LYUBEZNIK TABLE OF S, AND CM, RINGS

JOSEP ALVAREZ MONTANER AND SIAMAK YASSEMI

ABSTRACT. We describe the shape of the Lyubeznik table of either rings in positive characteristic
or Stanley-Reisner rings in any characteristic when they satisfy Serre’s condition S, or they are
Cohen-Macaulay in a given codimension, condition denoted by C'M,. Moreover we show that these
results are sharp.

1. INTRODUCTION

Let (R, m) be a regular local ring containing a field K and set A = R/I, where [ is an ideal of R.
It has been long known that some vanishing results on local cohomology modules behave similarly
in either the case where K is a field of positive characteristic or I is a squarefree monomial ideal
in any characteristic. The main reason behind this fact is that the Frobenius morphism in positive
characteristic is flat by the celebrated Kunz theorem and, applying it to our ideal I recursively gives
us a cofinal system of ideals with respect to the system given by the usual powers which describe
these local cohomology modules. For squarefree monomial ideals we have a similar flat morphism,
raising to the second power of any element, that plays the same role. This point of view has already
been successfully used by Singh and Walther | ] and Alvarez Montaner | -

The first interesting result in this approach is that we only have one local cohomology different
from zero when A is Cohen-Macaulay in both cases. This has consequences on the Lyubeznik

numbers of A introduced in [ |. Indeed, using an spectral sequence argument one may check
that the Lyubeznik table of A is trivial. This still holds true replacing the Cohen-Macaulay property
for sequentially Cohen-Macaulay [ |. We point out that these results are no longer true when

A is Cohen-Macaulay containing a field of characteristic zero. Take for example the ideal generated
by the 2 x 2 minors of a generic 2 x 3 matrix.

In this note we continue this study of Lyubeznik numbers of A in either the case where K is a
field of positive characteristic or I is a squarefree monomial ideal in any characteristic. The main
results are Theorems 3.3 and 3.4 where we describe the shape of the Lyubeznik table of A when
we relax the Cohen-Macaulay condition on A to Serre’s condition S, or being Cohen-Macaulay in
codimension r, condition denoted by CM,.

A priori, there is no reason for thinking that the results we obtain are sharp but this is indeed the
case as shown in Example 4.2. Finally we highlight that, using the breakthrough results obtained
by Conca and Varbaro [ |, one may compute some apparently complicated Lyubeznik tables
in positive characteristic in the event that the ring A has a squarefree Grobner deformation.

2. LYUBEZNIK NUMBERS

Let (R,m) be a regular local ring containing a field K and I an ideal of R. Some finiteness
properties of local cohomology modules Hj(R) where proved by Huneke and Sharp [ ] when
the field K has positive characteristic and Lyubeznik | | in the characteristic zero case. In
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particular, they proved that Bass numbers of these local cohomology modules are finite. Relying
on this fact, Lyubeznik | | introduced a set of numerical invariants of local rings containing a
field as follows:

Theorem/Definition 2.1. Let A be a local ring containing a field K, so that its completion A

admits a surjective ring homomorphism R—TsA from a regular local ring (R, m) of dimension n
and set I := ker(m). Then, the Bass numbers

Ap,i(A) = pp(m, HY 7' (R)) = po(m, HE (HF ' (R)))
depend only on A, i and p, but neither on R nor on .

We refer to these invariants as Lyubeznik numbers and they are known to satisfy the following
properties: Ap;(A) =0if i >d, A\, ;(A) =0if p > i and A\g4(A) # 0, where d = dimA. Therefore
we can collect them in the so-called Lyubeznik table:

A0t Aod

Ad,d
We say that the Lyubeznik table is trivial if A\j4(A) = 1 and A, ;(A) = 0 for p and ¢ different

from d. The highest Lyubeznik number A\g 4(A) has a nice interpretation in terms of the dual graph
I'1(A), also known as Hochster-Huneke graph, associated to Spec(A).

