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Abstract

It is known that every ovoid of the parabolic quadric Q(4,q), q = ph, p prime, in-
tersects every three-dimensional elliptic quadric in 1 modp points. We present a new
approach which gives us a second proof of this result and, in the case whenp= 2, allows
us to prove that every ovoid of Q(4,q) either intersects all the three-dimensional ellip-
tic quadrics in 1 mod 4 points or intersects all the three-dimensional elliptic quadrics in
3 mod 4 points.

We also prove that every ovoid of Q(4,q), q prime, is an elliptic quadric. This
theorem has several applications, one of which is the non-existence of ovoids of Q(6,q),
q prime,q > 3.

We conclude with a 1 modp result for ovoids of Q(6,q).

1 Definitions

Let PG(n,q) denote then-dimensional projective space over the finite field of orderq. The
non-singular quadrics in finite projective space are: the non-singular parabolic quadrics Q(2m,q)
in PG(2m,q), the non-singular elliptic quadrics Q−(2m+1,q) in PG(2m+1,q), and the non-
singular hyperbolic quadrics Q+(2m− 1,q) in PG(2m− 1,q). For m≥ 2, they are finite
classical polar spaces of rankm, see [8] or [17].

Let P be a finite classical polar space of rankk. A generatorof P is a (k−1)-dimensional
subspace onP . An ovoid (respectively apartial ovoid) O of P is a set of points ofP such
that every generator ofP contains exactly (respectively at most) one point ofO. A table that
lists the known (non-)existence results on ovoids of finite classical polar spaces can be found
in [29]. The tangent hyperplane toP at a pointP∈ P is denoted byTP(P ) or P⊥, where⊥ is
the polarity corresponding toP .

∗The first author acknowledges the support of the Ministerio de Ciencia y Tecnologı́a, Espãna.
†The third author thanks the Fund for Scientific Research - Flanders (Belgium) for a Research Grant.
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For a definition of the split Cayley hexagon H(q) and more information on generalised poly-
gons, see [32]. Apartial ovoid of H(q) is a set of mutually opposite points on H(q). It is
called anovoid if it has sizeq3 +1.

2 Ovoids ofQ(4,q)

In the theory of minimalt-fold blocking sets in finite projective spaces,t mod p results[19,
25, 26] have proven to be very useful. Such results tell “how” a hyperplane intersects the
minimal t-fold blocking sets:in t mod p points. They make the blocking sets easier to handle
and have made several classification theorems possible.

There is hope that similar results for other objects will prove to be equally fruitful. The
following 1 modp result on ovoids of the quadric Q(4,q), was proven forp = 2 by Bagchi
and Narasimha Sastry [1], and for all primes by Ball [2].

Theorem 1 Let O be an ovoid ofQ(4,q), q = ph, p prime. Every elliptic quadricQ−(3,q)
onQ(4,q) intersects O in1 modp points.

In this paper, we use this theorem to prove that every ovoid of Q(4,q), q prime, is an elliptic
quadric. We also provide a new proof of Theorem 1, using a different approach to that used
in [2], which allows us to extend Theorem 1 to a stronger result in the case whenq is even,
namely Theorem 4.

For the purpose of this paper, Q(4,q) is defined by the quadratic form

X0X4 +X1X3 +X2
2 = 0.

If O is an ovoid of Q(4,q) that contains the point(0,0,0,0,1), thenO is necessarily of the
form

{(0,0,0,0,1)}∪{(1,x,y,g(x,y),−y2−xg(x,y)) : x,y∈ GF(q)} (1)

for some polynomialg(x,y).

Lemma 1 The set(1) is an ovoid ofQ(4,q) iff for all a ∈ GF(q)

{(ax+y,g(x,y)−ay) : x,y∈ GF(q)}= GF(q)2.

Proof. If y′+ax′ = y+ax andg(x′,y′)−ay′ = g(x,y)−ay, then

(1,x′,y′,g(x′,y′),−y′2−x′g(x′,y′)) ∈ (1,x,y,g(x,y),−y2−xg(x,y))⊥.

