ (9T + 759 — 18 + ¢19T + 32) - (9T + 199 + 218 + (29T — 33) | (W)
/rm m w@ + mwv : wﬁm +1) - P wA 1) | AV
5 2 (OT+ 7T+ - 9T +40) - F =+ - G—w—) | ()%
o —

.m £ (9T + 29T — 18 + 17 + 42) - (9T + 99T + 28+ ¥ — 1) | (V)"
s T+ o (+9)-(c—1)-0-) | (Fa)V
%% (T618 — IT1G + 1) - (28 — 3) | (1%7)%
m ma (9607 + 32952 — ) | (1270
w S T+ gt e+ -ge-1) | )V
- 9T+ 1) - (8 — 1) - (g — 1) | (Ea)
S & @mm+ 191 — V) | (B)m
-~ m 4

mm F+e) b @+ (2-9) | (@)v
g ® (8= 19T — 1) - (8 — 1) | (T7)%
£2 (9T + 4291 — ¢¥) | (Tag)P
= 2
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Automorphisms

The subgroup of Aut X((16) that fixes the set of vertices of the graph is isomorphic to the dihedral
group of order 8:

automorphism permutation order
id(t) =t () 1
o(t) =201-2)/(t+2) | (J1,Js1,021,516)(j2, Js) | 4
o(t) =—4/t (J1,J21) (Js1, Jie) 2
a®(t) ==2(t+2)/(t =2) | (J1, 41621, J81)(J2, Js) 4
T(t) =t (js1,J16) 2
or(t) =2(t+2)/(t=2) | (J1.J16)(J2,Js) (21, Js1) | 2
o’r(t) =4/t (J1, J21) 2
o?7(t)=—=2(t —2)/(t+2) | (Jj1,Js1) (2, J8) (Ja1, J16) | 2

Automorphism action on the graph
id ()
(E1, Es1, Ea1, Erg)® By, Eg)® ™ H(Ey)® 1 (Ey)® !
o (E1, Ea1)(Est, Eie)
o? (E1, E6, Ea1, Eg1)® 1 (Ey, Eg)®~!
(Es1, E16)
oT | (Br, Bi6)® (B2, Eg)® ' (Ea1, Bs1)® () ® ! (Ean)®
o’r (E1, E91)
o1 | (E1, Eg1)® Y (Ea, Eg)® 1 (Eay, Ei)® 1 (Ey)® N (Ey)® !
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24.2 Kodaira symbols, minimal models, and Pal values

Table 45: Ty data for p £ 2

Ty p#2
t E sig,(F) up | Kp(E) up(d)
By | (0,0,4m) 1| Ly, 1 1
Ey | (0,0,8m) 1| Igy 1 1
Eor | (0,0,16m) | 1 | Ligm 1 1
by 0,0,4m 1 Lim 1 1
vplt) =m >0 Ex Eo, 0, 2m§ 1 | Ly 1 1
Es | (0,0,2m) | 1 | Iom 1 1
Es1 | (0,0,m) 1 | L, 1 1
Eis | (0,0,m) 1 Im 1 1
Ey | (0,0,m) 1 I 1 1
By | (0,0,2m) | 1 | Iom 1 1
B | (0,0,m) 1 | L, 1 1
vy(t) = 0 Ey | (0,0,4m) | 1 | Lim 1 1
vp(t=2)=m>0 | Eq|(0,0,2m) | 1 | Tom 1 1
Es | (0,0,8m) 1| Ism 1 1
Esi | (0,0,4m) | 1 | Lin 1 1
Eig | (0,0,16m) | 1 | Ligm 1 1
Er | (0,0,m) 1 | I 1 1
Es | (0,0,2m) 1 | Lo 1 1
Eor | (0,0,m) 1 |1 1 1
vp(t) =0 Ey | (0,0,4m) 1 Lim, 1 1
vt +2)=m>0 | Ey | (0,0,2m) 1| Lom 1 1
Es | (0,0,8m) | 1 | Igm 1 1
Esi | (0,0,16m) | 1 | Ligm 1 1
Eg | (0,0,4m) | 1 | L, 1 1
d=0|d#0
d (mod p)
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Table 45: Ty data for p # 2 (Continued)