Definition 2.1. Let A be a ring of dimension d and let ¢t be an integer such that 0 <t < d. We
define the graph I';(A) as a simple graph whose vertices are the minimal primes of A and there is
an edge between p and q distinct minimal primes if and only if ht(p + q) < ¢.

Zhang | , Main Thm.] gave the following characterization.

Proposition 2.2. Let A be a complete local ring with separably closed residue field. Then:
Add(A) = #T'1(4)

Remark 2.3. More generally A\gq(A) = #I'1(B) where B = At is the completion of the strict
henselianization of the completion of A.

We point out that Kawasaki already proved in | , Thm.2] that the highest Lyubeznik
number A\g 4 of a Cohen-Macaulay ring (or even S) is always one. Other Lyubeznik numbers can
be described from the graphs I't(A) as shown by Walther | , Prop.2.3] and Nunez-Betancourt,
Spiroff and Witt [ , Thm.5.4]. Moreover, Walther describe the possible Lyubeznik tables
for d < 2 (see also | | for other small dimensional cases).

Proposition 2.4. Let A be an equidimensional complete local ring of dimension > 3 with separably
closed residue field. Then
(i) Ao1(A) =#T4_1(A) — 1.
(i) Mi2(A) =#Lg_2(A) — #IL'q_1(A).
(111) Ai,i—i—l(A) Z #Pd—i—l(A) — #Pd_l(A) fO’f’ 1 S 7 S d — 2.

3. LYUBEZNIK TABLES OF S, AND C'M, RINGS

Throughout this section we will always assume that (R, m) is a regular local ring and A is a
complete local ring containing a field that admits a presentation A = R/I where I C R is an
ideal. We will study the Lyubeznik table when we relax the Cohen-Macaulay condition on the ring
A. The classical way of doing so is by means of Serre’s conditions. Another way is by asking for
being Cohen-Macaulay up to some codimension. This notion has been considered by Miller, Novik
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and Schwarz [ | for squarefree monomial ideals and further developed, in the case that A is
equidimensional, in | , , ]. We point out that A is equidimensional if it
satisfies S, with r > 2 (see | ]) and we will only consider the equidimensional case in this work.
Definition 3.1. We say:

(i) A satisfies Serre’s condition S, if
depth A > min{r, dim A4},
for all p € Spec(R).

(ii) A satisfies the condition C'M, if it is equidimensional and it is Cohen-Macaulay in codi-
mension 7, that is A, is Cohen-Macaulay for all p € Spec(R) with htp < d —r.

Both the S, and C'M,. conditions can be characterized in terms of the deficiency modules
Ky == Ext}; (A, R).

The following result can be found in the the work of Schenzel | , Lem. 3.2.1] (see also | ,
Rem. 2.9]). For the squarefree monomial ideals case one may consult | ]

Proposition 3.2. We have:
(i) A is S, r > 2, if and only if dim K% <i—1r for all 1 <i <d.
(ii) A is CM, if and only if dim K% <r for all 1 <i <d.

Next we present the main results of the paper where the shape of the Lyubeznik tables is given
in terms of the S, and the C M, conditions.

Theorem 3.3. Assume that r > 2 and:

e A is S, and contains a field of positive characteristic.
e Ais S, and I is a squarefree monomial ideal.

Then, the Lyubeznik table of A satisfies \i; = Niiy1 == N ix(r—1) = 0, fori € {0,...,d —1}.
Proof. If A contains a field of positive characteristic, then Huneke and Sharp [ , Cor. 2.3] proved
that Ass (H}"(R)) C Ass (KY), and thus dim (H}*(R)) < dim (K%). In the squarefree monomial
ideal case, Yanagawa [ , Thm. 2.11] proved that the straight module H};"*(R) is equivalent to
the squarefree module K. In particular this gives the equality dim (H}*(R)) = dim (KY) | ,
Lem. 2.8].

