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Abstract. We construct families of three-dimensional linear codes that attain the
Griesmer bound and give a probablistic construction of linear codes that are close to
the Griesmer bound. All these codes contain the all-1 codeword and are constructed
from small multiple blocking sets in AG(2, q).

1. Introduction

A linear [n, k, d]-code over Fq is a subspace C of rank k of the vector space Fn
q in which

every non-zero vector in C has at least d non-zero co-ordinates and some vector in C has
exactly d non-zero co-ordinates. The Griesmer bound [14, Theorem 5.2.6], states that

(1.1) n ≥
k−1∑
i=0

⌈
d

qi

⌉
.

Our aim in this note is to construct three dimensional linear codes (k = 3) which meet
the Griesmer bound.

Let G be a k×n matrix whose rows form a basis of C, i.e. G is a generator matrix for C,
and let x ∈ Fk

q be the j-th column of G. The codeword that is the linear combination of

the rows of G given by the vector a ∈ Fk
q has a zero in the j-th coordinate if and only if

(1.2)
k∑

i=1

aixi = 0.

Since each codeword has at least d non-zero coordinates there are at most n− d columns
of G incident with the hyperplane defined by the equation (1.2). Note that this property
holds for any non-zero scalar multiple of the columns. If we view the columns of G as
points of PG(k− 1, q) we have that a linear [n, k, d]-code C over Fq is equivalent to a set
K of n points in PG(k − 1, q) with the property that some hyperplane is incident with
r points of K and no hyperplane is incident with more, where r = n − d. Such a set of
points K is called an (n, r)-arc.

Putting d = n− r in (1.1) it follows that an (n, r)-arc in PG(k − 1, q) is equivalent to a
code meeting the Griesmer bound if

r =
k−1∑
i=1

⌈
n− r

qi

⌉
.
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Now if n− r ≤ q2 the last k− 2 terms in the sum all contribute exactly one. So if d ≤ q2

we have equality if and only if

(1.3) (r − k + 1)q + r + 1 ≤ n ≤ (r − k + 2)q + r.

If k = 2 then finding such codes is trivial. Indeed it suffices to take any (multi-)set of n
points of PG(1, q) where no point is chosen with multiplicity more than r.

If k = 3 then the only values of r for which it is known that there is a code of length n
within these bounds are, for q = ph odd,

r ∈ {2, 3, (q + 1)/2, (q + 3)/2, q − pe, q − 2, q | e = 0, 1, . . . , h− 1},

for q even

r ∈ {2e, 3, q − 2e, q | e = 0, 1, . . . , h− 1},
with the addition of

r ∈ {√q + 1, q −√
q + 2, q −√

q + 3, . . . , q − 3}

when q is square, see [3].

We shall construct explicit codes meeting the Griesmer bound when r = q− 3 and q− 4.

Apart from trivial bounds nothing is known in general for a given r and q about how close
a code can be to the Griesmer bound. If d ≤ q2 an (n, r)-arc is equivalent to a code that
is ε away from the Griesmer bound if and only if

(1.4) (r − k + 1− ε)q + r + 1 ≤ n ≤ (r − k + 2− ε)q + r.

We shall also show, by means of an algorithmic construction, that there are codes one
away from the Griesmer bound for all q − (8q)1/5 ≤ r < q.

To conclude the introduction we note that a three dimensional code (k = 3) with d > q2

has multiple columns in its generator matrices and hence the minumum distance of the
dual code is 2. These codes are of less interest and we do not consider them here.

2. Codes containing the all-1 codeword and affine blocking sets

If a code C contains the all-1 codeword then we can assume that the first row in the
generator matrix of the code is the all-1 vector and every point of the (n, r)-arc K con-
structed from C as in the previous section will have a 1 in its first coordinate. Hence K
is a subset of the points of AG(k − 1, q). The same argument in reverse implies that if
an (n, r)-arc is contained in AG(k − 1, q) then the corresponding linear [n, k, d]-code will
contain the all-1 codeword.