Hence the condition is necessary. It is not hard to check that it is sufficient. 2
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If O is an ovoid of Q(4,q) that does not contain the point(0,0,0,0,1), but does contain the
point (0,0,0,1,0), thenO is necessarily of the form

{(0,0,0,1,0)}∪{(0,1,z,−z2,− f (z)) : z∈ GF(q)}

∪ {(1,x,y,h(x,y),−y2−xh(x,y)) : x,y∈ GF(q), x 6= 0} (2)

for some polynomialsh(x,y) and f (z).

Lemma 2 The set(2) is an ovoid ofQ(4,q) iff for all a ∈ GF(q)

{(ax+y,h(x,y)−ay) : x,y∈ GF(q),x 6= 0}∪{(z,az+ f (−a)) : z∈ GF(q)}= GF(q)2.

Proof. If y′+ax′ = y+ax andh(x′,y′)−ay′ = h(x,y)−ay, then

(1,x′,y′,h(x′,y′),−y′2−x′h(x′,y′)) ∈ (1,x,y,h(x,y),−y2−xh(x,y))⊥.

If z= ax+y andaz+ f (−a) = h(x,y)−ay, then

(0,1,−a,−a2,− f (−a)) ∈ (1,x,y,h(x,y),−y2−xh(x,y))⊥.

As in the proof of Lemma 1, it now suffices to check that the condition is sufficient. 2

We will need the following lemma to prove Lemma 4.

Lemma 3

∏
u,v∈GF(q)

(T +uX+vY) = Tq2 − (Yq2−q +(Xq−XYq−1)q−1)Tq +(YXq−XYq)q−1T.

Proof. Apply the equality∏a∈GF(q) (U +aV) = Uq−UVq−1 twice. 2

Lemma 4 Let O be an ovoid ofQ(4,q), q = ph, p prime. Every hyperplane intersects O in
1 modp or zero points.

Proof. Let O be an ovoid of Q(4,q) defined according to (1) by the polynomialg(x,y) and
define a Ŕedei polynomialG in three variables as

G(T,X,Y) = ∏
u,v∈GF(q)

(T +uX+vY+g(u,v)) =
q2

∑
j=0

σ j(X,Y)Tq2− j .

Considering the terms of degreeq2 in G and applying Lemma 3, the degree of the polynomial
σ j is at mostj−1 whenever 0< j < q2−q.
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By Lemma 1, we have that for alla∈ GF(q)

G(T,aZ,Z−a) = ∏
u,v∈GF(q)

(T +(au+v)Z+g(u,v)−av) = ∏
u,v∈GF(q)

(T +uZ+v)

and then by Lemma 3 (withX = Z andY = 1) that

G(T,aZ,Z−a) = Tq2 − ((Zq−Z)q−1 +1)Tq +(Zq−Z)q−1T.

Hence the polynomialσ j(aZ,Z−a)≡ 0 whenever 0< j < q2−q.

Let f j(X,Y) be the homogeneous polynomial of terms of highest degree ofσ j(X,Y). Then
f j(aZ,Z−a)≡ 0 for all a∈GF(q) and so the degree off j is either at leastq or f j(X,Y)≡ 0.
Hence for 0< j ≤ q, since the degree off j is equal to the degree ofσ j which is less thanq,
we have thatf j(X,Y)≡ 0 and thereforeσ j(X,Y)≡ 0.

So

G(T,X,Y) = Tq2
+

q2−q−1

∑
j=0

σq2− j(X,Y)T j . (3)

Differentiate the Ŕedei polynomial with respect toT

∂G
∂T

= ∑
u,v∈GF(q)

G(T,X,Y)
T +uX+vY+g(u,v)

.

Evaluate atX = x andY = y, and multiply through byTq−T. Then we have a polynomial
identity and the divisibility

G(T,x,y) | (Tq−T)
∂G
∂T

(T,x,y).

