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Abstract

We prove that there is a Hermitian self-orthogonal k-dimensional truncated
generalised Reed-Solomon code of length n < ¢? over F2 if and only if there is
a polynomial g € F 2 of degree at most (¢ — k)g — 1 such that g + g7 has ¢*> — n
distinct zeros. This allows us to determine the smallest n for which there is a
Hermitian self-orthogonal k-dimensional truncated generalised Reed-Solomon
code of length n over F2, verifying a conjecture of Grassl and Rotteler. We
also provide examples of Hermitian self-orthogonal k-dimensional generalised
Reed-Solomon codes of length ¢ + 1 over Fg2, for k = ¢—1 and g an odd power
of two.

1 Introduction

The study of Hermitian self-orthogonal linear codes is motivated by the fact that
given such a code one can easily construct a quantum error-correcting code. A
quantum error-correcting code is a subspace of (C?)®™. The parameter ¢ is called
the local dimension and corresponds to the number of mutually orthogonal states
each quantum particle of the system has. A quantum code with minimum distance d
is able to detect errors, which act non-trivially on the code space, on up to d — 1 of
the subsystems and correct errors on up to %(d — 1) of the subsystems.

Let F, denote the finite field with g elements. A linear code C' of length n over F, is
a subspace of Fy. If the minimum weight of a non-zero element of C'is d then the
minimum (Hamming) distance between any two elements of C' is d and we say that
C'is [n, k,d], code, where k is the dimension of the subspace C.

A canonical Hermitian form on IFZQ is given by

n
(u,v)p = Z uvf.
i=1
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If C is a linear code over Fg2 then its Hermitian dual is defined as

Cth={ve Fle | (u,v)p =0, for allu € C}.

One very common construction of quantum stabiliser codes relies on the following
theorem from Ketkar et al. [16, Corollary 19]. It is a generalisation from the qubit
case of a construction introduced by Calderbank et al. [3, Theorem 2.

Theorem 1.1 If there is a [n, k,d']2 linear code C' such that C' C C-th then there
ezists an [n,n—2k,d], quantum code, where d is the minimum weight of the elements

of Ctn\ C if k # %n and d is the minimum weight of the non-zero elements of
Cctr=C z'fk:%n.

If C C C» then we say the linear code C' is Hermitian self-orthogonal. Theorem
is our motivation to study Hermitian self-orthogonal codes. We can multiply the
i-th coordinate of all the elements of C' by a non-zero scalar 6;, without altering the
parameters of the code. Such a scaling, together with a reordering of the coordinates,
gives a code which is said to be linearly equivalent or monomially equivalent to C.

A linear code D is linearly equivalent to a linear code C over F, if, after a suitable
re-ordering of the coordinates, there exist non-zero 6; € F, such that

D = {(01u1,...,00uy,) | (u,...,u,) € C}.

A truncation of a code is a code obtained from C' by deletion of coordinates.

In this article we consider the generalised Reed-Solomon code, any code which is
linearly equivalent to a Reed-Solomon code.

In Section [3| we will prove that there exists a k-dimensional Hermitian self-orthogonal
generalised Reed-Solomon code of length n < ¢? if and only if there is a polynomial
g € Fp2 of degree at most (¢ — k)g — 1 such that g + g7 has ¢®> — n distinct zeros.
We go on to give examples of such polynomials g, which imply the existence of
k-dimensional Hermitian self-orthogonal generalised Reed-Solomon codes of length
n, for many values of n which were previously unknown.

In Section 4] we determine the minimum n for which there exists a Hermitian self-
orthogonal generalised Reed-Solomon code of length n, verifying a conjecture of
Grassl and Rotteler from [8].

In Section B, for ¢ an odd power of two, we provide an example of a polynomial
g of degree less than ¢ — 1 such that g + g2 has no zeros. This implies, applying
Theorem that there is a (¢ — 1)-dimensional Hermitian self-orthogonal generalised
Reed-Solomon code of length ¢? + 1 when g = 22/*1. This was previously unknown
for h > 4.



2 Hermitian self-orthogonal codes

In this section we introduce the puncture code P(C) of a linear code C' and explain
its connection to Hermitian self-orthogonal codes.

Let C be a linear code of length n over Fp2. The code C' is linearly equivalent to a
Hermitian self-orthogonal code if and only if there are non-zero 0; € F 2 such that

n
Zﬁfﬂuwz] =0, (1)
i=1

for all u,v € C. Note that 9?“ is a non-zero element of F,, so equivalently C
is linearly equivalent to a Hermitian self-orthogonal code if and only if there are
non-zero \; € F, such that
n
Z )\,ulvf =0.
i=1

For any linear code C over F,2 of length n, Rains [20] defined the puncture code
P(C) to be

P(C)={A=(A1,.... ) €Fy | ZAiuivf =0, for all u,v € C}. (2)
i=1

Then, clearly we have the following theorem.

Theorem 2.1 Let C be a linear code over Fp2 of length n. There is a truncation of
C to a linear code over Fp2 of length r < n which is linearly equivalent to a Hermitian
self-orthogonal code if and only if there is an element of P(C) of weight r.

Thus, as emphasised in [§], the puncture code is an extremely useful tool in con-
structing Hermitian self-orthogonal codes. Observe that the minimum distance of
any quantum code, given by an element in the puncture code, will have minimum
distance at least the minimum distance of C+. This follows since any element in
the dual of the truncated code will be an element of C if we replace the deleted
coordinates with zeros.

