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Abstract. (19 June 2012) We introduce the concept of a pentagonal geometry as a generali-
sation of the pentagon and the Desargues configuration, in the same vein that the generalised
polygons share the fundamental properties of ordinary polygons. In short, a pentagonal geom-
etry is a regular partial linear space in which for all points x, the points not collinear with the
point x, form a line. We compute bounds on their parameters, give some constructions, ob-
tain some non-existence results for seemingly feasible parameters and suggest a cryptographic
application related to identifying codes of partial linear spaces.

1. Introduction

Jacques Tits [15] introduced generalised polygons in order to describe geometric properties
of simple groups of Lie type A2, B2, C2 and G2 and, as their name suggests, they generalise
the ordinary polygons. Firstly, two points of a generalised polygon cannot be on more than
one line; it is a partial linear space. Secondly, the bipartite incidence graph has girth twice its
diameter n, as do ordinary polygons – the incidence graph of the ordinary n-gon is the cyclic
graph on 2n vertices. These are the defining properties of a generalised n-gon and surprisingly,
by the Feit-Higman Theorem [6], the only finite examples are thin (having two points on each
line or two lines on each point) or the diameter n is either 3, 4, 6 or 8. So there are no (thick
and finite) generalised pentagons or generalised heptagons.

In this article we suggest alternative sets of axioms which allow us to construct “generalised”
pentagons, which we shall call pentagonal geometries.

Figure 1. Desargues configuration.
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The Desargues configuration, Figure 1, is an incidence structure of points and lines with the
property that the points not collinear with a given point are themselves collinear, and moreover,
they are contained in the same line.

The ordinary pentagon also has this property. This leads us to question if it is possible
to have a set of axioms which allows the construction of some kind of alternative generalised
pentagon and, more generally, an alternative generalised polygon. Or if, for example, it is
possible that there are structures which satisfy the following axiom.

A pentagonal geometry is a regular partial linear space in which for all points x, the points
not collinear with the point x, form a line. We denote this line by xopp.

The word regular indicates that a pentagonal geometry has an order (k, r) in which every
line is incident with k points and every point is incident with r lines. A regular connected
partial linear space is also known as a configuration, see Grünbaum [9].

If the pentagonal geometry is not connected then it consists of just two lines and has order
(k, 1). In this case we say the partial linear space is a degenerate pentagonal geometry. We will
always assume that the pentagonal geometries considered are non-degenerate unless explicitly
mentioned otherwise. The ordinary pentagon has order (2, 2) and Desargues configuration has
order (3, 3). We will show in Corollary 2.6 that an opposite pentagon of order (2, r) is just a
complete graph on r + 3 vertices with some cycles deleted, so the interesting cases occur when
k > 3.

This work was motivated in part by error correcting codes. Let G be the incidence matrix of
a partial linear space Γ, where the rows of G are indexed by the points of Γ and whose columns
are indexed by the lines. By imposing properties on Γ one is able to deduce properties of the
linear code C generated by G over a field of characteristic p. For example, if Γ is a pentagonal
geometry and r 6= −1 modulo p, then one can verify that the dimension of C is the number of
points of Γ. Since the length of C is the number of lines of Γ, we deduce that the code C has
transmission rate k/r. If one could construct a family of pentagonal geometries in which k/r
is bounded away from zero then one might hope that the minimum distance is also bounded
away from zero. The minimum distance is, considering all subsets S of the points of Γ, the
minimum number of lines `, such that |` ∩ S| 6= 0 modulo p.

2. Some basic properties of pentagonal geometries

In this section we shall determine some basic properties of pentagonal geometries. We shall
say that a line ` is an opposite line if ` = xopp for some point x and say that it is a non-opposite
line if this is not the case.

Lemma 2.1. A pentagonal geometry of order (k, r) has rk− r+ k + 1 points and (rk− r+
k + 1)r/k lines, which gives the necessary condition k divides r(r − 1).

Proof. By counting the number of points on the lines through a fixed point x gives r(k−1)
and there are a further k points on the line xopp and x itself. Then we count all pairs (x, `),
where x is a point and ` is a line incident with x, and this gives (rk − r + k + 1)r = bk, where
b is the total number of lines. �

Lemma 2.2. If there is a pentagonal geometry of order (k, r) with r 6= 1 then r > k.