Now assume in both cases that A4 is S, and thus we have dim (K%) < i — r and consequently
dim (H;7*(R)) <i—r for all 1 <i < d. Then the result follows from the inequality

idr (H7~'(R)) < dim (H} '(R))
proved in [ , Cor. 3.9] and | , Thm. 3.4]. O

Theorem 3.4. Assume that:
e A is CM, and contains a field of positive characteristic.
e Ais CM, and I is a squarefree monomial ideal.
Then the Lyubeznik table of A satisfies Ap; =0, ¥Yp>r and i€ {0,...,d—1}.

Proof. The proof is analogous to the proof of Theorem 3.3 but in the present case we have
dim (K%) < r and thus dim (H;}7"(R)) <r forall 1 <i <d. O

Remark 3.5. Under the hypothesis of Theorem 3.4, assume that A is CM; and thus the only
possible non-zero row of the Lyubeznik table is the 0-th row. Then, the Lyubeznik numbers of A
satisfy Agq = Ao+ 1 and A, g = Ao g—pt1 forallpe {2,...,d — 1} (see [ \ ).
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Using Grothendieck’s spectral sequence
By = HR(H] ™' (R) = HE™(R)
we can give a similar result for the C'Ms case.

Corollary 3.6. Assume that:

e A is CMsy and contains a field of positive characteristic.

o A is CMsy and I is a squarefree monomial ideal.
Then the Lyubeznik numbers of A satisfy Agaq = Xo,1 +A12+1, Aog = Xo,a—1 and Ay g = No,da—p+1 +
M d—pt2 for allp e {3,...,d —1}.

Proof. Under the C'M> condition, the only possibly non-zero terms of Grothendieck spectral se-
quence are placed at the dot spots in the following diagram:

n—d+1
n—d

Evidently Ao = 0 by Grothendieck’s vanishing theorem. Since A is equidimensional we have
Ao,1 = 0 and we also notice that A\g g = A1 g = 0.

The only possible non-zero differentials at each Ej-page, j > 2, of the spectral sequence are:
. pOn—j+1 J,n—d Lopln—j+1 Jj+1,n—d
dj : E; — B and d; : E; — E;

By the general theory of spectral sequences, there exist filtrations 0 C F) C --- C Fj C Hy(R)
for all 7, such that the consecutive quotients are F} /F}, | = E%™". Then, taking into account that
H! (R) = 0 for all r # n, we have first:

o0 — E(())én—d—l-l _ Eg,n—d+1 — ker <d2 : Eg,n—d-l—l Eg’"_d>
o 0= B2t = gt = g i (dy - B )

and thus Ag g = Ag 4—1. For the next subdiagonal in the diagram we have, in the third page:
° Eg,nfd+2 _ Eg,n7d+2

o 0= Eclx’)n_d+1 = Eg’n_dH = ker (d2 : Ezl’n_d+1 — Eg”n_d>
o B = B (dy s B s B
and in the fourth page:

o0 — E(())én—d—i-Q _ Eg,n—d+2 — ker <d3 : Eg,n—d+2 E?Sf,n—d>
4



o« 0= B = BP = B (dy s B — B

Therefore A3 4 = Ao,q—2 + A1,g—1 and analogously we get A\, g = Agg—pt1 + A,g—py2 for all p €
{4,...,d — 1}. For the last case we only have to put into the picture the fact that Hj}(R) is
isomorphic to the injective hull of the residue field which accounts for the +1 in the formula
Add = Ao,1 + A2 + 1

O

4. SQUAREFREE MONOMIAL IDEALS

A way to interpret Lyubeznik numbers for the case of squarefree monomial ideals is in terms
of the linear strands of the free resolution of the Alexander dual of the ideal. This approach was
given by Alvarez Montaner and Vahidi | ] (see also | ]) and we will briefly recall it
here. Throughout this section we let R = K[z1,...,x,] be a polynomial ring with coefficients in
a field K. Bass numbers behave well with respect to localization and completion so there is no
inconvenience in working in this setting.