3 Hermitian self-orthogonal generalised Reed-Solomon codes

In this section we focus on the puncture code of the Reed-Solomon code. We will
prove that the puncture code can be obtained as the evaluation code of polynomials
which belong to a specified subspace . This leads to the particularly useful
Theorem This theorem gives necessary and sufficient conditions on the existence
of a truncation of a Reed-Solomon code being linearly equivalent to a Hermitian
self-orthogonal code. This equivalence is in terms of the existence of a polynomial



with certain properties. These properties bound the degree of the polynomial and the
number of trace zero evaluations that it has. Here, the trace refers to the standard
trace function from F 2 to F,. Finally, we give examples of such polynomials and
therefore truncations of the Reed-Solomon code to codes which are linearly equivalent
to Hermitian self-orthogonal codes.

Throughout the article {a1,...,a,} will denote the set of elements of F .

A generalised Reed-Solomon code over F 2 is

D = {(elf(al)a .- -79q2f(aq2)79q2+1fk—1) | fe FqQ [X]a deg f <k — 1}7
where f; denotes the coefficient of X* in f(X) and 6; € F2 \ {0}.

The Reed-Solomon code over qu

C= {(f(al)v"'af(aq2)7fk’—l) | f € FQQ[XL degf <k-— 1}7

is obtained from the above definition by setting ; = 1 for all i € {1,...,¢* + 1}.
Thus, a generalised Reed-Solomon code, up to permutation of the coordinates, simply
describes all linear codes linearly equivalent to the Reed-Solomon code C'.

We note that our definition of a Reed-Solomon code, and its generalised version, is
what some authors call the extended or doubly extended Reed-Solomon code. That
is, many authors do not include the final coordinate or the evaluation at zero.

A generalised Reed-Solomon code is an example of a mazimum distance separable
code (MDS code). By definition, MDS codes are those codes attaining the Singleton
bound which, for linear [n, k,d] codes, is k <n —d + 1.

By (1)), the Reed-Solomon code C (or its truncation if some of the 6; are zero) is
linearly equivalent to a Hermitian self-orthogonal code if and only if
2

0 I g 1+Zeq+1 f(ai)9(ai) = 0, (3)
=1

for all polynomials f,g € F2[X] of degree at most & — 1.
Equivalently, according to (2]),

1 1 pg+1
O, ..., 057,0%7)) € P(O). (4)
Thus, to determine all truncations of a generalised Reed-Solomon code which are
Hermitian self-orthogonal, it suffices to determine the puncture code P(C') of the
Reed-Solomon code. In the following theorem we prove that P(C) is the evaluation
code of the [F -subspace

q—k—1 q—1 q—k
U= heFg[X] Z (hyy XU+ 4 b X90+T) 4 Z h; X i@+
=0 j=i+1 =0

()



where hij S ]FqQ and h; € ]Fq.

Observe that U is a subspace over F, since h,g € U implies g +h € U and A\h € U
for all A € IF,,.

The size of U is

PUaDa=k) =5 (a—k=1)(q=k) ga—k+1 _ (a*~k+1

q

Hence, the dimension of U, as a subspace over F, is @ +1-K.

It was proven in [I, Theorem 5] that if & > ¢ + 1 then for C, the k-dimensional
Reed-Solomon code, P(C) = {0}.

Theorem 3.1 If k < g and C is a k-dimensional Reed-Solomon code then
P(C) = {(h(a1),...,h(ag), hq—r) | h € U},

where U is defined as in (@ In particular, we have that dim P(C) = ¢* + 1 — k2.

Proof. Firstly we verify that all functions from F2 to F, are evaluations of poly-
nomials of the form

q—2 q—1 q—1
h(X) = (hig X' 4 RLXITT) 4N "y x0T, (6)
i=0 j=i+1 i=0

where hij S ]FqQ and h; € ]Fq.
Note that h(z) € Fy for all € F 2 and there are

212 g1 = ¢

polynomials of this form. Each defines a distinct function from Fg. to F, and since

there are qq2 such functions, the evaluation of such polynomials describes all of them.

The condition
(h(a1),...,h(agz),c) € P(C)

is equivalent to condition , which in this case is

2

q
cfi_ygk1+ Y hlae) flar)?g(ae) =0,
/=1

for all polynomials f,g € F2[X], where deg f,degg < k —1,
Substituting, f(X) = X" and ¢g(X) = X?, where s <7 < k — 1, this becomes

2

<

h(ag)anJrs =0.
1

~
Il



Thus, from @,

a2 a2

Z - éz+r)q+]+s+hq (j+r)g+i+s + hza (i4+r)g+i+s 0.
=1

1 =11

Q
)

(=}
—_

=}
—_

ﬂ
=)
+
Il
=)

] %

2
. . . -1
The only term in these sums whose exponent is q2 —1is hg—1—rg—1- saz

Y th=0,

Using the fact that

tEFqQ
foralli=0,...,¢° —2 and
2-1
IR
tE]FqQ
we have that
hl'j =0

fori>q—kandj>i+1.

Similarly, substituting f(X) = X" and ¢(X) = X", where r < k — 2 implies h; =0
for i > q — k + 1. And substituting f(X) = X*~! and g(X) = X*1 we conclude
that ¢ = hy_.