Proof. Let x be a point and suppose that z is a point on xopp. Let ` 6= zopp be a line
containing x. For all y ∈ ` \ {x}, there is a line joining y to z, since ` 6= zopp, and moreover
none of these lines is xopp which also contains z. Hence, r > k. �

As we shall see, it is possible that pentagonal geometries have some deficiency in the sense
that two points x and y can have the same opposite line, i.e., xopp = yopp. If this is the case
then we have the following.
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Lemma 2.3. If xopp = yopp = ` for two points x and y then zopp = m for all points z in `
and likewise, wopp = ` for all w in m, where m is the line joining x and y.

Proof. Since z is on both xopp and yopp, the line zopp must be the line m joining x and y.
Thus, for all z, u ∈ `, we have zopp = uopp = m. By symmetry, wopp = ` for all w ∈ m. �

We shall call such a pair of lines (`,m) an opposite line pair. Note that the points on an
opposite line pair are incident with only one opposite line, with ` or m.

Lemma 2.4. A pentagonal geometry of order (k, r) with r < 3k, either has no opposite line
pair, or r = 2k + 1 and the points are partitioned into opposite line pairs.

Proof. Suppose that a pentagonal geometry of order (k, r), with r < 3k, has an opposite
line pair (`,m). Let z be a point not incident with either ` or m and whose opposite line zopp

is not part of an opposite line pair. Then for all points x and y in zopp, Lemma 2.3 implies
xopp 6= yopp. Moreover, the line xopp contains no point of ` or m since the points on an opposite
line pair are incident with only one opposite line. There are, however, distinct lines joining z
to the points of ` ∪ m, so in all we conclude that there are at least 3k lines containing z, a
contradiction.

Thus every opposite line is part of an opposite line pair and every point is on an opposite line
pair. Let z be a point not incident with either ` or m. There is a distinct line joining each point
of `∪m with z, so r > 2k+ 1. If there are e opposite line pairs then v = 2ek = r(k−1) +k+ 1.
Hence k divides r − 1 and we have r = 2k + 1, since r < 3k. �

Let Γ be a regular partial linear space of order (k, r). Following Grünbaum [9], we define
the deficiency graph of Γ to be the k-regular graph G whose vertices are the points of Γ and
where x and y are adjacent in the graph G if and only if x is not collinear to y in Γ. For
example, the deficiency graph of the Desargues configuration in Figure 1 is the Petersen graph.

Lemma 2.5. The deficiency graph G of a pentagonal geometry of order (k, r) is the disjoint
union of complete bipartite Kk,k’s (one for each opposite line pair) and G′, where G′ is a (non-
necessarily connected) k-regular graph of girth at least 5.

Proof. The points of an opposite line pair, give a complete Kk,k in the deficiency graph G,
disconnected from the rest of the graph. Let x be a point that is not incident with an opposite
line pair. The neighbours of x in the graph G are the points of xopp, so the graph is k-regular.
If there is a 3-cycle containing x then there are points y and z in Γ with the property that
x, y ∈ zopp, and so are collinear, and x ∈ yopp which implies that they are not, a contradiction.
If there is a 4-cycle containing x then there are points y and z in Γ with y, z ∈ xopp which have
a common neighbour u 6= x such that y, z ∈ uopp. This would mean that y and z are joined by
two distinct lines, namely xopp and uopp, a contradiction. �

Corollary 2.6. A pentagonal geometry of order (2, r) is a complete graph on r+3 vertices,
from which a union of disjoint cycles, none of size 3, spanning the vertex set has been deleted.

Proof. Since k = 2, such a pentagonal geometry is a graph. The number of vertices
follows from Lemma 2.1. Note that the complement of this graph is the deficiency graph of
the pentagonal geometry. By Lemma 2.5, the complement has no triangles. This condition is
sufficient since the complement of any graph which is the disjoint union of cycles of length at
least 4 is a pentagonal geometry. �

Lemma 2.7. Let Γ be a pentagonal geometry and G be its deficiency graph. Let x, y be two
points of Γ. Then x and y are at distance 2 in G if and only if x and y are on a common
opposite line in Γ.

Proof. The points x and y are at distance 2 in G if and only if there is a point z adjacent
to both x and y in G, that is, x and y are both in zopp. �
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3. Pentagonal geometries of order (k, k)

Let Γ be a pentagonal geometry of order (k, k). By Lemma 2.4, Γ has no opposite line pair,
and by Lemma 2.5, its deficiency graph G is k-regular of girth at least 5 and has k2 +1 vertices.
Thus G has diameter 2, and so is a Moore graph. A Moore graph (of diameter 2) is a k-regular
graph of girth 5 and diameter 2. Such a graph G has 1 +k+k(k− 1) = k2 + 1 vertices and it is
known that such a graph exists if and only if k = 2, 3, 7 and possibly 57, as proven by Hoffman
and Singleton in [10].