130

Ty pF2
t E sig,(F) up | Kp(E) up(d)
Ey | (0,0,m) 1 | L, 1 1
Ey | (0,0,2m) 1 | Iy 1 1
FEo1 | (0,0,m) 1 |1, 1 1
vp(t) =0 Ey | (0,0,4m) 1| Iy 1 1
vp(t2+4)=m >0 | Eyg | (0,0,8m) 1| Igm 1 1
Es | (0,0,2m) 1| Iy 1 1
Eg1 | (0,0,m) 1|1y 1 1
Fi6 | (0,0,m) 1 | L, 1 1
By | (0,0,16m) | p~2™ | Iim 1 1
Ey | (0,0,8m) | p72™ | Igpm 1 1
Es | (0,0,4m) | p72™ | Iy 1 1
Ey | (0,0,4m) | p72™ | Iy 1 1
opl(t) = =m <0 Eu | (0,0,2m) | p 2™ | Tom 1 1
Es | (0,0,2m) | p72™ | Loy 1 1
Es1 | (0,0,m) p~2m | 1, 1 1
E6 | (0,0,m) p 2™ | I, 1 1
d=0|d#0
d (mod p)




Table 46: Tg data for p=2

T3 p=2
¢ E sigy(E) u2 Ko (E) uz(d)

E1 | (4,6,4m +4) 1 | 1 1 2

By | (4,6,8m —4) 2 | P 1 1 2

Eo | (4,6,16m — 20) 22 T} 6m—28 1 1 2

Ey | (4,6,4m +4) 2 | 1 1 2

va(t) =m > 1

Ey | (4,6,2m +8) 2 15, 1 1 2

Fs | (4,6,2m +8) 2 15, 1 1 2

FEs1 | (4,6,m + 10) 2 4 1 1 2

FEi6 | (4,6,m + 10) 2 o 1 1 2
E; | (0,0,m — 3) 2 L3 1 2-1 | 27!
Ey | (0,0,2(m — 3)) 22 Lo(im—3) 1 2—1 | 271
Eo1 | (0,0,m — 3) 22 L3 1 2-1 | 27!
:25);8)1 By | (0,0,4(m — 3)) 22 Ty | 1 | 270 | 272
oot — 2) = m Eq1 | (0,0,2(m — 3)) 23 To(m—3) 1 2-1 | 271
Eg | (0,0,8(m — 3)) 24 Ig(m—3) 1 2-1 | 271
Eg1 | (0,0,4(m — 3)) 24 Ly(m—3) 1 2=l | 271
E6 | (0,0,16(m — 3)) 25 Li6(m—3) 1 2-1 | 271
E; | (0,0,m —3) 2 I_3 1 21 21
Ey | (0,0,2(m — 3)) 22 Ly(m—3) 1 2=t | 27t
va(t) = 1 Es | (0,0,m — 3) 22 Ih_3 1 21 21
t/2 =3 (4) Ey | (0,0,4(m — 3)) 23 Li(m—3) 1 2-1 | 27!
va(t? —4)=m | Eg | (0,0,2(m —3)) 23 Lo(im—3) 1 2-1 | 271
va(t? +4)=n | FEy | (0,0,8(m — 3)) 2t | Iggm_s) 1 9-1 | o-1
Eg1 | (0,0,16(m — 3)) 25 Li6(m—3) 1 2=t | 27t
E6 | (0,0,4(m — 3)) 24 Li(m—3) 1 2-1 | 271

=1|d=2|d=3
d (mod 4)
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Table 46: Ty data for p=2 (Continued)