Thus, we have proved that
P(C) CCy= {(h(al), ey h(aqz), hq—k) | h e U}

To prove equality, suppose

k—1
=> fra; and g(ar) ngag
r=0
The sum
@ k-1 qg—k—1 ¢—1
(i+7)q+s+j q (r+j)g+s+i
q kfk 19k— 1+ Z f gs ija[ +hijag )
{=17,s5=0 =0 j=i+1

7 q—k
+ Z Z fﬁgshiayﬁ-r)qﬂ—i—z

£=1 i=0
is zero, since the only term in the sums whose exponent is ¢> — 1 is the term in the
last sum when r = s =k — 1 and ¢ = ¢ — k. Thus, we have that this sum is
hg—kfr_19k—1 — hg—rfi_196—1 = 0.
Hence, Cy C P(C).
The dimension of P(C) follows from the fact that dimU = ¢® + 1 — k2. [ |



Theorem has the following corollary.

Theorem 3.2 Suppose k < q — 1. There is a linear [n,k,n — k + 1],2 Hermitian
self-orthogonal truncated generalised Reed-Solomon code if and only if there is a
polynomial

qg—k—1 ¢—1 q—k—1
h(X) = (hinqurj + hngqurZ )+ Z hy XUt 4 x(a=k)(a+1)
i=0 j=i+1 i=0

which has ¢*> + 1 — n distinct zeros when evaluated at v € Fy2, or a polynomial

hMX) € F2[X] of the form

=S

=0 j=1

1

—_

qg—k—1
(hyy XHi 4 pg XTI+ ¢ N7 pyx i)
=0

q

L

1

+

which has ¢> — n distinct zeros when evaluated at x € Fp.

Proof. This follows directly from Theorem [3.1] and the definition of U. The two
cases depend on whether h(X) has a term of degree (¢ — k)(q + 1) or not. If it does
then we can scale h(X) so that the coefficient of X (¢=*)(¢+1) is one. ]

In the following theorem we prove that the subspace U, as a subspace of functions
from Fp2 to Fy, has an alternative and more useful description. Specifically, the
functions defined by the polynomials h can be obtained from polynomials of small
degree as specified in the following theorem.

Theorem 3.3 If k < g and C is a k-dimensional Reed-Solomon code then
P(C) = {(9(a1) + gla)" + cal TV glape) + glage)? + cald VI o)

| g € Fpe[X],degg < (¢ —k)g— 1, c € Fg}.

Proof. We have to show that for each h € U there is a g € F2[X], where degg <
(¢ — k)qg — 1, such that h(X) and

9(X) + g(X)9 + ex(aFlatD)

define the same function, and vice-versa.

Suppose

h(X) = (hij X' 4 RLXTTH) 4y "y xHH),



Define
1

—

q—k—1
hig XM 4 N g x et
1 =0

q—

9(X) = Z

Q

k—
=0

T

7=t
where g; + ¢! = h; for i € {0,...,q — k — 1}, and let ¢ = hy_j.

Then,
g(x) + g(2)? + cxlT R = p(z),

for all xz € ]qu.

Vice-versa, suppose

—_

q—k—1
9 X' + Z gi Xt
1 i=0

(=}

9(X) = Z

(]

9 X' + Z

q—k—1{—
=0 j:O (3

1 q—k—1
=0

+

j=i
and c € [F,.

For all x € F 2, switching the order of the sums in the first and third sums,

q—k—2q—k—1 q—k—1 ¢—1
g9(x) + g(x)! = gijz' T + gij' T
7j=0 i=j+1 1=0 j=i+1
q—k—2q—k—-1 q—k—1 g—1 q—k—1
. (aa1
+ ggj:LJCI‘f'Z + g%ldq"!‘z + (gl _|_g7€1)l»1(q4' )

qg—k-1 ¢-1 q—k-1 g¢—1
g(x) + g(x)? = gijx" T + gijx'TtI
Jj=0 i=j+1 i=0 j=i+1
q—k—1 g—1 q—k—1 g—1 q—k—1
. 1
+ g%qu+7»+ meJQ‘H_‘_ (g _|_gq)l»'5(Q+ )
7j=0 i=j+1 =0 j=i+1 =0
qg—k—-1 q—1 qg—k—1
- (935 + 930" + (gl + 9,)2™) + 3 (g1 + g0+
i=0 j=i+1 =0
Thus, we define
qg—k—1 ¢g—1 q—k—1
hx) = (91795 X+ (gl g5 X7 ) 0 3 (gt gf) XD ex -0
i=0 j=i+1 1=0

and conclude that
g(@) + g(2)? + ca TP = p(a),

for all z € qu. [ |



If £ = ¢ then the puncture code has dimension one and is spanned by the all-one
vector and, as mentioned before, if & > ¢ + 1 then the puncture code is trivial. Thus,
we can restrict to the case k < g — 1.

The case in which n = ¢+ 1 will be dealt with separately in Section In the case n <
q? we can apply the description of the puncture code given in Theorem This leads
to the following theorem which gives a straightforward method to obtain Hermitian
self-orthogonal truncations of a generalised Reed-Solomon code. One chooses a

polynomial g(X) of small degree and deduces how many zeros the polynomial
9(X) + g(X)? has.