The left-hand side has degreeq2 and the right-hand side has degree less thanq2. Hence, the
right-hand side is zero and soσ j(x,y) = 0 for all (x,y) ∈GF(q)2 wheneverj 6≡ 0 modp. But
thenG(T,x,y) is ap-th power. This implies that there are 0 modp pairs(u,v) ∈GF(q)2 such
that

ux+vy+g(u,v) =−c

for any given(x,y,c) ∈ GF(q)3. Hence, the hyperplane

cX0 +xX1 +yX2 +X3 = 0

is incident with(0,0,0,0,1) and 0 modp other points of the ovoid. The other hyperplanes
incident with(0,0,0,0,1), of the form

cX0 +xX1 +yX2 = 0,

are trivially incident with 1 modq points of the ovoid. The point(0,0,0,0,1) was chosen
arbitrarily from the ovoid; so we have shown that if a hyperplane is incident with a point of
the ovoid, then it is incident with 1 modp points of the ovoid. 2
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Let B be a multiset of points in AG(n,q) with weight functionµ. Thesupport Sof B is the set
of pointsP of AG(n,q) with multiplicity µ(P) greater than zero. The size of the intersection
of B with a subspaceΠ of AG(n,q) equals∑P∈S∩Π µ(P). The following result of Blokhuis and
Wilbrink is unpublished. We thank them for giving us the permission to include the proof.

Theorem 2 Let B be a multiset of points inAG(n,q), n> 1, q= ph, p prime, such that every
hyperplane intersects B in1 modp or in zero points. Then the support of B has at most
q− p+1 elements and every non-zero weight is1 modp.

Proof. (Blokhuis and Wilbrink [4]) Forn = 2, the proof is essentialy due to Blokhuis and
Mazzocca [3]. Denote the support ofB by S. Identify AG(2,q) in a natural way with GF(q2)
and consider the polynomial

F(X) = ∑
b∈S

µ(b)(X−b)q−1.

Counting the points ofB by looking at the lines through a point ofB, we deduce that
∑b∈Sµ(b)≡ 1 modp. As ∑b∈Sµ(b) is the coefficient ofXq−1 in F(X), the polynomialF(X)
has degreeq−1. Since for alld,e∈GF(q2), the number(d−e)q−1 is aq+1-st root of unity
denoting the direction of the line joiningd ande, and since∑aq+1=1a = 0, it follows that
F(b) = 0 for eachb∈ B. This shows that the support ofB has at mostq−1 points.

If some point ofB has multiplicity different from 1 modp, then each of theq+1 lines through
that point must contain at least one further point ofB, a contradiction. It follows that|B|
equals the size of its support modp, whence|support(B)| ≤ q− p+1.

Now we use induction onn. Let B be a multiset in AG(n,q) satisfying the conditions of the
theorem and letP be a point at infinity. In the quotient space ofP, B forms a 1 modp or
zero multiset. Therefore the support ofB is contained inq− p+1 lines throughP. Suppose
that the support ofB has more thanq− p+ 1 points and take any subset of sizeq− p+ 2
of the support. This subset determines at mostq2/2 directions, hence in the quotient space
of some pointQ at infinity, B forms a multiset with at leastq− p+2 points in its support, a
contradiction. 2

Lemma 5 Let O be an ovoid ofQ(4,q), q = ph, p prime. Every hyperplane intersects O in
at least one point.

Proof. If there would exist a hyperplaneH missingO, then Theorem 2 could be used onO
in AG(4,q) = PG(4,q)\H to show that|O| ≤ q− p+1. 2

Remark 1 It is possible to prove Lemma5 without using Theorem2. This can be done in a
way similar to the proof of Lemma7.
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Theorem 1 now follows from Lemma 4 and Lemma 5.

Theorem 3 Let O be an ovoid ofQ(4,q) and suppose that every hyperplane intersects O in
1 modq points, then O is an elliptic quadric.

Proof. This proof is based on the proof of [14, Theorem 4.2].

Let O be an ovoid of Q(4,q) and letxi denote the number of hyperplanes incident with exactly
i points ofO. By counting in two ways hyperplanes, incident pairs(P,E), triples(P,Q,E),
and 4-tuples(P,Q,R,E), whereP, Q andRare distinct points ofO andE is a hyperplane, we
can compute the numbers∑xi , ∑ ixi , ∑ i(i−1)xi and∑ i(i−1)(i−2)xi . These numbers will
be independent of the ovoid. Hence we can compute (again, independent from the ovoid) the
number∑(i−1)(i−q−1)(q2 +1− i)xi . As this number is zero for the elliptic quadric, it is
zero for any ovoidO.

