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ABSTRACT. We show that there are graphs with n vertices containing no Ky s which

have about $n7/4 edges, thus proving that ex(n, K55) > (14 o(1))n"/4. This bound

gives an asymptotic improvement to the known lower bounds on ex(n, Ky ) for t = 5
when 5 < s <12, and t = 6 when 6 < s < 8.

1. INTRODUCTION

Let H be a fixed graph. The Turdn number of H, denoted ex(n, H), is the maximum
number of edges in a graph on n vertices which contains no copy of H. The Erdds-Stone
Theorem from [7] gives an asymptotic formula for the Turdn number of any non-bipartite
graph, and this formula depends on the chromatic number of the graph H.

When H is a complete bipartite graph, determining the Turdn number is related to the
“Zarankiewicz problem” (see [3], Chap. VI, Sect.2, and [9] for more details and references).
In many cases even the question of determining the right order of magnitude for ex(n, H)
is not known.

Let K, s denote the complete bipartite graph with ¢ vertices in one class and s vertices in
the other. K6vari, S6s and Turdn [10] proved that for s > ¢

(1.1) ex(n, Kis) < 3(s — D)V> V0 + 1t — D).

The best known general lower bounds, obtained by probabilistic constructions, are
ea(n, Ky.) = Qn~(¢+-2/000),
see Erdés and Spencer [6], and
6.1'(1”&, Kt,t) _ Q((log n)l/(t271)n27(2/(t+1))>,
see Bohman and Keevash [2].
The upper bound was shown to be asymptotically tight for s > ¢ = 2 (Erdds, Rényi and
Sés [5], Brown [4] for s = ¢t = 2, Fiiredi [9] for s > t = 2). Fiiredi [8] improved on the
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upper bound (1.1) proving that
ex(n, Ks3) = %n5/3 + o(n°?),

for which Brown’s construction from [4] gives the lower bound.

Alon, Rényai and Szabé [1] showed, by construction, that if s > (¢ — 1)! 4+ 1 then

ex(n, Kis) > 3(1+ o(1))dy(s — Y21t
where d; is some constant.
The first open case for which the asymptotic behaviour of ex(n, K;s) is not known is
K,4. The probabilistic lower bound gives ex(n, Ky4) > en®/® + o(n®/), but Brown’s
bound for ex(n, K33) implies ex(n, Ky4) > in®? + o(n/?). The upper bound (1.1) gives
ex(n, Ky4) < en™* + o(n™*).
The upper bound (1.1) for Ks5 gives ex(n, K55) < cn®° + o(n?®), whereas the proba-
bilistic lower bound for K5 gives ex(n, Ks5) > cn®® + o(n®3). In this article we shall

show that the graphs, considered by Alon, Rényai and Szabd in [1], which contain no Ky 7
in fact contain no Kj 5, thus proving that

ex(n, Ks5) > $(1+o(1))n"*.

This gives an asymptotic improvement to the lower bounds of ex(n, K5 5) for 5 < s <12
and ex(n, Kg ) for 6 < s <8.

2. THE NORM GRAPH

Suppose that ¢ = p", where p is a prime, and denote by F, the finite field with ¢ elements.
We will use the following properties of finite fields. For any a,b € F, (a + b)pi =a? + b,
for any i € N. Note that (a — b)pi = aP’ — V"', since either p is odd or —1 = 1. Secondly,
for all @ € Fi, a? = a if and only if a € F,. Finally a?'tatl ¢ [F,, for all a € Fs, since
@’ =a.

Let I' be the graph with vertices (a, ) € Fis x Fy, a # 0, where (a, @) is joined to (¢, o)
if and only if (a + a')”**t4*! = /. In [1] Alon, Rényai and Szabé prove that T' contains
no K47, our aim here is to show that it also contains no K.

Let

2 1 2 1 2 2 1
V ={(1,a,a% a®,a’" a® " a? T a1 0) | a € Fps} CFZs.

Let b be the symmetric bilinear form on IF23 defined by

8
b(z,y) = Z TiY9—i — T9Yo-
i=1
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Let L be defined in the usual way, so that given S C Fgg,
St={yc Fos | b(x,y) =0, for all 2 € S}.

We wish to define the same graph I', so that adjacency is given by the bilinear form.
Consider the graph IV with vertex set the set of vectors © = v + aeg, where eg =
(0,0,0,0,0,0,0,0,1), v € V and a € F;, a # 0, and where two vertices z = v + aeg
and 2’ = v’ + d/eg are adjacent if and only if b(z,2’) = 0. It is a simple matter to verify
that the graph I is isomorphic to the graph I'; we shall call it I from now on.

For any subset S of the vertices the common neighbours x of S satisfy b(x,w) = 0 for all
w € S which, by linearity, is the condition b(x,w) = 0 for all w € (S). Importantly, this
implies that the common neighbours of the vertices in S (the vertices in S*) are common
neighbours of all the vertices in (S).

If S contains two vectors of the form v + aeg and v + /eg for some v € V', then eg € (S)
and the vertices of S have no common neighbours, since {eg}* is the hyperplane defined
by the equation z9 = 0 and xg # 0 for any vertex of I'.