Lemma 3.1. Let Γ be the incidence structure whose points are the vertices of a Moore graph
G of diameter 2 and whose lines are the neighbours of a vertex x of G, for each vertex x. The
incidence structure Γ is a pentagonal geometry of order (k, k).

Proof. The point x is collinear (in Γ) to the k(k−1) points y, which in the graph G are at
distance 2 from x, by Lemma 2.7. The k points not collinear to x in Γ are the neighbours of x
in the graph G, and so form a line. Since the graph G has no 4-cycles, the incidence structure
Γ is a partial linear space and has no opposite line pair. By counting, the number of points
equals the number of lines so every line is an opposite line. �

Combining the above with Lemma 2.4 and Lemma 2.5 we conclude that the case r = k
is equivalent to the study of Moore graphs so will not interest us much here. Note that for
k = 2, the pentagonal geometry Γ is the pentagon, for k = 3 the pentagonal geometry Γ is the
Desargues configuration (Figure 1) and for k = 7 the pentagonal geometry Γ is the configuration
whose points can be labelled with elements of F2 × F5 × F5, where

(0, a, b)opp = {(1, i, b+ ia) | i ∈ F5} ∪ {(0, a, b+ 2), (0, a, b− 2)}

and

(1, a, b)opp = {(0, i, b− ia) | i ∈ F5} ∪ {(1, a, b+ 1), (0, a, b− 1)}.

4. Pentagonal geometries of order (k, k + 1)

Let Γ be a pentagonal geometry of order (k, k+ 1), with k > 2, and let G be the deficiency
graph of Γ. By Lemma 2.4, Γ has no opposite line pair, and by Lemma 2.5, its deficiency graph
G is k-regular of girth at least 5 and has k2 + k vertices.

Lemma 4.1. The non-opposite lines of Γ partition the set of points.

Proof. A point x is on exactly k opposite lines (one for each point of xopp), and so is
on exactly one non-opposite line. Since Γ has k(k + 1) points, there are k + 1 non-opposite
lines. �

Lemma 4.2. For a non-opposite line `, the set {xopp | x ∈ `} yields a partition of the points
of Γ \ ` and each such line xopp meets each non-opposite line distinct from `.

Proof. Let ` be a non-opposite line. Suppose x ∈ Γ\` is opposite to two points in `. Then
these two points are on xopp which contradicts the fact that ` is a non-opposite line. So every
point in Γ \ ` is opposite to at most one point of `. Each point of ` is opposite to k points, and
Γ\` has k2 points, so each point in Γ\` is on exactly one line xopp for x ∈ `. Moreover each line
xopp (x ∈ `) cannot contain two points in a common non-opposite line and it cannot contain a
point in ` (since those points are collinear with x), so by a counting argument it meets every
non-opposite line except for ` in exactly one point. �

Lemma 4.3. The deficiency graph G of Γ is regular of valency k, diameter 3 and girth at
least 5.
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Proof. By Lemma 2.5 and Lemma 4.1, G is a disjoint union of connected k-regular graphs
of girth at least 5. Let x be a point. Then any other point is either not collinear to x, or on
an opposite line with x, or on a non-opposite line with x. If y is not collinear to x, then y is
at distance 1 from x by the definition of the deficiency graph. If y is on an opposite line with
x, then x and y are at distance 2 in G by Lemma 2.7. Now assume y is on a non-opposite line
with x, and let z ∈ xopp. Then y is collinear to z (otherwise x, y ∈ zopp), and they are on a
common opposite line, say wopp, (otherwise x, y, z would all be in the same non-opposite line
by Lemma 4.2). Thus, zopp ∩ yopp = {w}, and so y is at distance at most 3 from x. Obviously
y is not at distance 1, nor at distance 2. Therefore, G is connected of diameter 3. �

Theorem 4.4. Let Γ be a pentagonal geometry of order (k, k + 1), with k > 2. Then there
exists a pentagonal geometry of order (k+ 1, k+ 1) in which Γ can be embedded. Conversely, by
removing a point x and it opposite line xopp from a pentagonal geometry of order (k+ 1, k+ 1)
yields a pentagonal geometry of order (k, k + 1).

Proof. By Lemma 4.2, the non-opposite lines partition the point-set P of Γ. Let [x] denote
the non-opposite line on x.

Define the following incidence structure Γ′ whose points are

P ∪ {[x] | x ∈ P} ∪ {∞}
(so the points of Γ together with k + 1 points corresponding to the non-opposite lines and a
point ∞) and whose lines are xopp ∪ {[x]} for each x ∈ P , `∪ {∞} for each non-opposite line `
of Γ and {[x] | x ∈ P}.