A t-fold blocking set B of AG(k − 1, q) is a set of points with the property that every
hyperplane of AG(k− 1, q) is incident with at least t points of B and some hyperplane is
incident with exactly t points of B. The complement of an (n, r)-arc in AG(k − 1, q) is a
(qk−2 − r)-fold blocking set of size qk−1 − n.

In [7], Bruen proves the lower bound

|B| ≥ (k + t− 2)q − k − t + 1.
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This bound, translated to codes containing the all-1 codeword by substituting t = qk−2−r
and |B| = qk−1 − n, implies

n ≤ (r − k + 2)q + qk−2 − r − 1 + k.

Compare this to (1.3).

Some improvements are made to Bruen’s bound in [2], including the following in the case
k = 3,

(2.1) |B| ≥ (t + 1)q − (t, q).

This bound first appeared in [1]; the case (t, q) = 1 having previously been obtained by
Blokhuis in [4]. This bound in terms of codes containing the all-1 codeword, substituting
t = q − r and |B| = q2 − n, gives

n ≤ rq − q + (r, q).

3. The general construction

Let S be a set of t points in PG(2, q) with the property that no three of its points are
collinear. A line is a bisecant to S if it is incident with exactly two points of S and an
external line is it is incident with no points of S. Let L(S) be a subset of the external lines
to S with the property that a point not in S incident with m bisecants of S is incident
with m− 1 lines of L(S).

Hill points out at the end of his article [9] that the set B, that consists of points dual
to lines of L(S) together with the points lying on a line dual to a point of S, forms a
(t− 1)-fold blocking set of PG(2, q) of size

t(q + 1)−
(

t

2

)
+ |L(S)|.

This is easily seen for if a line is incident with m of the points that lie on two lines dual
to the points of S then it is incident m− 1 points of the dual of L(S) and hence

t− 2m + m + m− 1 = t− 1

points of B.

By removing a line, dual to a point of S, one can make a (t − 2)-fold blocking set of
AG(2, q) of size

(t− 1)(q + 1)−
(

t

2

)
+ |L(S)|.

The bound (2.1) gives the lower bound

(3.1) |L(S)| ≥
(

t− 1

2

)
− (t− 2, q).

The corresponding code has length q2 + q + 1− |B| and minimum distance n− q − 2 + t
and will meet the Griesmer bound, according to (1.3) if

|L(S)| ≤
(

t

2

)
− 2.
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In the next section we give a probabilistic construction of such a set S and L(S) which
gives codes that are one away from the Griesmer bound. In Section 5 we give explicit
constructions of sets S and their corresponding sets of lines L(S) which produce codes
meeting the Griesmer bound and which are good in the sense that L(S) is small. In some
cases |L(S)| attains the bound (3.1).

4. A non-explicit construction

Let St be a set of t points in PG(2, q) with the property that no three of its points are
collinear and that no three of its bisecants are concurrent. In the terminology of [11], St

is a t-arc with cm = 0 for m ≥ 3.

Suppose that t ≥ 4 and that St is contained in the set of points of a large arc of size
about q, a conic for example. There are

(
t
2

)
bisecants and there are 3

(
t
4

)
points incident

with exactly two bisecants, every four points of St determines three pairs of bisecants. At
worst there are

3(t− 4)

(
t

4

)
points of the large arc that we cannot add to St without destroying the property that no
point is incident with three bisecants. Hence if 3(t − 4)

(
t
4

)
< q − t we can extend St to

set St+1.

Now fix t < (8q)1/5 and put S = St. Let L(S) be a set of external lines that cover every
point on two bisecants constructed by simply choosing any external line through such a
point in order until all such points are covered. Then

|L(S)| ≤ 3

(
t

4

)
and we have a (t− 1)-fold blocking set of size at most

t(q + 1)−
(

t

2

)
+ 3

(
t

4

)
and an (n, r)-arc in PG(2, q) where r = q + 2− t and

n ≥ (r − 1)q + 1− t +

(
t

2

)
− 3

(
t

4

)
which is one away from the Greismer bound according to (1.4) since t < (8q)1/5.