Let IV be the Alexander dual of a squarefree monomial ideal I C R. Its minimal Z-graded free
resolution is an exact sequence of free Z-graded R-modules:

dm L -1, v 0

Le(IY): 0 Ly,
where the j-th term is of the form
Ly = @ R(=0)%1),
LEL

and the matrices of the morphisms d; : L; — L;_1 do not contain invertible elements. The
Z-graded Betti numbers of IV are the invariants 3; (1 V). Given an integer r, the r-linear strand of
Le(IV) is the complex:

<r> <r>
n—r 1
LS=(1Y)y: 0——Ly7 — - —— L™ L™ 0,

where
L7 = R(g - o),
and the differentials dj<T> : Lj<’"> — Lj<_rl> are the corresponding components of d;.

We point out that these differentials can be described using the so-called monomial matrices
introduced by Miller [ ]. These are matrices with scalar entries that keep track of the degrees
of the generators of the summands in the source and the target. Now we construct a complex of
K-vector spaces

FE> (V) : 0=———KPrnlU) o RAY) o ghrUY) o g
hd —— —— ——
deg0 degn—r—1 degn—r

where the morphisms are given by the transpose of the corresponding monomial matrices and thus
we reverse the indices of the complex. Then, the Lyubeznik numbers are described by means of
the homology groups of these complexes (see | , Cor. 4.2]).

Theorem 4.1. Let IV be the Alexander dual of a squarefree monomial ideal I C R. Then

Apon—r(R/I) = dimg H,(F5" (1V)*).
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It has been shown in | I, [ I, [ | that the S, and C'M, properties on the
ring R/I provide conditions on the vanishing of Betti numbers of the Alexander dual ideals IV
and consequently the shape of the corresponding Betti table. In particular it describes the linear
strands of the free resolution. To compute Lyubeznik numbers we have to take a step further and
consider the homology of these linear strands so, a priori, it may seem that the results in Theorems
3.3 and 3.4 are not sharp. The following example show that indeed the results are sharp.

Example 4.2. Let I = (z1,72,73,74,%5) N (T1,72,73,Y4,Y5) N (Y1,Y2,Y3,Y4,¥y5) be an ideal in
K[x1,...,25,y1,---,Y5]. The minimal free resolution of its Alexander dual ideal is

Le(IY): 00— R(=7) ® R(=8) — R(=5) —= 1Y ——=0

and thus IV has three linear strands. Then, the Lyubeznik table is

000 O0O0O© O

00 0O0O

0100

AR/I) = 01 0
0 0

3

The ideal I can be interpreted as the edge ideal of a graph G(3,2) obtained from a Cohen-Macaulay
bipartite graph G. Then it is C' My by using | , Thm. 4.5].

5. SQUAREFREE INITIAL IDEALS

Let R = K[xy,...,2z,] be a polynomial ring with coefficients in a field K. Assume that R is
equipped with a Z™-graded structure such that deg(x;) € ZZ,. It has been know for a while that
some homological invariants behave well with respect to Grébner deformations. In a breakthrough
paper, Conca and Varbaro [ , Thm. 1.3] proved that for a Z™-graded ideal I C R such that
the initial ideal in(I) with respect to some term order is squarefree, then

dimg H}, (R/1)o = dimg H (R/in(I))a

for all © € Z>p and all o € Z™. Therefore, extremal Betti numbers, depth and Castelnuovo-
Mumford regularity of R/I and R/in(I) coincide. Classes of ideals satisfying this condition are
ASL ideals, Cartwright-Sturmfels ideals and Knutson ideals (see | | for details).

For our purposes we point out the following result [ , Cor. 2.11]

Proposition 5.1. Let R = K[z1,...,2,] be a polynomial ring over a field. Let I C R be a pure
homogeneous ideal of codimension > 2 such that the initial ideal in(I) with respect to some term
order is squarefree. Then:

(i) R/I is Sy, r > 2, if and only if R/in(I) is S,.