This new structure Γ′ has k(k+1)+k+1+1 = k2+2k+2 points and (k+1)2+1 = k2+2k+2
lines, lines have size k+1 and points have valency k+1, all consistent with a pentagonal geometry
of order (k + 1, k + 1). By Lemma 4.2, it is a partial linear space. To differentiate from the
original pentagon we will write yopp

′
for the set of points non-collinear with y in Γ′.

By Lemma 4.2 ∞opp′ = {[x] | x ∈ P}. For x ∈ P , [x]opp
′
= {p | p ∈ [x]} ∪ {∞} = ` ∪ {∞},

where ` is the non-opposite line of Γ containing x, and xopp
′
= xopp ∪ {[x]}, which are all lines.

Hence Γ′ is a pentagonal geometry of order (k + 1, k + 1).
Conversely, if we start from a pentagonal geometry of order (k + 1, k + 1), and we delete

one point and its opposite line and shorten all remaining lines accordingly, we get a pentagonal
geometry of order (k, k + 1). �

The corollary below follows from our observations on pentagonal geometries with k = r.

Corollary 4.5. Pentagonal geometries of order (k, k + 1), with k > 2, only exist for
k = 2, 6 and maybe 56.

For k = 2 and 6, we delete one point and its opposite line from the Desargues configuration
or the pentagonal geometry of order (7, 7) described earlier. The corresponding automorphism
groups are S3 × C2 and S7, the point stabiliser in the Hoffman Singleton graph, respectively.

5. A product construction

The following product construction sometimes allows us to construct larger pentagonal
geometries from smaller ones. However, the deficiency graph of the larger pentagon consists
of disjoint copies of the deficiency graph of the smaller one and so we do not consider the
obtained pentagons to be of much interest. Recall that a degenerate pentagonal geometry (of
order (k, 1)) consists of just two disjoint lines.

Theorem 5.1. Let Γ be a (possibly degenerate) pentagonal geometry of order (k, r). If there
exist k−2 mutually orthogonal latin squares of order (k−1)r+k+ 1 then there is a pentagonal
geometry of order (k, rk + k + 1).
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Proof. We first make an incidence structure of v2 points, where v = (k − 1)r + k + 1.
We take v horizontal lines (each containing v points) and v vertical lines. The k − 2 mutually
orthogonal latin squares of order v = (k−1)r+k+1 will give another k−2 parallel classes of v
lines, where the v× v points are labelled with the elements of a latin square and a line consists
of points labelled with the same symbol. Since the latin squares are mutually orthogonal this
incidence structure is a partial linear space so its dual is also a partial linear space.

The dual of this incidence structure has kv points where the points are partitioned in to k
subsets of size v with the property that any two points from different subsets are joined by a
unique line.

Now add the lines of the pentagonal geometry of order (k, r) to each of the k subsets of v
points to obtain a pentagonal geometry of order (k, v + r). �

Corollary 5.2. If there exist k − 2 mutually orthogonal latin squares of order 2k then
there is an opposite pentagon of order (k, 2k + 1).

Proof. Apply Theorem 5.1 to Γ, where Γ is the degenerate pentagonal geometry of order
(k, 1). �

For more details on latin squares, see [4] and [12, Chapter 22].

6. A construction using partial linear spaces of deficiency one

The following construction provides a pentagonal geometry of order (k, ks+ 1), where k is
the power of a prime, given a partial linear space of order (k, s) of deficiency one (i.e. a partial
linear space in which every point is collinear with all the other points except one, which is called
its antipodal point). Unfortunately, the pentagonal geometry has its point set partitioned into
opposite line pairs, so again we do not consider it to be of much interest.

Theorem 6.1. Let π be a partial linear space of order (k, s) of deficiency one, where k is a
power of a prime. Then there is a pentagonal geometry of order (k, ks+ 1) whose set of points
is partitioned into opposite line pairs.

Proof. Label the lines of π as `1, . . . , `N , where N = (s(k − 1) + 2)s/k and take k copies

of π where the i-th copy of π has lines `
(i)
1 , . . . , `

(i)
N . For each line `j, consider the affine plane

AG(2, k), whose horizontal lines are `
(1)
j , . . . , `

(k)
j and where a vertical line contains copies of

the same point of π. Let Lj denote the set of k2 + k lines of this AG(2, k).
We claim the points and lines of the k copies of π together with the lines L1 ∪ . . .∪LN is a

pentagonal geometry Γ of order (k, ks+ 1).
Let π1 be one of the copies of π in Γ. For any two points x and y of Γ, let x′ and y′ be

points of π1 which they are a copy of, respectively. If x′ = y′ then x and y are joined by the
vertical line of `j in any of the Lj, where x ∈ `j. If x′ 6= y′ and x′ and y′ are collinear in π
then there is a line `j of π1 joining x′ and y′. In this case there is a line of Lj joining x and
y. Finally, if x′ 6= y′ and x′ and y′ are not collinear in π1 then there is a vertical line `j of Lj,
where y ∈ `j, which is the opposite line of x, and vice-versa.

