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Abstract

We investigate functions f over a finite field Fq, with q prime, with the property
that the map x goes to f(x) + cx is a permutation for at least 2

√
q − 1 elements c of

the field. We also consider the case in which q is not prime and f is a function in
many variables and pairs of functions (f, g) with the property that the map x goes to
f(x) + cg(x) + dx is a permutation for many pairs (c, d) of elements of the field.

Let Fq denote the finite field with q elements and suppose that f is a function from Fq to Fq

for which there are M(f) elements c ∈ Fq with the property that

x 7→ f(x) + cx

is a permutation of Fq. Equivalently, for all distinct x and y in Fq we have f(x)+cx 6= f(y)+cy
and so −c 6= (f(y)− f(x))/(y− x), and so −c is not a direction determined by the graph of
the function f .

In [10] Rédei proved that if q is prime and M(f) > (q − 1)/2 then f is linear, and so
M(f) = q − 1. As a corollary to this result he proved that if G is an elementary abelian
group of size q2 and A and B are subsets of G with the property that any element of G can
be written uniquely as the sum of an element of A and an element of B, then either A or B
is a coset.

In the articles [5] (not characteristic 2 or 3) and [1] (all characteristics) it was proved for any
q that if M(f) > (q−1)/2 then either f is linear or q− q/s ≥ M(f) ≥ q +1− (q−1)/(s−1)
for some subfield Fs of Fq and if s > 2 then f is linear over Fs.

As mentioned above M(f) is the number of directions (not including the infinite direction)
not determined by the graph of f , {(x, f(x)) | x ∈ Fq}. Clearly applying affine transforma-
tions to the graph of f does not alter M(f) and so we are only interested in functions f up
to affine transformations.

If q is odd and we take f(x) = x(q+1)/2 then M(f) = (q − 1)/2. Moreover, Lovász and
Schrijver [8] proved that if M(f) = (q − 1)/2 and q is prime then the function f is affinely
equivalent to x(q+1)/2. This may extend to all odd q, no proof or counterexample is known.
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For q square there are examples of functions with M(f) = (q − √
q)/2 constructed by

Polverino, Szőnyi and Weiner [9].

However, for q prime, Gács [6] proved that if M(f) ≥ (q + 2)/3 then f is affinely equivalent
to x(q+1)/2 or f is linear. In fact, Gács proved that the graph of f is contained in the union
of two lines and then applied a result of Szőnyi [13] which classifies all functions whose graph
is contained in the union of two lines and for which M(f) ≥ 3.

In recent work with Gács and Sziklai we have been able to determine additional properties
of the graph of f , in the case that q is prime, whenever M(f) ≥ 2

√
q − 1. With these

additional properties the hope is to classify the functions f for which M(f) ≥ (q + 5)/4.

In the geometric setting the problem generalises to three dimensions in two ways. Either we
consider the graph of a function in two variables {(x, y, h(x, y)) | x, y ∈ Fq} or we consider
the graph of a pair of functions {(x, f(x), g(x)) | x ∈ Fq}.

The first case has applications to ovoids of generalised quadrangles and the second case may
help in resolving an unsolved problem of Rédei regarding factorising the elementary abelian
group of size p3, p prime, into subsets of size p2 and p.

In [4] and [2] it is shown that if h is a function in two variables with M(h) > pe(q − 1)
directions not determined, where q = pt, then every hyperplane is incident with 0 modulo
pe+1 points of the graph of h. The bound is almost tight in the case that Fpe is a subfield of
Fq. The bound is particularly useful in the case q is prime and led to the following conjecture,
which is the strong cylinder conjecture.

A set of p2 points S in AG(3, p), p prime, with the property that every plane is incident with
0 modulo p points of S is the union of p parallel lines.

If M(h) > q(q− 1)/2 then Storme and Sziklai [12] proved that the results in the planar case
can be direcly applied to h.

The two variable case generalises to n variables without any surprises, see [2].

In the case of two functions f and g we define M(f, g) to be the number of pairs (c, d), where
c and d are elements of Fq, with the property that

x 7→ f(x) + cg(c) + dx,

is a permutation of Fq. In geometric terms to each pair (c, d) there is a set of q parallel
planes with equation dX + Y + cZ = e all of which are incident with exactly one point of
the graph, {(x, f(x), g(x)) | x ∈ Fq}, of (f, g).

Gács planar result from [6] implies that when q is prime and M(f, g) & q2/3 the graph of
(f, g) is contained in a plane, and is affinely equivalent to the graph of x(q+1)/2 or a straight
line. However, using algebraic curves and a bound of Stohr-Voloch [11] on the number of
points on an algebraic curve [3], one can improve this to M(f, g) & 2q2/9. Moreover there
are functions f and g when q = 1 modulo 3 for which M(f, g) has this order of magnitude.
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