Theorem 3.4 Suppose k < q—1 and n < ¢*. There is a linear [n,k,n — k + 1],

Hermitian self-orthogonal truncated generalised Reed-Solomon code if and only if
there is a polynomial g(X) € F2[X] of degree at most (¢ — k)q — 1, where

9(X) +g(X)?

has ¢> — n distinct zeros when evaluated at x € Fp.

Proof. The reverse implication follows from Theorem and Theorem (taking
c=0).
For the forward implication, Theorem implies there is a codeword in the puncture

code of weight n. If the final coordinate is zero then Theorem suffices.

If not then we have to prove that a codeword in the puncture code of weight n with
a non-zero final coordinate implies there is also a codeword in the puncture code of
weight n whose final coordinate is zero. Then we can apply Theorem

Suppose that the j-th coordinate is the coordinate of a codeword in the puncture
code of weight n which is zero. Then, by , there are elements 6; € F 2 such that,
for all polynomials f,g € F2[X] of degree at most k — 1,

q2
922111]0;?_1%—1 +) 07 F(ai)g(ai) = 0,
i=1
i#]
where as before fy_; and gr_; are the coefficients of X*~! in f(X) and g(X)
respectively.

Now,
1

X—aj

F(X) = (X —a)" 1 f( );

for some polynomial f of degree at most k — 1. Thus, with




the equation above becomes,
q2
0L F(0)7(0) + Y 07 bl VO F () 5(b) = 0,
=
since the coefficient of X¥~1 in f is the constant term in f.
Now, set §; = b}fkei fori# j,bj =0 and 6, = 04241

Hence, we have that there are elements ; € Fg2 such that, for all polynomials
f,g € F2[X] of degree at most k — 1,

q2

>0 (b (b:) = 0.

i=1
. . . Al : .
Thus, the vector whose i-th coordinate is 9?+ is a vector of weight n in the puncture

code whose last coordinate is zero, which is what we wanted to prove. |

The quantum Singleton bound, from [I7], states that if there is a [n, k, d]; quantum
code then
n>k+2(d-1).

A quantum code meeting this bound is called a quantum MDS code.

Example 3.5 Let t be a divisor of ¢+ 1 and let f € Fy[X] be such that

t+deg(f)(g+1) < (¢—Fk)g—1.

Let
N=1+t(¢g—1)+ M,

where M is the number of distinct zeros in F 2 of f(X7T) which are not (t(q—1))-th
roots of unity. Then there is a linear [¢*> — N, k,¢*> — N — k + 1,2 Hermitian self-
orthogonal truncated generalised Reed-Solomon code and therefore, by Theorem 1.1
al¢* — N,¢*> — N — 2k, k + 1], quantum MDS code.

To prove the above claim, let
9(X) = X" f(XTH)
where ¢! = —c. Then, for x € F2,
g(@) + g(2)? = ea’(1 = 2"@V) f(27H1).

The claim then follows directly from Theorem[3.4)

10



To give a concrete example, assume that q is odd. Let f be a the product of linear
factors in Fy[X] whose roots are non-squares. In other words, if e is such that
f(e) =0 then el@=D/2 = 1. Let t be a divisor of (q+1)/2. If x is a root of f(X1H1)
then 2\~1/2 = 1. Therefore, the roots of f(X9t1) are not (t(q — 1))-th roots of
unity. Thus N =1+t(q— 1)+ (deg f)(g+1).

Example 3.6 Let t be a divisor of ¢ +1 and let R C Fy be such that
t+|Rlg < (q—Fk)g—1.

Let
N=1+tlg—1)+> N,
reER

where N, is the number of distinct zeros of X9+ X +r, r € R, which are not
(t(qg — 1))-th roots of unity. Then there is a linear [¢*> — N,k,q> — N — k + 1],
Hermitian self-orthogonal truncated generalised Reed-Solomon code and therefore, by
Theorem a¢®* = N,q¢®> — N — 2k, k + 1], quantum MDS code.

As in the previous example, to prove the claim, let
g(X) = cX* H(Xq+X+r)
reR
where ¢! = —c. Then, for x € F2,
g(@) + g(0)" = ca' (1= 2" ) [T @ +2 +7)
reR

The claim then follows directly from Theorem[3.4)

Example 3.7 Suppose that R C {e € F2 | edtl =1} has the property that e € R if
and only if e=1 € R. Let t be such that t — |R| is a divisor of ¢+ 1 and

t+|R|(q—1) < (¢—k)g—1.

Let
N=1+(t—|R)(g—-1)+> N,
ecER

where N, is the number of zeros of X471 +e, e € R, which are not ((t—|R|)(g—1))-th
roots of unity. Then there is a linear [¢*> — N, k,¢*> — N — k + 1],2 Hermitian self-

orthogonal truncated generalised Reed-Solomon code and therefore, by Theorem (1.1
al¢®* — N,¢*> — N — 2k, k + 1], quantum MDS code.

As in the previous examples, to prove the claim, let

g(X) = cX* l_I(Xq*1 +e)
eER

11



where ¢! = —c. Then, for x € F2,

Mgl +g@)) =o' [ +e) =2 [[ "7+

e€ER e€ER

= (1 — g 1EDG=1))y H(xq—l te),
eceR

where we use the fact that [[.cpe = 1. Apply Theorem .

4 The minimum distance of the puncture code of the Reed-Solomon
code

In this section we determine the minimum weight of the puncture code of the Reed-
Solomon code and verify Conjecture 11 from [8]. This we do by considering each
case of in turn.