Note that if x′ = y′ then x and y share the same opposite line; the vertical line through
their common antipodal point. It follows that the set of points is partitioned into opposite line
pairs.

�

For existence and non-existence results on partial linear spaces of deficiency one, see [8].
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7. A pentagonal geometry of order (3, 9) containing one opposite line pair

The following construction for k = 3 shows that the bound in Lemma 2.4 is sharp in this
case.

A pentagonal geometry of order (3, 9) containing one opposite line pair has a subset P1 of
6 points which lie on the opposite line pair and a subset P2 of the remaining 16 points which
do not. Since a 3-regular graph of girth 5 has at least 10 vertices, by Lemma 2.5, the points of
P2 give a connected component G′ with 16 vertices in the deficiency graph G. To construct a
pentagonal geometry of order (3, 9) containing an opposite line pair it suffices to find a 6-regular
graph G′′ with 16 vertices which is the union of 16 triangles and a 1-factorization of a 6-regular
graph which a subgraph of the complement of G′′. For each 1-factor we choose a point x ∈ P1

and form the line {x, y, z} for each edge (y, z) in the 1-factor. This gives 48 lines and each
triangle in the disjoint union of triangles of G′′ gives the remaining 16 lines.

The following pentagonal geometry of order (3, 9) is an example of this construction.

Lemma 7.1. The incidence structure whose points are elements of {1, 2, . . . , 22} and whose
lines are

{22, 21, 20}, {22, 15, 10}, {22, 6, 3}, {22, 13, 9}, {22, 5, 4}, {22, 12, 1}, {22, 16, 2}{22, 11, 7},
{22, 14, 8}, {21, 12, 10}, {21, 6, 4}, {21, 11, 1}, {21, 15, 2}, {21, 16, 3}{21, 14, 5}, {21, 13, 7},
{21, 9, 8}, {20, 11, 10}, {20, 7, 6}, {20, 14, 1}, {20, 13, 2}, {20, 9, 3}, {20, 15, 4}, {20, 16, 5},
{20, 12, 8}, {19, 18, 17}, {19, 10, 8}, {19, 16, 6}, {19, 9, 1}, {19, 14, 2}, {19, 12, 3}, {19, 11, 4},
{19, 13, 5}, {19, 15, 7}, {18, 10, 6}, {18, 8, 2}, {18, 13, 12}, {18, 15, 1}, {18, 14, 3}, {18, 9, 4},
{18, 11, 5}, {18, 16, 7}, {17, 10, 2}, {17, 13, 6}, {17, 8, 5}, {17, 14, 11}, {17, 16, 1}, {17, 15, 3},
{17, 12, 4}, {17, 9, 7}, {16, 12, 11}, {16, 10, 9}, {16, 8, 4}, {15, 14, 13}, {15, 9, 5}, {15, 8, 6},
{14, 7, 4}, {14, 12, 6}, {13, 11, 3}, {13, 10, 1}, {12, 7, 2}, {11, 9, 2}, {10, 5, 3}, {8, 7, 1},

{6, 5, 1}, {4, 3, 2},
is a pentagonal geometry of order (3, 9) with one opposite line pair.

Proof. This can be verified directly by hand or computer. The opposite line pair is
({19, 18, 17}, {22, 21, 20}). �

Remark 7.2. The pentagonal geometry of Lemma 7.1 has a trivial automorphism group
according to the Design package in GAP.

8. A pentagonal geometry of order (3, 13) with connected deficiency graph

Let Γ be an incidence structure defined on the set P of 30 points which is the union of the
27 points of AG(3, 3) together with p0, p1, p2. We shall now give the lines of Γ.

Construction 8.1. Let L1 be the set of lines of AG(3, 3) which do not lie in the planes
X2 = j, for some j ∈ F3 nor the planes X3 = k for some k ∈ F3. The set L1 consists of
117− 63 = 54 lines.

Let L2 be the 12 lines of AG(3, 3) which are defined by the intersection of the planes X3 = 1
and X3 = 2 with the planes X1 + 2X2 = j and X1 = j, for each j ∈ F3.