T3 p=2

t E sigy(E) Uz Ko (F) uz(d)
Ey | (4,6,12+16m) | 272m1 | Th 6. 1 1 2
E> | (4,6,12+8m) | 272m1 | I} o 1 1 2
Eoi | (4,6,12+4m) | 272115, 1 1 2
va(t) = —m < 0 Ey | (4,6,124+4m) | 27211} . 1 1 2
Ey | (4,6,12+2m) | 2721 T3, 1 1 2
Es | (4,6,12+2m) | 272™1 |1}, 1 1 2
Eg1 | (4,6,12 +m) 272m=l 1 1 1 2
Eig | (4,6,12 +m) 272m=l 1% 1 1 2
= d=2 =

d (mod 4)
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24.3 Conclusion

From the above tables one gets the (projective) vectors u = [u(E)] and u(d) = [u(E)(d)]:

i [u(B) [w(E)(d) Prob
vo(t) > 2 (1:2:22:2:2:2:2:2) | (1:1:1:1:1:1:1:1) | (0,0,1,0,0,0,0,0)
va(t) =1 .9.9.92.92.93 .94 .93
rogy |(1:2:2:22:2:20289%) [ 111110 1:1) | (0,0,0,0,0,0,1,0)
va(t) =1 . 9.9.92.92.93.93. 9l
poqy | (152:2:22:22:20:20 20 (11101110 1:1) |(0,0,0,0,0,0,0,1)
va(t) <0 (I1:1:1:1:1:1:1:1) (:1:1:1:1:1:1:1) | (1,0,0,0,0,0,0,0)

The contents of this table are the main ingredients to prove the following result:

Proposition 24. Let

Eoy Eg;
2 2
Es Eg
Ey Ey E16
‘ 2
Eq

be a Q-isogeny graph of type Ty corresponding to a given t in Q, t # 0,+£2. For every square-free
integer d, the probability of a vertex to be the Faltings curve (circled) in the twisted isogeny graph

£ E
: :
B £
Et £ i,
:
h

s given by:
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Table 47: Faltings curves in Tg

T3 twisted isogeny graph Prob

& By
| |

o I AN
: ; ”
£ &)
_ | ]
Uz(t) =1 B, Ey 1
t/22 = 3(4) E/ \E/ \E.
: ;

va(t) =1 E2 E8
téEM)&//\E//\Q 1

Eq

Eyn Egy

| l
va(t) < 0 @/2\ RN 1

Ey
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25 Type S

25.1 Settings

The isogeny graphs of type S are given by eight isogenous elliptic curves:

B, —3— FEj4
5 \ \ 9
By —3 Fg
ST G N
Egl E12 E4 E31

Modular curve

The Q-rational points of the modular curve X((12) parametrize isogeny graphs of type S. The curve
X0(12) has genus 0 and a hauptmodul for this curve is:

S12r (3120

_ 2
E S () (67)?

j-invariants.
Letting t = ¢(7), one can write

(2 — 3)° (t6 — 9t* + 3¢2 — 3)°

](El) = ](T) = (t — 3)(t 1)3t4(t + 1)3(t + 3) ’
o (12 =3)° (15 — or* + 24312 — 243)°
J(Bs) = (37) T (=33t — D2t + 1)(t+3)3

(2 +3)% (16 — 1564 + 7562 4 3)°

j(EQ) = .7(27—) - (t _ 3)2(t _ 1)6t2(t 4 1)6(t + 3)2 ’

o (2 +3)% (¢ + 225¢* — 405¢2 + 243)°
JE) =IO =g e e

(2 — 6t — 3)” (5 + 6t° + 27¢* — 60¢% — 249¢2 — 234t — 3)°

(t—3)(t— )2t +1)3(t + 3)* ’

J(Ea1) = j(r+1/2) =~

(2 4 6t — 3)° (5 + 23415 4 TATH* + 540t — 72012 — 486¢ — 243)°

J(Er2) = j(127) = (t—3)12(t — 1)3(t + 1)4(t + 3)3 ’

(2 4 6t — 3)° (6 — 65 + 27t + 60¢3 — 249¢2 + 234t — 3)°

i(Ey) = j(4r) - (t—3)3(t — 1)3t(t + )2(t + 3) ’

(2 — 6t — 3)> (1% — 234¢% 4 74Tt — 540t3 — 72912 4 486t — 243)°

j(Es1) = j(37 +1/2)=— (t—3)3(t— DM3(t + 1)(t + 3)12
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Signatures

