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Abstract. In this note it is shown that a set of points in the finite affine plane AG(2, q),
q odd, that contains a line in every direction has size at least q(q + 1)/2 + (q − 1)/2. In
addition, using the same argument, it is shown that the number of collinear triples in
the graph of a permutation over Fq, q odd, is at least (q − 1)/2.

1. Introduction

Let AG(n, q) denote the n-dimensional affine space over the finite field with q elements
Fq and let PG(n, q) denote the projective space.

The finite field Kakeya problem, proposed by Wolff [8], asks for the smallest subset of
points of AG(n, q) which contains a line in every direction. The purpose of this note is
to prove the size of the smallest such subset of points in the planar case, in other words
when n = 2.

A Besikovitch set is a set of points in an affine space which contains a line in every
direction.

A conic C in PG(2, q) is a set of points which are the zeros of an irreducible homogeneous
quadratic form in three variables.

The set C consists of q + 1 points and the following properties are easily verifiable. If
q is odd then the other q2 points of the plane split into two types, the internal points
which are incident with no tangents and the external points which are incident with two
tangents. If q is even then the other q2 points of the plane also split into two types, q2−1
of them are incident with exactly one tangent and one point P which is incident with all
q + 1 tangents.

The projective plane PG(2, q) is self-dual. In the case q is even let L be the set of q + 1
lines which are dual to the q + 1 points of a conic. The point P dualises to a line l which
is incident with each line of L in distinct points. Thus the set of

(
q+1
2

)
points B which are

incident with a line of L form a Besikovitch set in the affine plane PG(2, q) \ l.
There are examples of other sets O of q + 1 points of PG(2, q) (for q even) which have
the property that every line is incident with at most two points of O and such sets are
called ovals. For a survey of the known ovals, see [6].
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For q odd, a line ` which is incident with two points P and Q of a conic C is incident with
(q − 1)/2 internal points and (q − 1)/2 external points. Let `∞ be the tangent to C at P
and Ext be the set of external points to C. The set

E = (Ext ∪ ` ∪ C) \ `∞

is a Besikovitch set of size q(q + 1)/2 + (q − 1)/2.

In this article, we shall prove that there are no smaller Besikovitch sets in AG(2, q), q
odd.

In the case when q is odd, Segre [7] proved that all sets O of q + 1 points of PG(2, q)
which have the property that every line is incident with at most two points of O are
conics. Therefore, there is a possibility to classify the extremal examples of a Besikovitch
set as coming from the above construction.

2. Properties of sets of q + 2 lines of projective planes of order q

Let L be the set of q + 2 lines of a projective plane π (not necessarily PG(2, q)). Let τi
be the number of points of π which are incident with precisely i points of L.

Counting the number of points of π we have

(2.1)
∞∑
i=0

τi = q2 + q + 1.

Counting the number of pairs (P, `) where P is incident with ` ∈ L gives

(2.2)
∞∑
i=0

iτi = (q + 2)(q + 1).

Counting the number of ordered triples (P, `,m) where , m 6= `, P = m ∩ ` and m, ` ∈ L
gives

(2.3)
∞∑
i=0

i(i− 1)τi = (q + 2)(q + 1).

We shall use these equations in the next section.

In [4] Faber proves the following lemma. For the sake of completeness we include the
proof.

Lemma 2.1. Let L be a set of q + 2 lines in PG(2, q). If q odd then there are at most
two lines in L which have the property that they intersect the other lines of L in distinct
points.

Proof. Suppose that the lines X = 0, Y = 0 and Z = 0 are lines of L with the property
that each of them meets the other lines of L in distinct points.

Let Y = mX + cZ be the equation of a line ` of L, where mc 6= 0. The line ` is incident
with axes points 〈(0, c, 1)〉, 〈(−c/m, 0, 1)〉 and 〈(1,m, 0)〉. For each of the q − 1 non-axis
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lines M of L these points run through all the points on the axes lines apart from the
intersection points of the axes. The product of the non-zero elements of Fq is −1 and so∏

`∈M

c = −1,
∏
`∈M

m = −1, and
∏
`∈M

(−c/m) = −1.

However, since M is a set of an even number of lines∏
`∈M

(−c/m) =
∏
`∈M

(c/m) = (−1)/(−1) = 1,

which gives a contradiction when q is odd. �

.

Let A be the subset of lines of L which meet the other lines of L in distinct points. By
Lemma 2.1 we know that |A| ≤ 2, if q is odd.

The following lemma uses a theorem of Jamison [5], proved independently by Brouwer
and Schrijver in [1], which states that a set of points B in AG(2, q) which has the property
that every line is incident with a point of B has cardinality at least 2q − 1.

Recall that τi is the number of points of PG(2, q) which are incident with precisely i points
of L.

Lemma 2.2. Let L be a set of q + 2 lines in PG(2, q), q odd, and let A be the subset of
lines of L which meet the other lines of L in distinct points. If |A| ≥ 1 then∑

i odd

τi ≥ 2q − |A|.

Proof. If ` is a line of L \ A then there is a point P ∈ ` which is incident with no other
line of L and hence precisely one line of L.