In [2] it is proven that the Grassl-Rétteler MDS codes from [8] are in fact generalised
Reed-Solomon codes. Thus, Conjecture 11 from [8] states that the minimum distance
of the puncture code P(C) of the [¢* + 1,k, ¢* + 2 — k]2 Reed-Solomon code C is

2k if 1<k<q/2

L) @ —(g-1)/2) i (g+1)/2<k<q—1, godd -
qk+1—-4q/2) if g/2<k<qg-—1, qeven
@ +1 if k=q.

In this section we will verify this conjecture. The case k = ¢ can be dealt with
immediately since, by Theorem the dimension of P(C) is 1 and the subspace U
consists of the constant function, which implies that P(C') is spanned by the all-one
vector, which has weight ¢2 + 1.

Recall that, since P(C) is a linear code, the minimum distance is equal to the
minimum non-zero weight.

Theorem 4.1 If 1 < k < q/2 then the minimum distance of the puncture code P(C')
of the [¢* + 1,k,¢*> +2 — k]g2 Reed-Solomon code C' is 2k.

Proof. Let ay,...,ag be distinct elements of F,. There are 2k elements 0; € F 2,
not all zero, such that

2k

Z 92“@2 =0,

(=1

for all € {0,...,2k — 2}. Since a; € [, this implies that

2k

.
S getiaiti = g,
(=1

12



for all 7,5 € {0,...,k — 1}. This implies that

2%
> 07 f(ar)g(ae) =0,
=1

for all polynomials f and g of degree at most k — 1. Therefore, there is a vector in
the puncture code P(C) of weight at most 2k.

We must now prove that all non-zero elements of P(C) have weight at least 2k.
Suppose that P(C) contains a non-zero codeword of weight at most m < 2k — 1.
The truncation of C' at these m coordinates is a Hermitian self-orthogonal code of
dimension min{m, k}, which contradicts Theorem since the length of a Hermitian
self-orthogonal code must be at least twice the dimension.

We now tackle the second and third cases of . In each case we prove first, in
Lemma and Lemma [£.4] that the puncture code has a codeword of weight
conjectured by and then in Theorem and Theorem prove that there is no
codeword in the puncture code of less weight.

We define the trace polynomial

h—1
trgo(X) =X+ X2+ X4 ... 4 X2 = ZX%’
j=0
where ¢ = 2".

The evaluation of this polynomial is the usual trace function from F, to Fs.

Lemma 4.2 If ¢/2 < k < q— 1 and q is even then the minimum distance of the
puncture code P(C) of the [¢*> + 1,k,¢* +2 — k]2 Reed-Solomon code C' is at most

q(k+1—q/2).
Proof. Let
RC{eeF, | trgsa(e) =1}
of size ¢ — k — 1 and define
9(X) = trgo(X) [J(X1+ X + ).
eER

For all z € Fp2,

g(x) +g(x)? = trq2_>2($) H(wq +z+e).
ecR

13



The polynomials X9+ X + e, e € R, have q zeros which are not zeros of try_,5(X),
since

trgo(2? + 2+ e) = tre_o () + trga(e).
Clearly, the zeros of X7+ X + e are distinct for distinct e. Thus, g(z) + g(x)? has
q(q —k — 1) + ¢%/2 zeros.
By Theorem P(C) has a codeword of weight

¢ —qlg—k—1)—¢*/2=q(k+1-q/2).

Theorem 4.3 If q/2 < k < q—1 and q is even then the minimum distance of the
puncture code P(C) of the [¢>+1, k, q2+2—k]q2 Reed-Solomon code C'is q(k+1—q/2).

Proof. Lemma 4.2/ implies that there is a codeword of weight ¢(k +1 — ¢/2) in the
puncture code, so we only need to show that P(C) cannot have codewords of less
weight.

Suppose that P(C') has a codeword of weight at most ¢(k + 1 — ¢/2) — 1. By
Theorem and Theorem there is a polynomial g € F2[X] of degree at most
(¢ — k)q — 1 such that

g+g°

has at least ¢* — (q(k +1—¢q/2) — 1) = (3¢°> — k — 1)¢ + 1 distinct zeros.
We will obtain a contradiction considering two separate cases.

Case 1: Suppose that g + g9 has between (3¢ +m)g+1 and (3¢ + m)q + 1¢ distinct
zeros in [F 2, for some m. By the above, we have that m > ¢ — k — 1 and clearly
1
Let
—159g—m—1
(X) = Z Cinz‘quj’
§=0

1=

N
<
[SIE

[e=]

where the coefficients ¢;; are chosen so that

c(g +g7)

has no terms of degree aq + b, where a € {%q—i—m,...,q—l} and b € {0,...,3¢—1},
(a,b) # (3¢ + m,0). Such a non-zero polynomial ¢(X) exists since we impose
(%q — m)%q — 1 linear homogeneous conditions and we have (%q — m)%q coefficients
defining ¢(X).

The degree of cg is at most

(3¢g—k—1)g+3qg—m—2<(m+3)g+35g—m—2.
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Now,
1

zk: g.incH-j

=0

»Q
|_|

q

<
Il
o

implies

k—1

=D Q%X”” (mod X" — X)),
=0

>Q
)_l

q—

<.
Il
o

so the only terms of degree aq + b in cg? modulo X7 — X, for which a € {%q +
m,...,q— 1}, have b € {0,. — 1}, since

q—k—1+%q—m—1<%q—1.