5. Explicit examples

In all but the first example, the set of t points S was found by choosing a subgroup G of
GL(3, q) and looking for orbits of length t whose points lying on at least two bisecants can
be covered ( with multiplicity) by relatively few lines. i.e. |L(S)| is small. In some cases
this set of lines L(S) is the union of the G-orbits and so G is a subgroup of the group of
the corresponding code, and in other cases not. The idea of prescribing a stabiliser group
to construct linear codes and (n, r)-arcs was first used, and with considerable success for
small q, in [5] and [6].



AFFINE BLOCKING SETS, THREE-DIMENSIONAL CODES AND THE GRIESMER BOUND 5

If t = 4 then there is but one choice for S, and L(S) can be chosen such that |L(S)| = 1
if q is even and |L(S)| = 2 if q is odd, see [10].

We use the notation (x, y, z) to be the projective point 〈(x, y, z)〉 and [a, b, c] to be the
projective line which is incident with (x, y, z) if and only if ax + by + cz = 0.

5.1. t = 5. A 4-fold blocking set in PG(2, q) of size 5q + 1, char> 3, where char is the
characteristic of q.

Let S be the set of points

{(1, 0, 0), (1, 1, 1), (1, 2, 4), (1, 3, 9), (1, 3/2, 9/4)}

contained in the conic X0X2 = X2
1 . Put yi = (1, i, i2).

The three points incident with two bisecants to S that lie on the bisecant 〈y0, y1〉 are
{(2, 3, 3), (5, 6, 6), (7, 9, 9)}.
The three points incident with two bisecants to S that lie on the bisecant 〈y0, y2〉 are
{(2, 3, 6), (1, 3, 6), (5, 9, 18)}.
The three points incident with two bisecants to S that lie on the bisecant 〈y0, y3〉 are
{(0, 1, 3), (1,−3,−9), (1, 6, 18)}.
The three points incident with two bisecants to S that lie on the bisecant 〈y0, y 3

2
〉 are

{(3, 4, 6), (5, 6, 9), (7, 12, 18)}.
The three points that are incident with two of the six bisecants spanned by y1, y2, y3 and
y 3

2
are {(3, 5, 9), (1, 0,−3), (5, 9, 15)}.

If the char> 3 then these points are all distinct and are the 15 points that are incident
with exactly two bisecants of S. It is a laborious task to verify that the lines

{[−3, 3,−1], [18,−24, 7], [9,−18, 7], [3, 0,−1], [18,−21, 7], [6,−5, 0]}.

are external lines to S and cover these 15 points. To be precise and labelling the points
in the order they appear from 1 to 15, [−3, 3, 1] is incident with 1, 5, 7 and 14. The line
[18,−24, 7] is incident with 6, 9 and 10. The line [9,−18, 7] is incident with 8 and 11. The
line [3, 0,−1] is incident with 4, 13 and 15. The line [18,−21, 7] is incident with 3 and 12.
The line [6,−5, 0] is incident with 2.

Therefore if we let L(S) be this set of six lines then we satisfy the required property for
the construction in section 3 . The lower bound (3.1) gives |L(S)| ≥ 5 so we do not quite
manage to attain the bound in this case. However we do get a code meeting the Griesmer
bound since we satisfy the bound (1.3) |L(S)| ≤ 8.

In 1984, Mason [13] constructed 4-fold blocking sets of PG(2, q) of size 5q − 2 when
char= 3. These examples contain exactly 3 lines as opposed to 5.

5.2. t = 5. A 4-fold blocking set in PG(2, q) of size 5q + 1, q = 1 mod 5.

Let q = 1 mod 5, e5 = 1, e 6= 1. Let G be the group generated by σ : (x, y, z) 7→ (x, ye, ze2)
and τ : (x, y, z) 7→ (z, y, x). Since G has a transitive action of degree 5 on the orbit of
(1, 1, 1) and has order 10 it follows that G ∼= ASL(1, 5), [8, Table 2.1, pp.60]. Now let S
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be the G-orbit of x = (1, 1, 1), i.e.

S = Gx = {(1, 1, 1), (1, e, e2), (1, e2, e4), (1, e3, e), (1, e4, e3)}.