Using the assumption that every hyperplane intersectsO in 1 modq points, it follows that
every term in∑(i−1)(i−q−1)(q2+1− i)xi is non-negative and therefore zero and so every
hyperplane is incident with either 1,q+1, orq2 +1 points ofO.

Now suppose that there does not exist a hyperplane containingq2 + 1 points ofO. Then all
hyperplanes intersectO in either 1 orq+1 points. Letπ be any plane containing more than
two points ofO, say|π∩O|= x > 2, and count the points ofO by looking at the hyperplanes
throughπ. This results in

q2 +1 = x+(q+1)(q+1−x),

hencex = 2, a contradiction. So, there exists a hyperplane intersectingO in q2 + 1 points.
This hyperplane intersects Q(4,q) in an elliptic quadric Q−(3,q), all of whose points are
elements ofO. 2

Corollary 1 If q is prime, then every ovoid ofQ(4,q) is an elliptic quadric.

Remark 2 1. This result was already known for q∈ {2,3,5,7}, see [7, 9, 10, 11, 20, 21].

2. There are ovoids of Q(4,q) that are not elliptic quadrics. There are examples due to
Kantor [18] one of which exists for every q odd and not a prime, and another which
exists for all q= 32h+1 ≥ 27. There is an example due to Tits [31] which exists for
every q> 2 even and not a square. The only other known examples are the example
due to Thas and Payne [30], which exists when q= 3h ≥ 27, and the example due to
Penttila and Williams [24], which exists when q= 35.

Lemma 6 Let q> 2 be even and suppose that there is a hyperplane E incident with3 mod 4
points of an ovoid O ofQ(4,q). Let P∈O∩E and letπ = E∩TP(Q(4,q)). Then, apart from
TP(Q(4,q)), every hyperplane containingπ is incident with3 mod 4points of O.
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Proof. Let P be the point(0,0,0,0,1) and letE be the hyperplane

cX0 +xX1 +yX2 +X3 = 0.

The hyperplaneTP(Q(4,q)) is the hyperplaneX0 = 0, so we wish to show that for each
a∈ GF(q), the hyperplane

aX0 +xX1 +yX2 +X3 = 0

is incident with 3 mod 4 points ofO.

Let O be an ovoid defined by a functiong(x,y) as in (1) and letG(T,X,Y) be the associated
Rédei polynomial as in the proof of Lemma 4. The hyperplaneE is incident withP and
2 mod 4 other points of the ovoidO, by hypothesis. Arguing as in the proof of Lemma 4,
this implies that the linear factorT − c occurs with multiplicity 2 mod 4 in the polynomial
G(T,x,y). Hence

G(T,x,y) ∈ GF(q)[T2]\GF(q)[T4].

We can write
G(T,x,y) = (Tq2/2 +L(T))2,

whereL′, the derivative ofL, is not zero and the degree ofL(T) is at mostq2/2−q/2−1,
according to (3). The polynomialTq2/2 + L(T) is the product of linear factors in GF(q)[T],
so the product of its distinct linear factors dividesTq + T. The repeated factors divide its
derivative and so we have the divisibility

Tq2/2 +L(T) | (Tq +T)L′(T).

The right-hand side is not zero and the quotientM(T) has degree at mostq/2− 2. If we
differentiate the identity

(Tq2/2 +L(T))M(T) = (Tq +T)L′(T),

then we see that
M′(T)Tq2/2 +(L(T)M(T))′ = L′(T).