For each j ∈ F3 the lines in the plane X2 = j are replaced by the 9 lines

[0, j, 0]∗ := {(0, j, 1), (0, j, 2), p0},
[1, j, 0]∗ := {(1, j, 1), (1, j, 2), p1},
[2, j, 0]∗ := {(2, j, 1), (2, j, 2), p2},

[0, j, 1]∗ := {(0, j, 0), (1, j, 1), (2, j, 2)},
[0, j, 2]∗ := {(0, j, 0), (1, j, 2), (2, j, 1)},
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[1, j, 1]∗ := {(0, j, 1), (1, j, 0), (2, j, 1)},
[2, j, 2]∗ := {(0, j, 1), (1, j, 2), (2, j, 0)},
[2, j, 1]∗ := {(0, j, 2), (1, j, 1), (2, j, 0)},
[1, j, 2]∗ := {(0, j, 2), (1, j, 0), (2, j, 2)},

which together form the set of 27 lines L3.
The lines in the plane X3 = 0 are replaced by L4, a set of 19 lines, which consists of the 3

lines

p∗0 := {(0, 0, 0), (0, 1, 0), (0, 2, 0)},
p∗1 := {(1, 0, 0), (1, 1, 0), (1, 2, 0)},
p∗2 := {(2, 0, 0), (2, 1, 0), (2, 2, 0)},

and 16 lines which we get from a 4× 4 Latin square whose rows are indexed by

{(0, 0, 0), (0, 1, 0), (0, 2, 0), p0},
whose columns are indexed by

{(1, 0, 0), (1, 1, 0), (1, 2, 0), p1}
and whose entries are taken from the set

{(2, 0, 0), (2, 1, 0), (2, 2, 0), p2}.
The lines are given by the 16 row-column-entry triples.

An example of a suitable Latin square would be the following one.

(1, 0, 0) (1, 1, 0) (1, 2, 0) p1
(0, 0, 0) (2, 0, 0) (2, 1, 0) (2, 2, 0) p2
(0, 1, 0) (2, 1, 0) (2, 0, 0) p2 (2, 2, 0)
(0, 2, 0) p2 (2, 2, 0) (2, 0, 0) (2, 1, 0)
p0 (2, 2, 0) p2 (2, 1, 0) (2, 0, 0)

Finally, let M be the set of six lines of AG(3, 3) which are the intersection of the planes
X3 = 1 and X3 = 2 with the plane X1 + X2 = j, for some j ∈ F3. The set L5 consists of
the lines {p0, a1, a2}, {a0, p1, a2}, {a0, a1, p2}, where {a0, a1, a2} is a line of M and ai is in the
plane X1 = i. Thus, L5 is a set of 18 lines.

Theorem 8.2. The incidence structure Γ with points P and lines L = L1∪L2∪L3∪L4∪L5

is a pentagonal geometry of order (3, 13) with a connected deficiency graph. Moreover, the line
[i, j, k]∗ is (i, j, k)opp and p∗i is poppi .

Proof. We must first check that the incidence structure Γ is a partial linear space. The
lines of L1 ∪L2 ∪M are all lines of AG(3, 3) none of which are contained in a plane X2 = j for
some j ∈ F3 or X3 = 0. The lines in L3 ∪ L4 replace the lines removed from these four planes
and it is checked directly that if x and y are two points contained in one of these four planes,
then they are joined by at most one line of L3 ∪ L4.

Suppose that k 6= 0. The point (i, j, k) is joined to all points in the plane X2 = j except the
points of [i, j, k]∗ and it is joined to the point pi by [i, j, 0]∗. In the plane X3 = k of AG(3, 3) it
is on the line X1 +X2 = i+ j along with (i+ 1, j − 1, k) and (i+ 2, j − 2, k) and so in Γ it on
the lines (of L5)

{(i, j, k), (i+ 1, j − 1, k), pi+2}
and

{(i, j, k), (i+ 2, j − 2, k), pi+1},
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where the subindices are read modulo 3. Since the only lines we have removed from AG(3, 3)
are in the planes X2 = j or X3 = k for some j, k ∈ F3, it is collinear with all the other points
of AG(3, 3).

The point (i, j, 0) is joined with the point (m,n, 0) and the points pi+1, pi+2 (indices read
modulo 3) by a line of L4. For m = i, this is a line of L4 not coming from the Latin square and
for the other points this is a line coming from the Latin square row-column-entry triples. For
i = 0 or 1, this is immediate and for i = 2, this is also clear since each element that appears
in the latin square appears in each row and column. It is joined to all the other points of the
plane X2 = j, not in the plane X3 = 0, by a line of L3, except those on [i, j, 0]∗. Since the only
lines we have removed from AG(3, 3) are in the planes X2 = j or X3 = k for some j, k ∈ F3, it
is collinear with all the other points of AG(3, 3).