Let y0 = (1, 0,−1), y1 = (e + e2, e3 + 1, e + e2) and y2 = (e + e3, e4 + 1, e + e3) and
zi = (1, ei, e2i). The lines 〈z1, z4〉 and 〈z2, z3〉 meet in y0, since∣∣∣∣∣∣

1 e e2

1 e4 e3

1 0 −1

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 e2 e4

1 e3 e
1 0 −1

∣∣∣∣∣∣ = 0.

The lines 〈z1, z2〉 and 〈z3, z4〉 meet in y1, since∣∣∣∣∣∣
1 e e2

1 e2 e4

e + e2 e3 + 1 e + e2

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 e3 e
1 e4 e3

e + e2 e3 + 1 e + e2

∣∣∣∣∣∣ = 0.

The lines 〈z1, z3〉 and 〈z2, z4〉 meet in y2, since∣∣∣∣∣∣
1 e e2

1 e3 e
e + e3 e4 + 1 e + e3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 e2 e4

1 e4 e3

e + e3 e4 + 1 e + e3

∣∣∣∣∣∣ = 0.

Now y0,y1 and y2 lie in different G-orbits, so the 15 points that lie on exactly 2 bisecants
of S are Gy0∪Gy1∪Gy2. The line [0, 1, 0] is incident with all the points in the G-orbit of
y0 = (1, 0,−1) and is external to S. The line [e2− e− 1, e2 + e,−e(e2 + e− 1)] is incident
with both y1 and σ(y2) = (e + e3, e + 1, e3 + 1) and is external to S. So if we let L(S) be
the union of the orbit of this line under 〈σ〉 together with [0, 1, 0] then S and L(S) satisfy
the required property for the construction in section 3 and |L(S)| = 6. The lower bound
(3.1) in this case is |L(S)| ≥ 5.

5.3. t = 6. A 5-fold blocking set in PG(2, q) of size 6q, q = 1 mod 4.

Let G be the group generated by σ : (x, y, z) 7→ (z, x, y) and τ : (x, y, z) 7→ (x, y,−z).
Since q = 1 mod 4 there exists an element a satisfying a2 = −1. Let S be the G-orbit of
the point (1, a, 0) i.e.

S = {(1, a, 0), (0, 1, a), (1, 0,−a), (0, 1,−a), (1, 0, a), (1,−a, 0)}.

The lines 〈(1, a, 0), (0, 1, a)〉, 〈(1,−a, 0), (0, 1,−a)〉 and 〈(1, 0, a), (1, 0,−a)〉 are all incident
with the point (1, 0, 1), Thus the set of points in the G-orbit of this point

D = {(1, 0, 1), (1, 0,−1), (1,−1, 0), (0, 1, 1), (0, 1,−1), (1, 1, 0)},

is a set of 6 points all incident with exactly 3 bisecants of S.

The lines 〈(1, a, 0), (0, 1, a)〉 and 〈(1,−a, 0), (1, 0, a)〉 are incident with the point y1 =
(1, 1, a + 1) since ∣∣∣∣∣∣

1 a 0
0 1 a
1 1 a + 1

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 −a 0
1 0 a
1 1 a + 1

∣∣∣∣∣∣ = 0,

and so the 12 points in the G-orbit of this point C1 = Gy1 are all points incident with
exactly 2 bisecants of S.
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The lines 〈(1,−a, 0), (0, 1, a)〉 and 〈(1, a, 0), (1, 0, a)〉 are incident with the point y2 =
(1, 1, a− 1) since ∣∣∣∣∣∣

1 −a 0
0 1 a
1 1 a− 1

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 a 0
1 0 a
1 1 a− 1

∣∣∣∣∣∣ = 0,

and so the 12 points in the G-orbit of this point C2 = Gy2 are all points incident with
exactly 2 bisecants of S. Clearly the points of C3 = {(0, 0, 1), (1, 0, 0), (0, 1, 0)} are also
points incident with exactly 2 bisecants of S. Since there are at least six points incident
with 3 bisecants of S, a simple counting argument shows there are at most 27 points
incident with exactly two bisecants. Thus C1 ∪ C2 ∪ C3 is the set of all points incident
with exactly two bisecants of S and D is the set of all points incident with exactly three
bisecants of S.