The degree of(L(T)M(T))′ is at mostq2/2−4, soM′(T) = 0 andM(T) = 1. Hence

G(T,x,y) = (Tq +T)2R(T)4,

whereL′(T) = R(T)2. For alla∈ GF(q), the linear factorT +a is a factor ofG(T,x,y) with
multiplicity 2 mod 4. So there are 2 mod 4 pairs(u,v) such that

ux+vy+g(u,v) = a

and hence the hyperplane
aX0 +xX1 +yX2 +X3 = 0

is incident with 2 mod 4 points ofO\{(0,0,0,0,1)}. 2
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Lemma 7 Let q> 2 be even and suppose that there is a hyperplane E incident with3 mod 4
points of an ovoid O ofQ(4,q). Let P∈ (E∩Q(4,q))\O and letπ = E∩TP(Q(4,q)). Then,
apart from TP(Q(4,q)), every hyperplane containingπ is incident with3 mod 4points of O.

Proof. Let P be the point(0,0,0,0,1), not a point ofO, and letE be the hyperplane

cX0 +xX1 +yX2 +X3 = 0.

The hyperplaneTP(Q(4,q)) is the hyperplaneX0 = 0. Let O be an ovoid defined by the
functionsh(x,y) and f (z) as in (2). The points ofO in the hyperplaneX0 = 0 are theq+ 1
points{(0,0,0,1,0)}∪{(0,1,z,z2, f (z)) : z∈ GF(q)}.

SinceE is incident with 3 mod 4 points ofO, it must meet Q(4,q) in a three-dimensional
elliptic quadric, so the quadratic equationZ2 +yZ+x = 0 has no solutions in GF(q) andE is
therefore skew to the points ofO that lie in the hyperplaneX0 = 0.

So we wish to show that the hyperplanesaX0 +xX1 +yX2 +X3 = 0, wherea is any element
of GF(q), are incident with 3 mod 4 points of the set

{(1,x,y,h(x,y),y2 +xh(x,y)) : x,y∈ GF(q), x 6= 0}.

Define a Ŕedei polynomialH in three variables as

H(T,X,Y) = ∏
u,v∈GF(q), u6=0

(T +uX+vY+h(u,v)) =
q2−q

∑
j=0

ψ j(X,Y)Tq2−q− j .

The degree ofH is q2− q, so the degree of the polynomialψ j is at most j. Similarly to
Lemma 3,

∏
z∈GF(q)

(T +zZ+(az+ f (−a))) = Tq− (Z+a)q−1T + f (−a)(1− (Z+a)q−1).

By Lemma 2, we have that for alla∈ GF(q)

H(T,aZ,Z−a) = ∏
u,v∈GF(q),u6=0

(T +(au+v)Z+h(u,v)−av)

=

(
∏

u,v∈GF(q)
(T +uZ+v)

)
/(Tq− (Z+a)q−1T + f (−a)(1− (Z+a)q−1)),

and then by Lemma 3 again that

H(T,aZ,Z−a)(Tq− (Z+a)q−1T + f (−a)(1− (Z+a)q−1))

= Tq2
+(−(Zq−Z)q−1−1)Tq +(Zq−Z)q−1T.
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Hence, for alla ∈ GF(q), the polynomialψ j(aZ,Z− a) ≡ 0 whenever 0< j < q− 1 and
following the argument in Lemma 4,ψ j(X,Y)≡ 0 for 0< j < q−1.

So we have

H(T,X,Y) = Tq2−q +
q2−2q+1

∑
j=0

ψq2−q− j(X,Y)T j . (4)

As in Lemma 4, for all(x,y) ∈ GF(q)2, we have the divisibility

H(T,x,y) | (Tq−T)
∂H
∂T

(T,x,y).

The left-hand side has degreeq2−q and the right-hand side has degree less than or equal to
q2−q.

As, by hypothesis, the hyperplaneE is incident with 3 mod 4 points of the ovoidO, the linear
factor T + c occurs with multiplicity 3 mod 4 in the polynomialH(T,x,y). So eitherT + c
occurs with multiplicity 2 mod 4 in the polynomial

H1(T) :=
∂H
∂T

(T,x,y),

or H1(T) = 0. If H1(T) = 0, thenH(T,x,y) would be a square such that the linear factorT +c
would occur with even multiplicity inH(T,x,y), a contradiction. Hence the linear factorT +c
occurs with multiplicity 2 mod 4 in the polynomialH1(T) := ∂H

∂T (T,x,y).