We can (and do) choose Weierstrass equations for (E4, Es, Eo, Fg, Eo1, F12, E4, E31) in such a way
that the isogeny graph is normalized. Their signatures are:

S signatures

ca(Er) | (82 —3)- (t5 — 9t* + 312 — 3)

ce(Br) | (t* —6t2 —3) - (t8 — 12t5 + 30t* — 36t + 9)

AED) | (#=3)-(t+3)-(t—1)3 (t+1)3 ¢

ca(E3) | (2 —3) - (1% — 9t* 4 24312 — 243)

ce(F3) | (t* + 18t2 —27) - (t8 — 365 + 270t* — 97212 4 729)

A(E3) | (t=1)-(t+1)-(t=3)% (t+3)>-t"

ca(By) | (12 +3)- (t5 — 15t* + 75t + 3)

c6(Er) | (t* —6t% — 24t — 3) - (t* — 612 — 3) - (t* — 6t + 24t — 3)

A(Ey) | (#—3)2-2-(t+3)2-(t—1)%. (t+1)°

ca(Eg) | (2 +3) - (15 + 225¢* — 4052 + 243)

c(Fe) | (t* — 2413 + 182 — 27) - (¢ + 182 — 27) - (1 + 243 + 18t2 — 27)

A(Eg) | #—=1)2-(t+1)2-(t—3)0-16.(t+3)°

ca(BE21) | (82 — 6t — 3) - (1% + 6t5 + 27t* — 60t3 — 249t? — 234t — 3)

c6(E21) | (t* — 6t2 — 24t — 3) - (¢8 — 12t% + 528t + 30t* — 3168t> — 3996t — 1584t + 9)
A(Ear) | (=1)-(t=3)-t-(t+1)>- (t+3)* (- 1"

ca(E12) | (82 + 6t — 3) - (10 + 23415 + 747t1 4 54013 — 729¢? — 486t — 243)

c6(Era) | (t* + 24t3 +18t2 — 27) - (1% — 5287 — 39965 — 95045 + 270t* + 14256¢> — 9722 + 729)
A(BEp) | (t=1) -3 (t43)3- (t+ 1)1 (t —3)"2

ca(Eq) | (12 + 6t —3) - (t° — 6t° + 27t* + 601> — 249t + 234t — 3)

c6(Ey) | (t* — 612 4+ 24t — 3) - (18 — 12t5 — 528> + 30t* + 3168t — 39962 + 1584t + 9)
AEy) [t-(t+3)-t—1)2 - (t—=3)* (t+1)2

ca(Es1) | (12 — 6t — 3) - (10 — 23415 + 747t* — 54013 — 729t + 486t — 243)

c6(Esr) | (#* — 2413 + 1812 — 27) - (8 4 5287 — 39965 + 950415 + 270t* — 14256¢> — 9722 + 729)
A(Bs1) | (=1)-(t+1)-(t=3)> £ (t - 1)* (t+3)"
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Automorphisms

The subgroup of Aut X((12) that fixes the set of vertices of the graph is isomorphic to the dihedral
group of order 12 with elements:

automorphism permutation order
id(t) =t () 1
o) =3(t—-1)/t+3) | (1,731, Ja: I3, J21, j12) (J2, Je ) 6
o*(t) =(t—3)/(t+1) (J1, Ja, j21) (J3, Ja2, Ja1) 3
od(t) =3/t (J1,93) (42, d6) (o1, ja1) (Ji2, ja) | 2
ot(t) =—(t+3)/(t-1) (J1, Jo1, ja) (J3. J31, J12) 3
a®(t) ==3(t+1)/(t=3) | (41,512, 721,73, Ja, J31) (J2, Jo) 6
T(t) =-t (Jo1, Ja)(J12, Js1) 2
or(t) =3(t+1)/(t—3) | (j1,731)(J3 j21)(J2; g6 ) (J12; Ja) | 2
a’r(t)=(t+3)/(t = 1) (J1, Jo1, 3a) (43, 331) 6
or(t) =3/t (J1,J3) (J2, J6) (Ja1, J12) (Jas J31) | 2
olr(t)=—(t—3)/(t+1) (j1,21) (43, j31) 2
o®7(t)==3(t —1)/(t+3) | (j1,412)(J3,Ja) (o2, J6) (o1, j31) | 2
Automorphism action on the graph