However, we chose ¢(X) so that ¢(g + ¢g?) has no terms of degree aq + b, where
a € {%q—i—m,...,q— 1} and b € {O,...,%q— 1}, (a,b) # (%q#—m,O). Hence, we
conclude that

c(g+9?) (mod X7 — X)

has degree at most (3¢ +m)q.

Now we use the fact that g + g7 has at least ( %q +m)q+ 1 distinct zeros to conclude
that ,
c(g+g?) =0 (mod X7 — X).

Then the fact that g + g9 has at most (%q +m)q+ %q distinct zeros implies that ¢
has more than (%q —m)q — %q distinct zeros. However,

34-159-m—
= Z qujq” (mod Xv - X),
=0 7=0

which has degree at most (%q —m)q — %q — 1. This implies ¢ = 0, contradicting the
fact that ¢ # 0.

Case 2: Suppose that g + g? has between (%q +m)q + %q + 1 and (%q +m+ 1)q
distinct zeros in F 2, for some m. As before, we have that m > ¢ —k — 1 and since

g+ g? modulo X9 —X has degree at most (¢ —1)q+ 5¢— 1, we have that m < 2q 2.
Let

S
»Q
l\.’:\»ﬁ

—m—
x z X,
=0

where the coefficients ¢;; are chosen so that

c(g +g7)

has no terms of degree aq+b, where a € {%q+m+1, ...,q—1}and b € {0,..., %q—Q}.
Such a non-zero polynomial ¢(X) exists since we impose (3¢ —m —1)(1¢g — 1) linear
homogeneous conditions and we have (3¢ —m — 1)3q coefficients defining c¢(X).
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The degree of cg is at most
(3q—k—2)g+3qg—m—-3<(m+d)g—Lqg—m-3.

Arguing as in Case 1, the only terms of degree ag + b in cg? modulo X X , for
which a € {%q—i—m,...,q— 1}, have b € {0,...,%(1—2}, since

q—k—l—l—%q—m—Qé%q—Q.

However, we chose ¢(X) so that ¢(g + ¢g?) has no terms of degree aq + b, where
a€{3¢g+m+1,...,¢q— 1} and b € {0,...,3q — 2}. Hence, we conclude that

c(g+¢?) (mod X7 - X)

has degree at most (%q +m)q+ %q — 2.
Now we use the fact that g + g2 has at least (%q +m+ %)q + 1 zeros to conclude that

c(g+97) =0 (mod X — X).

Then the fact that g + g2 has at most (%q + m + 1)q distinct zeros implies that ¢ has
more than (%q —m — 1)q distinct zeros. However,

1 1
34—l gq9-m—
= Z XTI (mod X7 — X)),
=0 :O

which has degree at most (%q —m—2)q+ %q — 1. This implies ¢ = 0, contradicting
the fact that ¢ # 0. |

Lemma 4.4 If (¢+1)/2 < k < q¢—1 and q is odd then the minimum distance of
the puncture code P(C) of the [¢* + 1,k,¢*> +2 — k]2 Reed-Solomon code C is at
most (¢ + 1)(k — (¢ — 1)/2).

Proof. Let R be a subset of F, of size ¢ — k — 1 such that ele=1/2 = 1 for all e € R.

Define
qg—k—1q-1

k
g(X) = XODRT (X7 =) = 30 3 gy X4,
ecR =0 j5=0

<

For all z € qu

9(z) + g(z)? = (2(C°+D/2 4 plat1)/2) H($q+1 —e).
eeER

There are g+1 elements of F 2 such that 291 = ¢ and for these elements z(?t(a-1)/2 —
1, since e(?~1/2 = 1. There are (¢*> + 1)/2 elements of F,2 such that

2 @P+0)/2 o p(a+1)/2 — x(qﬂ)/?(m(qul)/? +1)=0
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which are distinct from the other (¢ — k — 1)(¢ + 1) zeros. Thus, g(x) + g(x)? has
(@ +1)/2+(¢—k-1)(g+1)

distinct zeros.

By Theorem P(C) has a codeword of weight

= (@+1)/2=(q—k=1(qg+1)=(¢+1)(k— (¢—1)/2).
m

Theorem 4.5 If (¢ +1)/2 < k < q— 1 and q is odd then the minimum distance
of the puncture code P(C) of the [¢*> + 1,k,q*> +2 — k]2 Reed-Solomon code C' is

(q+1)(k - 3(g—1)).

Proof. Lemma implies that there is a codeword of weight (¢ + 1)(k — 3(q — 1))
in the puncture code, so we only need show that P(C') cannot have codewords of
less weight.

Suppose that P(C) has a codeword of weight at most (¢ + 1)(k — 3(¢ — 1)) — 1. By
Theorem and Theorem there is a polynomial g € F2[X] of degree at most
(¢ — k)q — 1 such that

9+9°
has at least ¢ — (¢ + 1)(k —3(¢— 1)) = (¢ + (¢ — 1) — k)g + 3(g + 1) — k zeros.

As in the proof of Theorem [4.3] we will obtain a contradiction considering two
separate cases.

Case 1: Suppose that g + g? has between (%(q —1)+m)q + %(q + 1) — k and
(%(q — 1) +m)q + q — k distinct zeros in 2, for some m.