The polynomialH1(T) is a constant multiple ofH(T,x,y)/(Tq + T) and so by (4) it has
degreeq2−2q, is a square and we can write

H1(T) = (Tq2/2−q +H2(T))2

where the degree ofH2(T) is at mostq2/2−3q/2. The hypothesis implies that the polynomial
Tq2/2−q+H2(T) has a factor that occurs an odd number of times and soH ′

2(T) 6≡ 0. Moreover
it splits completely into linear factors in GF(q)[T]. So, as in the proof of Lemma 6, we have
the divisibility

Tq2/2−q +H2(T)|(Tq +T)H ′
2(T).

Let the quotient of this division beM1(T) and note that it has degree at mostq/2−2. Differ-
entiate the corresponding equality to see that

M′
1(T)Tq2/2−q +(H2(T)M1(T))′ = H ′

2(T).

The degree of(H2(T)M1(T))′ is at mostq2/2−q−4 and soM′
1 = 0 andM1 = 1. This implies

thatH(T,x,y) is a constant multiple of

(Tq +T)3R(T)4,
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whereH ′
2(T) = R(T)2. So for alla∈ GF(q), there are 3 mod 4 pairs(u,v) such that

ux+vy+h(u,v) = a,

and hence the hyperplane
aX0 +xX1 +yX2 +X3 = 0

is incident with 3 mod 4 points ofO\TP(Q(4,q)). 2

Remark 3 Lemma 5 can be proven similarly to Lemma 7.

Theorem 4 Let O be an ovoid ofQ(4,q), q even. Either every elliptic quadric onQ(4,q)
intersects O in3 mod 4points or every elliptic quadric onQ(4,q) intersects O in1 mod 4
points.

Proof. Suppose that there is a hyperplaneE intersectingO in 3 mod 4 points. By Lemma 6
and Lemma 7, every non-tangent hyperplane that contains a tangent plane of the elliptic
quadricE∩Q(4,q) is incident with 3 mod 4 points ofO. Let E1 be any other hyperplane
that meets Q(4,q) in an elliptic quadric. Consider its intersection with theq+1 hyperplanes
that contain a given tangent plane ofE∩Q(4,q). ThenE1 intersects at least one of these
hyperplanes, call itE2, in a plane that is a tangent plane to the elliptic quadricE2∩Q(4,q).
Now apply Lemma 6 and Lemma 7 toE2 to conclude thatE1 is incident with 3 mod 4 points
of O. 2

3 Applications whenq is prime

The fact that every ovoid of Q(4,q), q prime, is an elliptic quadric is not unexpected and
a number of results have already appeared assuming exactly this. They yield immediate
corollaries to Corollary 1.

As a first application of Corollary 1, non-existence results on (partial) ovoids of Q(6,q) and
the generalised hexagon H(q) are presented.

Theorem 5 ([22]) If for some q, q> 3, every ovoid ofQ(4,q) is an elliptic quadric, then
Q(6,q) has no ovoid.

Corollary 2 For q > 3 prime,Q(6,q) has no ovoid.

Corollary 3 For q > 3 prime,H(q) has no ovoid.
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Proof. Thas [28] proves that a (partial) ovoid of Q(6,q) is a (partial) ovoid of H(q) and vice
versa. 2

Corollary 4 For q > 3 prime, a partial ovoid ofH(q) has size at most q3−1.

Proof. In [15], it is proven that a partial ovoid of sizeq3 of H(q) can be extended to an ovoid
of H(q). 2

Corollary 5 For q > 3 prime, a partial ovoid ofQ(6,q) has size at most q3−1.

Proof. See the proof of Corollary 3. 2

Since the non-existence of ovoids of Q(6,q), q > 3 prime, is now known, the problem arises
of determining thesmallest blocking setsof Q(2n,q), n≥ 3, q > 3 prime. Ablocking setof
Q(2n,q) is a set of points of Q(2n,q) intersecting every generator of Q(2n,q) in at least one
point. The following result on the smallest blocking sets of Q(2n,q), n≥ 3, q> 3 prime, was
first proven forn = 3 andq = 5,7 by De Beule and Storme [13]; the proof dealing with all
prime valuesq > 3 was given by De Beule and Metsch [12]. The result forn > 3 follows
from the arguments of De Beule and Storme [13].