The lines
{[1, 0, 1], [1, 0,−1], [1,−1, 0], [0, 1, 1], [0, 1,−1], [1, 1, 0]}

are incident with 2 points of C1, 2 points of C2, a point of C3 and a point of D and it’s a
simple matter to check they cover the points of C1 ∪C2 ∪C3 ∪D. Since a 6= +1,−1 they
are external lines to S. The lines

{[1, 1,−1], [1,−1, 1], [1,−1,−1]}
cover the points of D and are also external to S. Let L(S) be the union of these six and
three lines. Thus L(S) has the required property from section 3. Moreover it attains the
lower bound (3.1) since |L(S)| =

(
t−1
2

)
− (t− 2, q) = 9.

5.4. t = 6. A 5-fold blocking set in PG(2, q) of size 6q, some restrictions.

Let G be the symmetric group on 3 elements consisting of the permutations of the co-
ordinates of the points of PG(2, q). Let a 6= 0,±1 and S be the G-orbit of the point
x = (1, a, 0), i.e.

S = Gx = {(0, a, 1), (1, a, 0), (1, 0, a), (0, 1, a), (a, 0, 1), (a, 1, 0)}.

The lines 〈(0, a, 1), (0, 1, a)〉, 〈(1, a, 0), (1, 0, a)〉 and 〈(a, 0, 1), (a, 1, 0)〉 are all incident with
the point (0, 1,−1). Hence the three points in the G-orbit of (0, 1,−1)

D = {(0, 1,−1), (1, 0,−1), (1,−1, 0)}
are incident with exactly 3 bisecants of S.

The point y1 = (1, 0,−a2) is incident with the lines 〈(1, a, 0), (0, 1, a)〉 and 〈(a, 0, 1), (1, 0, a)〉
and |Gy1| = 6 if we choose a4 6= 1.

The point y2 = (0, 0, 1) is incident with the lines 〈(0, a, 1), (0, 1, a)〉 and 〈(a, 0, 1), (1, 0, a)〉
and |Gy2| = 3.

The point y3 = (1, 1, a−1) is incident with the lines 〈(1, a, 0), (1, 0, a)〉 and 〈(a, 1, 0), (0, 1, a)〉
and |Gy3| = 3 if we choose a 6= 2.

The point y4 = (1, 1, (a−1)/a2) is incident with the lines 〈(1, a, 0), (a, 0, 1)〉 and 〈(a, 1, 0), (0, a, 1)〉
and |Gy4| = 3 if we choose a2 − a + 1 6= 0.

The point y5 = (1, 1, a−a2) is incident with the lines 〈(1, a, 0), (0, 1, a)〉 and 〈(a, 1, 0), (1, 0, a)〉
and |Gy3| = 3 if we choose a2 − a + 1 6= 0.
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The point y6 = (1, 1, (1−a)/a) is incident with the lines 〈(1, a, 0), (0, a, 1)〉 and 〈(a, 1, 0), (a, 0, 1)〉
and |Gy6| = 3 if we choose 2a 6= 1.

The point y7 = (1, 1, (a2+1)/a) is incident with the lines 〈(1, 0, a), (0, a, 1)〉 and 〈(0, 1, a), (a, 0, 1)〉
and |Gy7| = 3 if we choose a2 − a + 1 6= 0.

The point y8 = (a2 − a + 1, a − a2, a) is incident with the lines 〈(1, 0, a), (0, 1, a)〉 and
〈(a, 0, 1), (1, a, 0)〉 and |Gy8| = 6 if we choose 2a2 − 2a + 1 6= 0 and a2 − a + 1 6= 0. This
is non-trivial and involves some checking. Under G the orbit of (1, b, c) is of size 6 unless
(b, c) = (0,−1) or (−1, 0), b = 1 or c = 1, b = c or b = c2 where b3 = 1. One has to check
that in this case the only conditions we need to avoid are the aforementioned.