Throughout the article dim will refer to vector space dimension.

The following lemma is a special case of [11, Theorem 3|. We include a proof here for the
sake of completeness.

LEMMA 2.1. If |S| > 4 and eg & (S) then dim((S)) > 4.

. . . 2 1 241 2 2 1
Proof. Let M be the 4 x 8 matrix whose i-th row is (1, a;, a?,af ,a?™ a? ' a? 79 o T4,
2 1 241 o2 2 1 . .
where (1,a;,af,a? ,a?™ a? ™' af T a? T o) € S, and in which we can assume that
a; are pairwise distinct since eg ¢ (S). It suffices to prove that rank(M) > 4 since

dim((S)) > rank(M).

By elementary column operations rank(M) = rank(M*), where M* is the 4 x 8 matrix
whose first row is (1,0,0,0,0,0,0,0) and whose other rows are (1, a; — a1, (a; — a1)9, (a; —
a1)?”, (a;—ay) ", (a;—ay) Tt (a;—ay) T, (a;—ay)T T4, We start by making the eighth
column of M* and then the seventh, sixth, etc, in the following way. For example, to make
the fifth column we add a?*" times the first column, subtract a? times the second column
and subtract a; times the third column giving a?™" — ayaf — a%a; + a?™ = (a; — ay)H.
Considering the second, fifth, sixth and eighth columns of M*, and dividing the i-th row
by a; — a1, (i = 2,3,4), we have that, rank(M) > 1 + rank(M’), where M’ is the 3 x 4
matrix whose i-th row is (1, b;, b, b?“), where b; = (a;41—a1)9. Since z — x7is a bijection
of F,3, the b; are pairwise distinct.

By elementary column operations rank(M’) = rank(M"™*) where M’ is the 3 x 4 matrix
whose first row is (1,0,0,0) and whose other rows are (1,b; — by, (b; — by)?, (b; — by)7T™).
Just considering the second and fourth columns, and dividing the i-th row by b; — by,
(i = 2,3), we have that, rank(M’) > 1 4 rank(M"), where M" is the 2 x 2 matrix whose
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i-th row is (1, ¢;), where ¢; = (bjy1 — b1)?. Since x +— 27 is a bijection of Fys, ¢; # ¢o, and

so M" has rank 2. Hence, M has rank 4. O

Define a subset of the projective space PG(8, ¢*) by
V= {{(1,a,a% a®,a®", o aTH9 0 0)) | a € FpstuU{(es)},
where eg = (0,0,0,0,0,0,0,1,0).
LEMMA 2.2. There is a group of linear automorphisms of Fgg that induces a 3-transitive

action on V*.

Proof. Consider the group of endomorphisms of IFZS generated by

U((fL‘l, ..., I8, ZL‘g)) = (fL‘S, X7, L6, L5y T4y, T3, T2, T, x9)7

and for each A € Fs,

Ta((21, -, 25, 70)) = (21, + vy, T3 + May, 24 + A2y, 25 + Ay + May + A,
Te + )\.1'4 + )\q2x2 + )\(12-‘1-11.17 T7 + )\q$4 + )\q2$3 + )\q2+q$1’

rs + )\ZE7 + )\qflfﬁ + )\q2$5 + >\q+1$4 + >\q2+1$3 + )\q2+q$2 + )\q2+q+19§1, $9)

and
_ Ao N pa. Ny NI o N\CHLp \PHa,,  \d+at]
@A((xl,...,xg,xg)) - (xla X2, x3, Lyq, Ts, Te, X7, $8>x9)-

These linear maps are all automorphisms of V* and act transitively. Indeed, if we write
a = ((1,a, aq,an,aq“,aq2+1,&q2+q,aq2+i1,0)> then (@) = a1, a # 0, 0(0) = (es),
o({es)) =0, 7a(a) = a + X and @, (@) = Aa.

Moreover, the automorphisms 7, fix (es) and act transitively on the remaining points. The

automorphisms a, fix (eg) and (0) and act transitively on the remaining points. Thus,
the action is 3-transitive. UJ

We note that the group in Lemma 2.2 is isomorphic to PGL(2, ¢).

LEMMA 2.3. For any 4-dimensional subspace U of Ty either [UNV| <4 or [UNV| > g.

Proof. Let us suppose that [UNV| > 5. Thus U* = {(u) | u € U} has the property that
|U* N V*| > 5, since V intersects any 1-dimensional subspace in at most one vector.

By Lemma 2.2, we can assume that four of the points in this intersection are (vy), (vs),
(v3) and (v4), with v; = (0,...,0,1,0), v, = (1,0,...,0), v3 = (1,...,1,0) and vy =
(1,a,a%,a?, a?t! "+t a?*+e g +9+1 () for some fixed a # 0, 1.
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Since dim U = 4 the fifth point in this intersection (vs),
where v5 = (1,b,b%, b7, b7 pa*+1 pa*+a pa*+atl () for some b # 0,1, a, is a linear combi-
nation of these 4 vectors. Therefore, there are Ai, Ao, A3, Ay € Fys for which

4
(1’ b, b9, qu, qu, bq2+17 bq2+q, bq2+q+1, O) _ Z M\i;.
i=1

If A, = 0 then the second, third and fifth coordinates give A\3 = b, A\3 = b and \g = b7},
which imply A2 = A3 = b, a contradiction since b # 0,1. If A3 = 0 then the second,
third and fifth coordinates give A\sa = b, M\a? = b? and M\a?t! = b9t which imply
A = )\, = b/a, a contradiction since b # 0, a. Hence, we can assume that A3\, # 0.