id ()

o | (Er, Es1, Eq, E3, Ey1, Er2)®?(Eag, Eg)® 3 (Ey)®3(Ey )@ 3
o? (E1, E4, Eo1)(E3, B2, E31)

o’ (B, E3)®73(Ey, E)® 3(Ea1, E31)® % (Erg, By)® 3
ot (E1, Ea1, Eq)(E3, E31, Er2)

o° (E1, Erg, Eg1, E3, Ey, E1)®73(Ey, Eg)® ™3

T (E21, Ey)(E12, E31)

oT (E1, E31)®73(E3, E31)®73(Ey, Eg)® 3 (Erg, By)® ™3
o’r (E1, Eo1, Ey)(E3, E31)

ot (B, E3)®73(Ey, Eg)®™3(Ea1, Er2)® ™3 (Ey, E31)® 73
olr (E1, Ea1)(Es, E31)

o1 (E1, E12)973(E3, E4)®™3(E, Eg)®™3(Fa1, E31)®°

137



25.2 Kodaira symbols, minimal models, and Pal values

Table 48: S data for p # 2,3

S p#2,3
t E sig,,(E) up | Kp(E) up(d)
E; | (0,0,4m) 1 Ly 1 1
Es | (0,0,12m) 1 Tiom 1 1
B> | (0,0,2m) 1 | Iy 1 1
W) =1 >0 Ee | (0,0,6m) | 1 |Iom 1 1
Ea1 | (0,0,m) 1 |1, 1 1
E15 | (0,0,3m) 1 I3, 1 1
E, | (0,0,m) 1 |1, 1 1
Es1 | (0,0,3m) 1 | L 1 1
E; | (0,0,3m) 1 J Y 1 1
By | (0,0,m) 1 | L, 1 1
B> | (0,0,6m) 1| Igm 1 1
v(t) =0 Eg | (0,0,2m) | 1 | Iom 1 1
vp(t+1)=m | E9 | (0,0,3m) 1 I3 1 1
B | (0,0,4m) 1| Ly 1 1
Ei | (0,0,12m) | 1 | Liom 1 1
Es1 | (0,0,m) 1 I 1 1
B | 0,03m) | 1 | I 1 1
Es | (0,0,m) 1|1, 1 1
B | (0,0,6m) 1| Iom 1 1
vp(t) =0 Es | (0,0,2m) 1 Iom, 1 1
vp(t—=1)=m | By | (0,0,12m) | 1 | Tiom 1 1
Ero | (0,0,m) 1 |1, 1 1
Ei | (0,0,3m) | 1 | TIsm 1 1
Es1 | (0,0,4m) 1 Tym 1 1
d=0|d#0
d (mod p)
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Table 48: S data for p # 2,3 (Continued)
S p#2,3
t E sig,,(F) up | Kp(E) up(d)
Er | (0,0,m) 1 | Iy 1 1
E3 | (0,0,3m) 1| Iz, 1 1
Ey | (0,0,2m) 1| Iop 1 1
vp(t) =0 Eg | (0,0,6m) 1| Iem 1 1
vp(t+3)=m | E9 | (0,0,4m) 1| Iy 1 1
Ei1 | (0,0,3m) 1| Iz, 1 1
E; | (0,0,m) 1 I, 1 1
Es1 | (0,0,12m) | 1 | Lioy, 1 1
E1 | (0,0,m) 1 |1y 1 1
E3 | (0,0,3m) 1| Isn 1 1
Es | (0,0,2m) 1 | Ly, 1 1
vp(t) =0 Eg | (0,0,6m) 1| Igm 1 1
vp(t—=3)=m | Ey | (0,0,m) 1 L, 1 1
FE1z | (0,0,12m) 1| Liom 1 1
Ey | (0,0,4m) 1| Iy 1 1
E31 | (0,0,3m) 1| Iz, 1 1
E1 | (0,0,12m) | p~2™ | Iiom 1 1
Ez | (0,0,4m) | p~2™ | Iy 1 1
Ey | (0,0,6m) | p~2™ | Igm 1 1
Eg | (0,0,2m) | p~2™ | oy 1 1
vp(t) = —m <0 —
FE | (0,0,3m) | p72™ | I3, 1 1
E1s | (0,0,m) p2m | 1, 1 1
Ey | (0,0,3m) | p72™ | I 1 1
E31 | (0,0,m) p~2m | 1, 1 1
d=0|d#0
d (mod p)
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Table 49: S data for p = 3