The point y9 = (a, a2 − a + 1, a − 1) is incident with the lines 〈(1, 0, a), (1, a, 0)〉 and
〈(0, a, 1), (a, 1, 0)〉 and |Gy8| = 6 if we choose a2 − 2a + 2 6= 0 and a2 − a + 1 6= 0.

Let a be such that a4 6= 1, a 6= 2, a2 − a + 1 6= 0, 2a 6= 1, 2a2 − 2a + 1 6= 0 and
a2 − 2a + 2 6= 0. The set {(1 − a)/a, (a2 + 1)/a, a − a2, (a − 1)/a2, a − 1} contains five
distinct elements if in addition we choose a3 6= −1.

Then the set of 36 points incident with exactly 2 bisecants of S is C =
⋃9

i=1 Gyi.

We have now to choose some lines to cover the points in C and to cover twice the points
in D.

The 3 external lines in the G-orbit of the line [1,−1, 0] are incident with all the points of⋃7
i=2 Gyi.

If we can find an a such that a3 − 3a2 + 2a − 1 = 0 then the points y8, (−a2, 0, 1) and
(0, 1,−1) are all incident with the external line [a−2, 1, 1] and so the three lines in the
G-orbit of this line cover the points in D∪Gy1∪Gy8. The points (a, a2−a+1, a−1) and
(a2−a+1, a, a−1) are incident with the line [1, 1,−(a2 +1)/(a−1)] and hence the points
in Gy9 and D are covered by the three lines in the G-orbit of [1, 1,−(a2 + 1)/(a − 1)].
Thus we have a set L(S) with the required property consisting of 9 lines.

If we can find an a such that a3 − a2 + 2a − 1 = 0 then the points y9, (1, 0,−a2) and
(1,−1, 0) are all incident with the external line [1, 1, a−2] and so the three lines in the
G-orbit of this line cover the points in D ∪Gy1 ∪Gy9. The points (a2 − a + 1, a− a2, a)
and (a − a2, a2 − a + 1, a) are incident with the line [1, 1,−a−1] and hence the points in
Gy8 and D are covered by the three lines in the G-orbit of [1, 1,−a−1]. Thus we have a
set L(S) with the required property consisting of 9 lines.

If the field Fq contains no such element a then we can always take L(S) to be the union
of all 12 lines, that is the union the orbits of the lines [1,−1, 0], [1, 1, a−2], [1, 1,−a−1] and
[1, 1,−(a2 + 1)/(a− 1)]. This will give a 5-fold blocking set of size 6q + 3.

To give a rough idea of when Fq contains an element such that a3 − 3a2 + 2a− 1 = 0 or
a3− a2 + 2a− 1 = 0, the prime fields of order 11, 17, 19, 23, 37, 43, 53, 59, 61, 67, 79, 83,
89, 97, 101, 103, 107, 113 all contain such an element. Note that a3 − 3a2 + 2a − 1 = 0
implies all the other restrictions on a are satisfied with the exception when char= 5 and
a = 2 and that a3 − a2 + 2a − 1 = 0 implies all the other restrictions on a are satisfied
with the exceptions char= 5 and a = 4 and char= 7 and a = 2. So the lower bound (3.1)
|L(S)| ≥

(
t−1
2

)
− (t − 2, q) = 9 is attained in many more cases than just q = 1 mod 4

implied by the previous example.
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The upper bound (1.3) implies |L(S)| ≤ 13 is satisfied for all q and so there is always a
code meeting the Griesmer bound for r = q − 4.

5.5. t = 7. A 6-fold blocking set in PG(2, q) of size 7q + 7, where q = 1 mod 7.

Let e be primitive 7-th root of unity. Let G be the group generated by σ : (x, y, z) 7→
(x, ey, e2z), G ∼= Ct. Let S be the G-orbit of the point u = (1, 1, 1), i.e.

S = {(1, ei, e2i), i = 0, ..., t− 1}.
Note that S is a subset of the conic defined by X0X2 = X2

1 .