Considering the second, third and fourth coordinates we have b = A3+ A\a, b? = A3+ Aza?
and b?" = A3+ \a? which give b—b? = (a—a®)\s and b7 —b = (a?" —a)\,. Applying the
map x — z? to the latter equation gives b —b? = (a — a?)A] and so 0 = (a — a?)(Ay — A}).
If a € F, then \y € F,. Now applying the map = — z? to b = A3 + A\sa, we have
b7 = A + A\a? and combining this with b7 = A3 + M\a? gives A3 € F,. The second
and seventh coordinates give b = A3 + Aa, bT 7 = A3 4+ A\a? te and so b7 et = (A3 +
Aia)(Ns+Aga919) € . Since a? 1941 € T, and As\y # 0 this implies a? t%4-a € F,. Thus,
a®t 4 g = a4 a?, which gives (a? — a)(a® — 1) =0 and so a € F,, a contradiction.
Therefore a € F, and for each b € F,, the vector (1,b,b,b,b% b% 1%, b 0) is an F-linear

combination of vy, vy, v3 and vy. This implies [U* NV*| > g + 1. Now going back to the
vector space, noting that eg € V', we have |[UNV| > q. OJ

THEOREM 2.4. For ¢ > 7 the graph I' contains no Ks .

Proof. Let S be a set of 5 vertices of .

If S contains two vectors of the form v + aeg and v + o/eg for some v € V| then eg € (S)
and the vertices of S have no common neighbours, since {eg} is the hyperplane H defined
by the equation xzg = 0, and all vertices of I" have xg # 0.

Therefore, suppose that eq ¢ (S). By Lemma 2.1, we have that dim(({S)) > 4. Moreover,
we can suppose that ey & S+ since eq € S* implies S C H, which it is not.

If dim((S)) = 4 then consider U = (S,eg9) N H. The subspace U is 4-dimensional and
contains at least 5 vectors of V' and so by Lemma 2.3 it contains at least ¢ vectors of V.
For each u € U NV, there exists an o € F s such that v + aeg € (S). We want to prove
that o € F,, a # 0, and hence conclude that u + aeg is a vertex of I'. We can assume that
there are two vertices u’ + o’eg, u” + o’’eg € S+, since otherwise the vertices in S have at
most one common neighbour. Note that o/, " € F,, o/, # 0, v/,v" € V, and v’ # u”
since eg € S*. Now u + aeg € S and u' + o’eg € S+ implies

b(u + aeg, u’ + a'eg) = (a + b)T T — ad/ =0,
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where

u=(1,a,a, aq27 a®tt an—s—l’ aq2+q7 aq2+q+17 0)
and

W = (1,b, 69, b7 BT BT T paEar ),
Since o/ € F,, o/ # 0, we can conclude that o € F. If @ = 0 then b = —a and so if we
repeat the above replacing v’ + o/eg with v” + a’’eg we have that ' = u”, a contradiction.
Thus a € Fy, a # 0, and u + aeg is a vertex of I'. This implies that (S) contains at
least g vertices of I'. As mentioned before, the common neighbours of the vertices in S
(the vertices in S1) are common neighbours of all the vertices in (S). In [1] Alon, Rényai
and Szab6 prove that I contains no Kj 7, so ST contains at most 3 vertices of the graph,
hence the five vertices of S have at most 3 common neighbours.

If dim(({S)) = 5 then, since b is non-degenerate, dim S+ = 4. The subspace U = (S, eg)N
H is 4-dimensional and so by Lemma 2.3 contains at most 4 vectors of V' or at least ¢q. If
|UN V] <4 then ST contains at most 4 vertices of T, since eg & S*, and so the vertices
in S have at most 4 common neighbours. Finally, consider the case [UNV| > ¢. For each
u € UNV, there exists an o € Fs such that u+aeg € S+. We want to prove that o € Fy,
a # 0, and hence conclude that u + aeg is a vertex of I'. For each vertex v’ + o’eg € S

b(u+ ceg, u + /eg) = (a+ )T+ — an/ =0,

where

u = (17 a7 aq7 a‘qzﬂ aq+17 aq2+17 aQ2+q7 aq2+q+17 0)
and

w = (1,b,b9, b7 b paHL pe paratl (),
Since o € Fy, o # 0, we can conclude that o € Fy. If o = 0 then b = —a and so for each
vertex v + feg in S, v = v/, which is a contradiction since eg & (S). Thus a € F,, a # 0,
and u + aeg is a vertex of I'. Therefore, St contains at least ¢ vertices of I" and so the
vertices in S have at least ¢ common neighbours. However, this implies that I'" contains
a K57 and therefore a K, 7, which is not the case. O
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