If ` is a line not in L then since |L| = q+ 2 is odd, there is a point P ∈ ` which is incident
with an odd number of lines of L.

By Lemma 2.1, |A| ≤ 2.

Let B be the set of points which are incident with an odd number of lines of L. As we
have just seen every line of PG(2, q) is incident with a point of B except for the one or
two lines in A.

If |A| = 1 then A = {`∞} for some line l∞. The set B is a set of points in the affine plane
PG(2, q) \ `∞ which has the property that every line is incident with a point of B. Thus
Jamison’s theorem mentioned above implies

|B| ≥ 2q − 1.

If |A| = 2 then A = {`∞,m} for some lines l∞ and m of L. Let P be a point of m \ `∞.
The set B ∪ {P} has the property that every line is incident with a point of B ∪ {P}.
Thus Jamison’s theorem implies

|B| ≥ 2q − 2.

By definition, |B| =
∑

i odd τi.

�
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3. The size of a Besikovitch set in AG(2, q)

Let E be a Besikovitch set in AG(2, q) and let L be a set of q+2 lines of PG(2, q) =AG(2, q)∪
`∞, which consists of a line of every direction contained in E and the line at infinity `∞.

Recall that τi is the number of points of PG(2, q) which are incident with precisely i points
of L.

The equations (2.1), (2.2) and (2.3) imply

∞∑
i=0

(i− 1)(i− 2)τi = q2 − q,

from which we deduce that

2τ0 = q2 − q −
∞∑
i=3

(i− 1)(i− 2)τi.

Clearly

|E| = q2 − τ0.
Thus, for any Besikovitch set in an affine plane of order q, we get Faber’s incidence formula
[4]

(3.1) |E| = q2 + q

2
+
∞∑
i=3

(i− 1)(i− 2)

2
τi.

By applying Lemma 2.1 for q odd, Faber shows that for q of the lines ` of L there is at
least one point of ` which is incident with at least 3 lines of L (at least two others). He
uses this to prove the following lower bound, [4, Theorem 1].

For q odd, a Besikovitch set E in AG(2, q) satisfies

|E| ≥ q2 + q

2
+
q

3
.

Cooper [2] subsequently improved this bound to

|E| ≥ q2 + q

2
+

5q − 1

14
.

We can now prove the following lower bound for the size of a Besikovitch set E in AG(2, q),
q odd.

Theorem 3.1. A set of points E of AG(2, q), q odd, containing a line of every direction
satisfies

|E| ≥ q(q + 1)

2
+
q − 1

2
.

Proof. As before, let L be a set of q+2 lines of PG(2, q) =AG(2, q)∪`∞, which consists of
a line of every direction contained in E and the line at infinity `∞ and let A the subset of
lines of L which have the property that they meet the other lines of L in distinct points.
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Equation (3.1) states that

|E| = q2 + q

2
+
∞∑
i=3

(i− 1)(i− 2)

2
τi

and subtracting (2.2) from (2.3) we deduce that
∞∑
i=0

i(i− 2)τi = 0,

and hence

τ1 =
∞∑
i=3

i(i− 2)τi.

Combining this with Lemma 2.2 we have

(3.2)
∞∑
i=3

i(i− 2)τi +
∞∑

i≥3, odd

τi ≥ 2q − |A|.

Now since
(i− 1)(i− 2)

2
≥ i2 − 2i+ 1

4
≥ i2 − 2i

4
for i ≥ 3, we have

|E| ≥ q2 + q

2
+

∞∑
i=3, odd

i2 − 2i+ 1

4
τi +

∞∑
i=4, even

i2 − 2i

4
τi,

and combining this with (3.2) gives

|E| ≥ q2 + q

2
+

2q − |A|
4

.

The bound now follows from Lemma 2.1 which implies |A| ≤ 2. �

If E is a Besikovitch set attaining the bound in Theorem 3.1 then every inequality is an
equality and we can conclude that τi = 0 for all i ≥ 4, τ3 = (q − 1)/2, τ1 = 3(q − 1)/2
and |A| = 2.

4. The number of collinear triples in the graph of a permutation

The following theorem is conjectured by Cooper and Solymosi in [3], who proved a lower
bound of (q − 1)/4.

Theorem 4.1. For any permutation f of Fq, q odd, the number of collinear triples in the
graph of f is at least (q − 1)/2.

Proof. Let L be the set of q + 2 lines of PG(2, q) which are dual to the points

{〈(1, 0, 0)〉, 〈(0, 1, 0)〉} ∪ {〈(x, f(x), 1)〉 | x ∈ Fq}.

Since q is odd, Lemma 2.2 implies ∑
i odd

τi ≥ 2q − 2.
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The number of collinear triples in the graph of f is equal to the number of triples of
concurrent lines in L, which is

∞∑
i=3

(
i

3

)
τi.

The bound now follows in the same way as Theorem 3.1 observing that

i(i− 1)(i− 2)

6
≥ i2 − 2i+ 1

4
≥ i2 − 2i

4
,

for i ≥ 3.

�

The case of equality is as in the case of a Besikovitch set.
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