Let p{i,j}{k,l} be the point where 〈(1, ei, e2i), (1, ej, e2j)〉 meets 〈(1, ek, e2k), (1, el, e2l)〉. By
calculation p{i,j}{k,l} = (ek+el−ei−ej, ek+l−ei+j, ek+l(ei+ej)−ei+j(ek+el)). If k+l = i+j
mod 7, then p{i,j}{k,l} = (1, 0,−ei+j) and this point is incident with 3 bisecants of S, since
i + j = m mod 7, i < j has 3 solutions. Let

C = {p{i,j}{k,l} | i + j 6= k + l}.
Note that there may be points incident with three bisecants of S in C. However we shall
construct a set of lines L(S) that covers every point of C twice.

Now consider the line [1, θ, 1]. The line is incident with p{i,j}{k,l} if and only if

(ek+l − ei+j)θ = −ek − el + ei + ej − ek+l+i − ek+l+j + ei+j+k + ei+j+l.

Dividing by ei+k we get

(ej−k − el−i)θ = −e−k − ej + e−i + el − e−i−k+j − el−k+j + e−i+l−k + e−i+l+j.

Hence the line contains also the point p{−i,l}{−k,j}. Similarly the line also contains the
points p{i,−k}{l,−j},p{−i,−j}{−k,−l},p{i,−l}{−j,k} and p{−i,k}{−l,j}.

Thus when |{±i,±j,±k,±l}| = 7 or 8, the line [1, θ, 1] is a 6-secant to C. All numbers
are taken modulo 7.

Let L(S) be the union of the G-orbits of all the lines [1, θ, 1] where θ is is a solution of

(ek+l − ej)θ = −ek − el + 1 + ej − ek+l − ek+l+j + ej+k + ej+l.

for some j, k and l where j 6= k + l mod t and |{0,±j,±k,±l}| = 7.

We claim that there are two lines in L(S) incident with the point p{a,b}{c,d}, where a+ b 6=
c + d. The G-orbit of this point is

{p{a+n,b+n}{c+n,d+n} | n = 0, . . . , 6}.
So we have to show that two of the sets {±0,±(b−a),±(c−a),±(d−a)}, {±(a−b), 0,±(c−
b),±(d − b)}, {±(a − c),±(b − c), 0,±(d − c)} or {±(a − d),±(b − d),±(c − d), 0} have
size 7.

Assume that this is not the case and, without loss of generality, that the first three sets
do not have size 7. Since the first set has size less than 7 and a, b, c and d are all distinct
we can assume that b − a = −(c − a). So the sets {±(c − a),±2(c − a),±(d − 2a + c)}
and {±(a − c),±2(a − c),±(d − c)} have size less than 6. If d − c = −(a − c) then the
first set is {±(c− a),±2(c− a),±3(c− a)} and has size 6. If d− c = 2(a− c) then b = d.
If d− c = −2(a− c) then the first set is {±(c− a),±2(c− a),±4(c− a)} and has size 6.
Hence the second set has size 6 and we have a contradiction.
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To calculate the size of the set L(S) we count the number of (0, j), (k, l), with j 6= k + l,
j, k, l all different and such that |{0,±j,±k,±l}| = 7. There are 6 choices for j and then
we have to distinguish the cases k = 2j and k = j/2, because in both cases two of the
three conditions l 6= −j, l 6= j − k and l 6= k, coincide. Hence there is 1 way to choose
k 6= {±j, 2j, j/2} and then 2 choices for l. And if k = 2j or k = j/2 there are 2 choices
for l. Since there are 6 points on each line of L(S) and we have counted (k, l) unordered
there are 42(4 + 2)/12 = 21 lines in L(S).

Every point in C is incident with at least two lines of L(S) and the points

{(1, 0, em) | m = 0, . . . t− 1}

are incident with |L(S)|/7 = 3 lines. Thus L(S) has the required property from section 3.

The bound (3.1) in this case is |L(S)| ≥ 15− (5, q), so there is room for improvement. We
just fail to get a code meeting the Griesmer bound since the bound (1.3) is |L(S)| ≤ 19.
However we have covered all the points in C one more time than is necessary unless a
point occurs in C with multiplicity. So it is likely that the 6-fold blocking set is not
minimal and some of the lines in |L(S)| are not required.
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