S p=3
t E sigz(E) uz | K3(E) us(d)

Ei | (2,3,4m 1 2) 1|5, 3 1
Es | (2,3,12m —6) 3 12m—12 3 1
Es (2, 3,2m + 4) 1 Izm—Q 3 1
Eg (2, 3, 6m) 3 Igmf6 3 1

vz(t) =m>1
Eo (2,3,m + 5) 1 I;knfl 3 1
E12 (2, 3, 3m + 3) 3 I§m—3 3 1
Ey (2,3,m+5) 1 1 3 1
E3 (2, 3,3m + 3) 3 I;m,3 3 1
Ey | (2,3,m+n+4) 1 tn—2 3 1
FEs (2, 3,3m + 3n) 3 I§m+3n—6 3 1
By | 23.2m+2n+2) | 1 | Dpeona | 3 1

v3(t) =1 .
v3(t+3):n Eoy (2,3,m—|—4n—|—1) 1 m4dn—5 3 1
Es | (2,3,4m tn+1) 1 T s 3 1
FE3 (2, 3,3m + 12n — 9) 3 I§m+12n_15 3 1
E (0, 0,3m + 3’/1) 1 Isim+3n 1 1
Es | (0,0,m+n) 1 Lntn 1 1
FEs (0, 0,6m + 6n) 1 T6m+6n 1 1
Ug(t) =0

Eg (0, 0,2m + 2n) 1 Tom+on 1 1

v3(t—1)=m
Ug(t + 1) —n E21 (0, 0, 12m + ?)TL) 1 112m+3n 1 1
Elg (0, 0, m + 4n) 1 Im+4n 1 1
Ey (0, 0,3m + 1277,) 1 Ism+12n 1 1
FE3 (0, 0,4m + n) 1 I4m+n 1 1

d=0| d#0

d (mod 3)
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Table 49: S data for p = 3 (Continued)

S p=3
t E sigz(E) uz | K3(E) u3(d)
E1 | (0,0,12m) 372m | Tigp, 1 1
Es | (0,0,4m) 372m | Iy 1 1
E> | (0,0,6m) 372" | Igm 1 1
Es | (0,0,2m) 372 | Iy, 1 1
v3(t) = —m <0
Es1 | (0,0,3m) 372m | Ia,, 1 1
Eis | (0,0,m) 372m |1, 1 1
E4 | (0,0,3m) 372 | Iap, 1 1
Es1 | (0,0,m) 372m | 1, 1 1
d=0|d#0
d (mod 3)
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Table 50: S data for p=2

S p=2
t E sigy(E) up Ky (E) u(d)

E1 | (4,6,4m +12) 27t Linsa 1 1 2

E3 | (4,6,12m + 12) 21 Tomata 1 1 2

Ey | (4,6,2m + 12) 21 | BN 1 1 2

wolt) = m > 0 Es | (4,6,6m + 12) 21 | A 1 1 2
Eo1 | (4,6,m + 12) 27t d 1 1 2

E1s | (4,6,3m + 12) 21 | LN 1 1 2

Ey | (4,6,m + 12) 271 rd 1 1 2

Es31 | (4,6,3m + 12) 21 | BN 1 1 2

Er | (4,6,m+3n+4) 1 Y and 1 1 2

E3 | (4,6,3m +n +4) 1 | 1 1 2

va(t) =0 Ey | (4,6,2m + 6n — 4) 2 L3mt6n—12 1 1 2
t=3(4) Ee¢ | (4,6,6m +2n —4) 2 Bnion_12 1 1 2
va(t—3)=m | Fy | (4,6,m + 3n+4) 2 t3n—4 1 1 2
vat+1)=n | By | (4,6,12m + 4n — 20) 4 Lomran—a8 1 1 2
Ey | (4,6,4m + 12n — 20) 4 Lt 12n—28 1 1 2