By the above, we have that m > ¢ — k. If m > %(q + 1) then this would imply that
g + g7 has more zeros than its degree, so m < %(q —1).

Let
3(g—1) 5(g=1)—m

c(X) = Z Z cii X',
=0 j=0

where the coefficients c¢;; are zero when j = $(¢ — 1) —m and i > m + 1 and are
chosen so that ,
c(g+9¢?) (mod X7 — X

has no terms of degree aq + b, where a € {%(q —1)+m,....,q— 1} and b €
{0,...,3(¢—3)}, unlessa=1(¢— 1)+ mand b< 3(¢— 1) — k.

The degree of cg is at most
(Blg—1)—k)g+3(g-1)—m.

17



Thus, in the case m = ¢ — k we must also choose the coefficients of ¢(X) so that
c¢(g+ g7) has no terms of degree (3(¢— 1) +m)q+r, forr € {3(¢+1) —k,...,—1}

Thus, in doing so, the degree of
c(g+g7) (mod X7 — X)

is less than the number of distinct zeros of g + ¢4.

Such a non-zero polynomial ¢(X) exists since, in the case m > ¢ — k, we impose
(3(¢+1) —m)z(g—1)

linear homogeneous conditions and we have
(3(¢=1) —m)z(g+1) + 3(g+1) —m

coefficients defining ¢(X). In the case m = ¢ — k, we impose
(k—3(a—1)5(a—1) +k—3(g+1)

linear homogeneous conditions and we have
(k=3@=1)5(¢—1)+k—3(a—1)

coefficients defining ¢(X).
Now we use the fact that g + ¢¢ has at least

(3(g—1D)+m)g+3(g+1)—k
zeros to conclude that

c(g+¢?) =0 (mod X7 - X).
Then the fact that g + g? has at most

(3(a=1)+m)g+q—1—k
distinct zeros implies that ¢ has more than
(3g—1)—m)g+k+1
distinct zeros. However,
3(¢=1) 3(g=1)—m

=3 3 X (mod XT - X),
i=0 §=0

which has degree at most (3(q — 1) — m)g + m. Recall that the coefficients c;; are
zero when j = (¢ — 1) —m and i > m + 1.
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This implies ¢ = 0, contradicting the fact that ¢ # 0.

Case 2: Suppose that g + g? has between (3(¢—1) +m)g+g—k+1and (3(g—1)+
m+ 1)q+ 3(q — 1) — k distinct zeros in F 42> for some m. As before, we have that
%(q—l) >m>=q—k.

Let
1(q-1) (¢—-1)-m

Z Z ci X',
J=

where ¢;; = 0,if j = 1(¢— 1) —m and i > k — 1(¢ — 1), and the coefficients ¢;; are
chosen so that
(g +9%)

has no terms of degree aq + b, where a € {%(q —1)4+m,...,q— 1} and b €
{0,...,3(q—3)}, unless a = 3(g—1)+mand b< g —k — 1.

Such a non-zero polynomial ¢(X) exists since we impose
(3¢ +1) —=m)z(q—1) — (¢ — k)
linear homogeneous conditions and we have
(3(a—1)—m)5(q+1)+k—5(a—1) = (3(¢+1) —m)3(g—1) — (¢—k) —m+3(g+1)
coefficients defining ¢(X).

The degree of cg is at most
(5(a-1) —k)g+3(@—1)—m< (m+3(q—1))g+3(q—3) —

Arguing as in Case 1, the only terms of degree ag + b in cg? modulo X X , for
which a € {3(¢—1)+m,...,q— 1}, have b€ {0,..., (¢ — 3)}.

However, we chose c(X ) so that ¢(g + ¢g?) has no terms of degree aq + b, where
a€{3(g—1)+m,...,q—1} and b€ {0,...,3(¢—3)}, unless a = (¢ — 1) +m and
b<qg—k—-1.

Hence, we conclude that
c(g+9?) (mod X7 — X)

has degree at most (3(¢ — 1) +m)g+q—k — 1.

Now we use the fact that g+ g7 has at least (5(g— 1) +m)q+q — k zeros to conclude
that ,
c(g+9¢?) =0 (mod X9 — X).

Then the fact that g + g? has at most

(3(g—1)+m+1g+3(g—-1)—k

19



distinct zeros implies that ¢ has at least
(3¢ = 1) —m)g+k—3(q—1)
distinct zeros.

However,
3(a=1) 5(g=1)—-m

AX)= Y Y X (mod X7 - X),
=0 j=0

and ¢;; =0,if j=1(¢—1) —mand i >k — (¢ — 1).
Thus, ¢? (mod X9 - X) has degree at most
(3(g—1) —m)g+k—3(g—1) -1,

This implies ¢ = 0, contradicting the fact that ¢ # 0.

5 Hermitian self-orthogonal generalised Reed-Solomon codes of
length ¢ + 1

The existence of a Hermitian self-orthogonal [¢?+1, k, ¢*> —k+2] 42 code is of particular
importance since these codes are of the same length as the Reed-Solomon code. Apart
from the exceptional case ¢ is even and k € {3,q — 1}, no longer MDS code is known.