(i) R/I is CM, if and only if R/in(I) is CM,.

It has been proved in | , Thm. 3.4] that the graphs I';(R/I), and consequently some
Lyubeznik numbers, also behave well with respect to Grobner deformations.

Proposition 5.2. Let R = K[zy,...,x,] be a polynomial ring over a field. Let I C R be a pure
homogeneous ideal of codimension > 2 such that the initial ideal in(I) with respect to some term
order is squarefree. Then,

#I(R/I) = #L'(R/in(1)).
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Corollary 5.3. Let R = Klz1,...,z,] be a polynomial ring over a field. Let I C R be a pure
homogeneous ideal of codimension > 2 such that the initial ideal in(I) with respect to some term
order is squarefree. Then,

Adjd(R/I) = )\dyd(R/in(I)), A()J(R/I) = Ao’l(R/in(I» and )\LQ(R/I) = )\172(R/in(1)).

In positive characteristic, Nadi and Varbaro | , Cor. 2.5] proved the following inequality
between the Lyubeznik numbers of R/I and those of R/in(I).

Proposition 5.4. Let R = K[z, ..., x,] be a polynomial ring over a field of positive characteristic.
Let I C R be an homogeneous ideal such that the initial ideal in(I) with respect to some term order
is a squarefree monomial ideal. Then A, ;(R/I) < \p;(R/in(1)).

It is quite common that the Lyubeznik table of a monomial ideal is trivial and thus the following
easy consequence becomes relevant.

Corollary 5.5. Let R = K[z1,...,x,] be a polynomial ring over a field of positive characteristic.
Let I C R be an homogeneous ideal such that the initial ideal in(I) with respect to some term order
is a squarefree monomial ideal. If the Lyubeznik table of R/in(I) is trivial then the Lyubeznik table
of R/I is trivial as well.

For instance, we can compute the Lyubeznik table of the following example (see [ , Ex.
3.2]).
Example 5.6. Let R = K[z1,...,25] be a polynomial ring over a field of positive characteristic.

Let I be the homogeneous ideal given by the 2 x 2-minors of the matrix

i+ ad ws x2
T l’i ibg — xI9
with deg(z4) = a,deg(x1) = deg(x3) = 1,deg(x2) = b and deg(x5) = 2. On the other hand,

in(I) = (z173, v172, 1273)
where we consider the lex term order and thus the Lyubeznik table of R/I is trivial in any charac-
teristic.

Binomial edge ideals satisfy that their generic initial ideals are squarefree | , Thm. 2.1].

Example 5.7. Let R = K[z1,...,26,¥1,...,Ys] be a polynomial ring over a field of positive char-
acteristic. Let Jg, € R be the binomial edge ideal associated to the 6-cycle Cg and gin(J¢,) its
generic initial ideal. Namely, we have:
Jog = (T1y2 — T2Y1, T1Ys — T6Y1, T2Y3 — T3Y2, —T3Y4 + TaY3, TaYs — T5Y4, T5Y6 — T6Ys5)
gin(Jo,) =(w576, T4T5, T3T4, T2T3, T1T6, T1T2, TAT6Y5, T3T5Y4, T2T6Y1, T2T4Y3, T1T5Y6, T1T3Y2,
T3T6Y4Y5, T3T6Y1Y2, T2T5Y3Y4, T2T5Y1Y6, T1T4Y5Y6, T1T4Y2Y3, T4TeY1Y2Y3, T3IT5Y1Y2Y6,

ToT6Y3YaYs5, L2T4Y1Y5Y6, T1T5Y2Y3Yd, T1L3Y4Y5Y6)

The Lyubeznik table of R/gin(Jc¢y) is trivial in any characteristic and thus the Lyubeznik table
of R/Jcy is trivial as well.
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