Theorem 6 ([12], [13]) The smallest blocking sets ofQ(2n,q), q > 3 prime, n≥ 3, are the
truncated conesΠn−3Q−(3,q) \Πn−3 contained inQ(2n,q), whereΠn−3 is an (n− 3)-
dimensional space contained inQ(2n,q) and whereQ−(3,q) is a 3-dimensional elliptic
quadric ofQ(2n,q) in a 3-space skew toΠn−3.

A second application is a characterisation of the generalised quadrangle Q−(5,q). In the
statement of this theorem, asubtended ovoidin ∆ is an ovoid of∆ obtained by taking the
intersection of∆ with theq2 +1 lines ofΓ through a point ofΓ\∆.

Theorem 7 ([5], [6]) Let Γ be a generalised quadrangle of order(q,q2) with a subquadran-
gle ∆ isomorphic to Q(4,q). If all subtended ovoids in∆ are elliptic quadrics, thenΓ is
isomorphic to Q−(5,q).

Corollary 6 If Γ is a generalised quadrangle of order(q,q2), q prime, that has a subquad-
rangle isomorphic to Q(4,q), thenΓ is isomorphic to Q−(5,q).

To conclude this section, we state the dual result of Corollary 1.

Theorem 8 Every spread ofW3(q), q prime, is a regular spread ofPG(3,q).

Proof. The generalised quadrangle Q(4,q) is the point-line dual of the generalised quadran-
gle W3(q) [23]. 2
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4 Ovoids ofQ(6,q)

A 1 mod p property also holds for ovoids of Q(6,q).

Theorem 9 An ovoid O ofQ(6,q), q= ph, p prime, intersects every elliptic quadricQ−(5,q)
onQ(6,q) in 1 modp points.

Proof. Let P∈ Q(6,q) \O and letπ4 be a 4-space inTP(Q(6,q)) that does not containP.
Thenπ4 intersects Q(6,q) in a parabolic quadricQ4 isomorphic toQ(4,q) andTP(Q(6,q))∩
O is projected fromP onto an ovoidO∗ of Q4. By Theorem 1, every elliptic quadric Q−(3,q)
of Q4 contains 1 modp points of O∗. Hence, for each pointP ∈ Q(6,q) \O, every cone
PQ−(3,q) on Q(6,q) is incident with 1 modp points ofO.

Let Q−
5 be any elliptic quadric Q−(5,q) on Q(6,q) and denote the hyperplane of PG(6,q)

containing it byH. Consider a linel of Q−
5 skew toO. Such a line exists sinceQ−

5 has no
ovoids [28]. Denote the points onl by P0,P1, . . . ,Pq. The tangent hyperplanesTPi (Q(6,q))
intersectH in 4-spacesTPi (Q

−
5 ) for eachi ∈ {0,1, . . . ,q}. Let

π3 = TP0(Q
−
5 )∩TP1(Q

−
5 )

= TP0(Q(6,q))∩TP1(Q(6,q))∩H.

Suppose that|π3∩O|= x. The 4-spacesTPi (Q
−
5 )⊆ TPi (Q(6,q)), i = 0,1, . . . ,q, define a pencil

of 4-spaces throughπ3 in H. Since|TPi (Q
−
5 )∩O| ≡ 1 modp, counting the number of points

of O in this pencil of 4-spaces yields

|Q−
5 ∩O| ≡ (q+1) ·1−qx (mod p)

≡ 1 (mod p).

SinceQ−
5 was chosen arbitrarily, the theorem is proven. 2

Remark 4 1. If q= 3h, thenQ(6,q) has ovoids [18, 27, 28].

2. It is not necessary to prove a similar result on higher-dimensional parabolic quadrics
since Gunawardena and Moorhouse [16] (for q odd), and Thas [28] (for q even) have
proven that such quadrics have no ovoids.
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