Es; | (4,6,3m +n+4) 2 | ES— 1 1 2

Ey | (4,6,3m+n+4) 1 | S 1 1 2

Es | (4,6,m+3n+4) 1 t3n—4 1 1 2

ve(t) =0 E; | (4,6,6m+2n —4) 2 L ion_12 1 1 2
t=1(4) E¢ | (4,6,2m + 6n —4) 2 L i6n_12 1 1 2
vo(t—1)=m | FEy | (4,6,12m + 4n — 20) 4 T2m+dn—28 1 1 2
vat+3)=n | By | (4,6,m+ 3n+4) 2 t3n—d 1 1 2
Es | (4,6,3m +n+4) 2 L 1 1 2

Es1 | (4,6,4m + 12n — 20) 4 Limt12n_28 1 1 2
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Table 50: S data for p=2 (Continued)

S p=2
t FE Sng(E) U9 KQ(E) UQ(d)
By | (4,6,12m +12) 2=(@mtl) Iy, 1 1 2
FEs | (4,6,4m + 12) 2= (@m+) | Ty 1 1 2
Ey | (4,6,6m 4 12) 2= (@m+l) T, 1 1 2
FEs | (4,6,2m + 12 9~ (@m+1) | px 1 1 2
valt) = —m < 0 |29 ( ) 24
Eo | (4,6,3m +12) 2= (@m+l) T 1 1 2
Eip | (4,6,m +12) 2=@m+h) T 1 1 2
Ey | (4,6,3m +12) 2= (@m+) | T 4 1 1 2
Fs1 | (4,6,m +12) 2=@m+l) T 1 1 2
d=1|d= d=
d (mod 4)
25.3 Conclusion
From the above tables one gets the (projective) vectors u, = [u,(E)] and u,(d) = [uy(E)(d)]
t [u2(E)] [uz(E)(d)]
va(t) #0 (1:1:1:1:1:1:1:1) | (1:1:1:1:1:1:1:1)
va(t) =0 1:9:9.9.92.92. 1:1:1:1:1:1:
rmaqy | (F1:2:2:2:2:2:2) | (L1111 1015 )
va(t) = 1:9.9.92.9.9.92
roqy | (1F1:2:2:20:2:2:2) | (111 L 11 )
t [us(E)] [0 () ()]
v3(t) >0 ] (1:3:1:3:1:3:1:3) | (1:1:1:1:1:1:1:1)
v3() <0 (1:1:1:1:1:1:1:1) | (1:1:1:1:1:1:1:1)

The contents of these tables are the main ingredients to prove the following result:

Proposition 25. Let

B, —3— E4
2 \ \ 2
By —3— Eg
G N
Egl E12 E4 E31
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be a Q-isogeny graph of type S corresponding to a givent in Q, t # 1,13 as above. For every square-
free integer d, the probability of a vertez to be the Faltings curve (circled) in the twisted isogeny graph

Bl 2 pd
2 \ \ 2
By 2 Ed
27 N
3 3
E$ EY, Ef E$

s given by:

Table 51: Faltings curves in S
S Twisted graph Prob

B B
[

’Ug(t) >1 vg(t) #0 Ey «—— Eg 1

XN

Ey —— E2 Ey +——— E3

Ey —— E3

Ug(t) >1

’U3(t) >1

Ug(t) <0 Ug(t) 75 0 Ey —— Eg 1

Continued on next page
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Table 51: Faltings curves in S (Continued)

Ey «— E3

[

V2 t):() Ey +—— F§
W=y 4) XN
Ey < Epp @%Esl

t)_o T1 f

yg(t)go V2 = Ey —— Eg
t=1(4) / >< \
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