Finally, consider the point pi for some i ∈ F3. There is a line of L5 which joins the point pi
to a point of AG(3, 3) on the planes X3=1 and X3 = 2 which do not lie on the plane X1 = i.
However, there is a line of L3 which joins the points pi to the points on the plane X1 = i, that
are not on the plane X3 6= 0. Finally, there is a line of L4 which joins pi to a point of the
plane X3 = 0, that are not on the plane X1 6= i, and the points pi+1, pi+2 (indices read modulo
3). Thus, the only points not collinear with pi are the points of AG(3, 3) on the lines X1 = i,
X3 = 0, which is p∗i .

It remains to prove that the deficiency graph G of Γ is connected. Firstly note that the
vertex (i, j, k) is connected to all other vertices with X2 = j by considering the opposite lines
of L3. The vertex (i, j, k), k 6= 0, is connected to (i, j, 0), which is connected to pi, which is
connected to (i,m, 0), for all m ∈ F3. The vertex (i,m, 0) is connected to (i,m, n), for all
n ∈ F3. Hence, G is connected.

�

Remark 8.3. There is some choice in the construction, specifically when we choose the 4×4
Latin square. There is a Latin square which gives an automorphism group A of the pentagonal
geometry in Theorem 8.2 which is isomorphic to the dihedral group of order 12, again verified
by using the Design package in GAP, [7]. We can realise A as a subgroup of PGL(4, 3), acting
naturally on PG(3, 3), fixing the line defined by X1 = X2, X4 = 0 and the points (0, 0, 0, 1),
(0, 1, 0, 0), (0, 1, 1, 0) and (0, 1, 2, 0).

9. Pentagonal geometries with distance-regular deficiency graphs

The pentagonal geometries of order (k, k) and (k, k+1) have deficiency graphs which are dis-
tance regular of diameter 2 and 3 respectively. In this section we look at pentagonal geometries
which have distance-regular deficiency graphs of diameter 3.

For a graph G, we denote the vertices at distance i from a vertex x by Gi(x). A regular
graph G with diameter d > 2 is said to be distance-regular if there exist integers b0, . . . , bd
and c0, c1, . . . , cd such that for any two vertices x and y at distance i ∈ {1, . . . , d}, we have
|Gi−1(x) ∩ G1(y)| = ci and |Gi+1(x) ∩ G1(y)| = bi. So b0 is the valency of G, c0 = 0 and
bd = 0. A strongly regular graph is precisely a distance-regular graph with diameter equal to
2. The intersection array of G is {b0, b1, . . . , bd−1; c1, c2, . . . , cd}. Each distance-i relation of a
distance-regular graph G yields another graph, which we call the distance-i-graph of G. We say
that G is imprimitive if at least one of the distance-i-graphs of G is disconnected, and primitive
otherwise.

Lemma 9.1. Let G be the deficiency graph of a pentagonal geometry of order (k, r), k > 2,
and suppose G is distance-regular with diameter 3. Then the intersection array of G is

{k, k − 1, (r − k)c3/k; 1, 1, c3}.
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Proof. For i ∈ {0, 1, 2, 3}, let ki be the i-valency, the number of vertices at distance i from
a fixed vertex. So k0 = 1, k1 = k, k2 = k(k − 1) and k3 = k(k − 1)b2/c3. Since the number of
points is rk − r + k + 1, we have k3 = (r− k)(k − 1), and so we see that the intersection array
of G is {k, k − 1, (r − k)c3/k; 1, 1, c3}. �

Lemma 9.2. There is no pentagonal geometry of order (6, 10) with distance-regular diameter
3 deficiency graph.

Proof. The deficiency graph Γ would have parameters {6, 5, 2; 1, 1, 3} and by a result of
Coolsaet and Degraer [2], the Perkel graph on 57 vertices is the unique distance-regular graph
with these parameters. Note that points on a non-opposite line are at distance at least 3 in
G, by Lemma 2.7, so non-opposite lines form cliques of size 3 in the ”distance at least 3”
graph obtained from G. However, one can check by computer that there are no cliques of size
6 in the distance 3-graph of Γ, so we cannot construct non-opposite lines for the pentagonal
geometry. �

Theorem 9.3. Let G be a distance-regular deficiency graph of diameter 3 of a pentagonal
geometry of order (k, r), k > 2. If G is imprimitive then r = k + 1 and G is the example
given in Corollary 4.5. Otherwise, if G is primitive and has at most 1024 vertices, then G is a
generalised odd graph on 176 vertices, (k, r) = (7, 28) and its intersection array is

{7, 6, 6; 1, 1, 2}.

