Sir Michael F. Atiyah

Early landmarks

OXFORD, CAMBRIDGE, PRINCETON, HARVARD, BONN

ATIYAH’s subsequent career oscillated between Cambridge, Oxford and Prin-
ceton. In 1957 he returned to Cambridge as a University Lecturer. In 1961 he
moved to Oxford, first as a Reader and then from 1963-69 as Savilian Professor
of Geometry.

After his stay at Princeton from 1969-72, ATIYAH returned to Oxford as a Royal
Society Research Professor. He remained there until in 1990 he moved back
to Cambridge as Master of Trinity College. In 1997 he retired from Cambridge,
and moved to the University of Edinburgh, where he is a honorary professor.
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If Cambridge, Oxford and Princeton were the universities whe-
re ATIYAH had permanent positions, in his career an important
part was also played by Harvard and Bonn.

HIRZEBRUCH and ATIYAH

During his close collaborations with R. BOTT and I. SINGER, he spent two sabba-
tical terms at Harvard and for around twenty-five years he used to go to Bonn
forthe annual Arbeitstagung. Organized by HIRZEBRUCH, they were enormously
exciting events with many new results being discussed and with a stellar cast
of participants. The opening lecture was always assigned to ATIYAH.

K-THEORY

During the early years in Bonn much attention was paid to HIRZEBRUCH’Ss RIE-
MANN-ROCH Theorem and its subsequent generalization by A. GROTHENDIECK.

Almost at the same time BOTT made his famous discovery of the periodicity
theorem in the classical groups. ATIYAH soon realised that there existed close
links between the work of BOTT and GROTHENDIECK. This led to new concrete
results in algebraic topology which convinced him that it was worth develo-
ping a topological version of GROTHENDIECK's K-theory.

The development of thisidea, which grew into a signifcant enterprise, was done
jointly with HIRZEBRUCH. They wrote many joint papers on various aspects and
applications of K-theory. About this collaboration ATIYAH has expressed that he
“learnt much, not least in how to write papers and present lectures”, and also
that HIRZEBRUCH was “an elder brother” who continued his education.

Some of the remarkable consequences of HIRZEBRUCH’S RIEMANN-ROCH Theo-
rem had been the integrality of various expressions in characteristic classes.

A priori, since these formulae had denominators, the answers were rational
numbers. But in fact, under appropriate hypotheses, they turned out to be
integers. For complex algebraic manifolds this followed from their interpre-
tation as holomorphic EULER characteristics, a consequence of the RIEMANN-
ROCH Theorem.

For other manifolds HIRZEBRUCH had been able to deduce integrality by various
topological tricks, but this seemed unsatisfactory. Topological K-theory gave a
better explanation for these integrality theorems, closer to the analytic proofs
derived from sheaf theory in the case of complex manifolds.

INDEX THEORY

A particularly striking case was the fact that an expression called by HIRzE-
BRUCH the A-genus was an integer for spin-manifolds.

It was the attempt to understand this fact that eventually led ATIYAH and SIN-
GER to their celebrated theorem.

Because of the comparison with analytic methods on complex manifolds, it
was natural to ask if there was any analytical counterpart for spin-manifolds.

A key breakthrough came with the realization that DIRAC had, thirty years be-
fore, introduced the famous differential operator that bears his name. Next,
with SINGER’s background in physics and differential geometry, they were able
to define (on a spin-manifold with a Riemannian metric) a DIRAC operator ac-
ting naturally on spinor fields. Finally, with ATIYAH’s familiarity with the charac-
ter formulae for the spin manifolds (from his apprenticeship with HIRZEBRUCH)
they easily saw that the index of the DIRAC operator should be equal to the
mysterious A-genus.

This work started while SINGER was spending a sabbatical term in Oxford. They
also had a brief visit from S. SMALE, just returned from Moscow, who told them
that GELFAND had proposed the general problem of computing the index of
any elliptic differential operator.

Their knowledge of K-theory allowed them to see that the DIRAC operator was
in fact the primordial elliptic operator and that, in a sense, it generated all
others. Thus a proof of the conjectured index formula for the Dirac operator
would yield a formula for all elliptic operators.

Over the subsequent decades the index theorem in its various forms and ge-
neralizations occupied most of the efforts of ATIYAH and SINGER.

THE INDEX OF ELLIPTIC OPERATORS ON
COMPACT MANIFOLDS

BY M. F. ATIYAH AND L. M. SINGER!
Commusicated by Racul Bott, February 1, 1963

Introduction. In his paper [16] Gel'fand posed the general problem
of investigating the relationship between topological and analytical
invariants of elliptic differential operators. In particular he suggested
that it should be possible to express the irdex of an elliptic operator
(see §1 for the definition) in tepological terms. This problem has
been taken up by Agranovic [2;3], Dynin |3; 14; 15|, Seeley [20;21)
and \l'ol"pen [22] who have solved it in special cases. The purpose of
this paper is to give a ganmal l‘nnnula for tbe index of an elliptic

on any i 1 ifold (Theorem
1). As a special case of this formula we get the Hirzebruch-Riemann-

Roch tt for any ifold {Theorem 3). This
was previously known only for p ifolds. Some
ot'h;r special cases, of interest 1n d:ﬂerenuﬂ topology, are discussed
in §3

We are greatly indehted te A. P. Calderon, L. Nirenberg, and
R. T. Seeley for their generous help.
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1. Elliptic operators. Let X be a compact oriented smooth mani-
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A particularly inter-
esting strand was a
LEFSCHETZ fixed point
formula which ATI-
YAH developed with
BoTT (now known as
the ATIYAH-BOTT fixed
point formula). They
also reached a fu-
ller understanding of
elliptic boundary va-
lue problems. It was
during this period that
ATIYAH spent two sa-
bbatical terms at Har-
vard, which he recalls
“as a particularly sti-
mulating and fruitful
time”.

I oD, B)* ch A w-T (X).

We will give the definition of o D, B) in rather complete detail in
Sections 2 and 3. The proof of Theorem 2 is then sketched in

Section 4.

Another important extension of the index theorem which required the collec-
tive efforts of ATIYAH, BOTT, SINGER and PATODI was the local form of the index
theorem and the contribution of the boundary arising from the n-invariant.
This was a spectral invariant, analogous to the L-functions of number theory
and originating in fact in a beautiful conjecture of HIRZEBRUCH on the cusps of
HILBERT modular surfaces. Most of this work was done while ATIYAH was a pro-
fessor at Princeton.

GRAEME SEGAL, who was one of ATIYAH's early research students, collaborated
with him on the equivariant version of the index theorem as well as on aspects
of K-theory.
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