Existence was already demonstrated in [I] for k < ¢ — 2, so we restrict ourselves to
the case k = ¢ — 1. In [§], the existence of a Hermitian self-orthogonal [¢? + 1,¢q —
1,¢* — ¢ + 3],2 code was shown for ¢ odd and for ¢ = 2" where h € {3,4,5,6,7},
whereas in [I] non-existence was proven for ¢ = 4.

Here we will prove that such codes exist for all ¢ = 2", when r > 3 is odd.

Lemma 5.1 Suppose that ¢ = 27, where r is odd. If e is such that eT' =1 and
elatD)/3 £ 1 then the polynomial

eX3 +elX3 4+ X9t 41
has no zeros in ]qu.
Proof. Suppose
ex 4+ a3 4 9 11 =0,
for some z € Fg2.

We can write z = ay, where a9 =1 and y € F ¢- Then, the above becomes,

(ea®) + (ea®) P +y L +y 3 =0. (8)
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If cis a (g+1)-st root of unity or an element of F, then c+c~! € F,. If c+¢! = b+b71
then ¢ = b or ¢ = b~'. Thus, there is a ¢ € F,2 such that y l=c+cl.

Observe that y~ ! +y 3 =c+¢73, s0 becomes
(ea® + ) (1 + (ea®c®)™1) = 0.

Thus, either e = ¢3/a3 or e = (ca)~3. Either way, e is a cube. Since (¢—1,3) = 1 and
e is also a (g 4 1)-st root of unity, e = ¢34~V for some ¢ € F,2. Hence, elatD)/3 =1,
contradicting the assumption that e(dt1)/3 # 1.

Theorem 5.2 If ¢ =2" and r > 3 is odd then there is a Hermitian self-orthogonal
[+ 1,qg—1,¢>—q+ 3],2 generalised Reed-Solomon code.

Proof. This follows from Theorem 3.2 and Lemma [5.11 [ |

6 Previous results on Hermitian self-orthogonal MDS codes

There are many constructions of quantum MDS codes with d < ¢ + 1, mostly based
on cyclic or constacyclic constructions and generalised Reed-Solomon codes. For
example those contained in [4H6], [8, 9], [11], [12HI5], [18, 19], [21H23] and [24-26].

These articles contain too many constructions to list them all. By means of example,
in Table [I} we detail the seven classes constructed by Tao Zhang and Gennian Ge in
[26] using Hermitian self orthogonal generalised Reed-Solomon codes.

Examples and [3.7] give examples of Hermitian self-orthogonal MDS codes of
length n, where n is not just a multiple of ¢ + 1 or ¢ — 1. Using Theorem one
has much more scope to construct examples than using the previous methods which
were employed in the articles cited above.

7 Further work and open problems

As mentioned in Section |5 the existence of a [¢> + 1,k,¢®> — k + 2],2 Hermitian
self-orthogonal generalised Reed-Solomon code is of particular interest, since this
determines if the Reed-Solomon code itself is linearly equivalent to a Hermitian
self-orthogonal code. It was proven in [I] that such codes exist for all k£ < ¢ — 2 and
k = q+ 1 and do not exist for k > ¢ + 2. Thus, in the case n = ¢®> + 1, we are only
interested in k = ¢ — 1. In [8], existence was shown for ¢ odd and ¢ = 2" where
h € {3,4,5,6,7}, whereas in [I] non-existence was proven for ¢ = 4. In Theorem
of this article, we have proved existence for all ¢ = 2" with h odd. Thus, we are left
with only the cases ¢ = 2", h even and h > 8. According to Theorem to prove
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Class Length Distance

1 n=>bm(qg+1), 2§d§¢21+m
m|qg—1,bm§q—1
2 n=({bm+cm-1))(¢g+1), 2§d§q;21+m

m| 5, b,c >0, (b+c)m < g — 1

and b>1orm > 2

3 n=0bm(q—1), 2§d§q;21—|—m
m| 5 bm < g+ 1
4 n=((bm+cm-1))(¢g—1), 2§d§q;23+m

m| 5, b,c >0, (b+c)m < g+ 1

and b>1or m > 2

5 n=(12m—1)+ (c2+ec3)m)(qg—1) 2§d§q;21—|—m
m|q—571,61762,632070§01—|—02 S %in}a
O§61+63§qzim1andcl+02+0321
6 n=c(qg—1), 2§d§q;21+cl,
q=2am —1,gcd(a,m) =1, L= “ %flgcga—i—m—l,
15 fat+m<c<2a+m—1).

1<e<2a+m-—1)

7 n=c(q+1), 2<d< 4,

; ifl1<e< -1
q:2am—1,gcd(a7m):17 CIZ{T’ 1 <c<a+m s

5y ifat+m<ce<2a@+m-—1).

1<e<2a+m-—1)

Table 1: Summary of Quantum MDS Codes constructed in [26].

existence it suffices to find a polynomial
q—1
hX) =) (hiX'+ hIX™) + ¢+ X9,
i=1
where h; € Fy2 and ¢ € Fy, which has no zeros in F .

Conjecture 15 from [§] addresses another question. It conjectures that, for ¢ = 2"
and g # 4, there are quantum MDS codes with parameters [n,n — 6,4], for all
6 < n < ¢® +2. According to Theorem together with Theorem this would
be verified (for n < ¢?) if one could find a polynomial g € F 2[X], of degree at most
(¢ — 3)g — 1, such that g(z) + g(x)? has ¢* — n distinct zeros in F,2, for values of

n<q2.
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