Proof. By Smith’s Theorem [14], a connected imprimitive distance-regular graph G with
valency at least 3 is bipartite or antipodal. We refer to the appendix of [3] for the following
consequences. Suppose G is the deficiency graph of a pentagonal geometry of order (k, r). If G
is antipodal and bipartite, then the intersection array of G is {k, k− 1, 1; 1, 1, k} and r = k+ 1.
That is, we obtain the two examples with k 6= 2 of Corollary 4.5 (see [3, Chapter 14]). If G
is bipartite and not antipodal, then the intersection array of G is {k, k − 1, k − 1; 1, 1, k} and
r = 2k − 1. But r(r − 1) is not divisible by k, which is impossible, and so this case does not
arise. Finally, suppose G is antipodal and not bipartite. Then the intersection array would be
{k, k − 1, 1; 1, k − 1, k}, which cannot occur by Lemma 9.1. For the remaining case, where G
is primitive, we look at the tables in [3, Chapter 14] for feasible parameters. According to [3,
Chapter 14], there are only a couple of distance-regular graphs which are primitive, diameter
3 and having at most 1024 vertices, which have intersection array in the form specified by
Lemma 9.1. The first of which was ruled out by Lemma 9.2, leaving us with the result of this
theorem. �

As far as the authors are aware, the existence of a distance-regular graph with the above
intersection array is not yet known.

10. Non-existence results

In this section we list some non-existence results obtained by computation.

Lemma 10.1. There is no pentagonal geometry of order (3, 6).

Proof. By Lemma 2.4, a pentagonal geometry of order (3, 6) has no opposite line pair, so
Lemma 2.5 implies that the deficiency graph G of a pentagonal geometry of order (3, 6) is a
cubic graph of girth at least 5 with 16 vertices. Since there is no cubic graph of girth at least
5 with at most 9 vertices, G is connected. The points on a non-opposite line are at distance
at least 3 in G, by Lemma 2.7, so non-opposite lines form cliques of size 3 in the ”distance at
least 3” graph obtained from G. There are 49 cubic graphs on 16 vertices ([13]) and it can be
checked by computer that none of them has cliques of size 3 in the ”distance at least 3” graph.
Hence none of them can be the deficiency graph of a pentagonal geometry. �
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Lemma 10.2. There is no pentagonal geometry of order (3, 7) without an opposite line pair.

Proof. Since there is no cubic graph of girth at least 5 with at most 9 vertices Lemma 2.5
implies that the deficiency graph G of a pentagonal geometry of order (3, 7) with no opposite
line pairs, is a connected cubic graph of girth at least 5 with 18 vertices. There are 455 such
graphs ([13]) and it can be checked by computer that none of them can be the deficiency graph
of a pentagonal geometry. �

11. A possible application to cryptography

Let G be a graph and denote by N(x) the set of vertices which are neighbours of a vertex
x. An identifying code (sometimes called a separating set) is a subset S of the vertices with the
property that N(x) ∩ S = N(y) ∩ S implies x = y. This definition can be extended to partial
linear spaces in various ways. For example in [1], an identifying code of a partial linear space
Γ is defined to coincide with the definition of an identifying code for the incidence graph of Γ.
However, one could also define it so that it coincides with the definition of an identifying code
for the collinearity (or the deficiency) graph of Γ. Although in this case the partial linear space
cannot be reconstructed from the collinearity (or the deficiency) graph, the loss of information
does not affect the application that we shall propose here.

Let Γ be a regular partial linear space with point set P and for a point x ∈ P , denote by
N(x) the set of points of Γ which are collinear with x, together with the point x. Suppose
that we have a network of devices where each device is represented by a point of Γ and shares
information with its neighbours, and does so by means of symmetric cryptographic keys where
a key is assigned to each line, for example in a sensor network, see [11], or for example for a
protocol providing anonymous database search, see [5]. An identifying code S of the collinearity
graph (or the deficiency graph) of Γ can be used to identify a device which may have been
compromised or is sending out information to advertise a fault, by considering the points of
S which are receiving a message M . This follows because N(x) ∩ S uniquely determines x in
the case that we use an identifying code of the collinearity graph and (P \N(x)) ∩ S uniquely
determines x in the case that we use an identifying code of the deficiency graph. In both cases,
whether we use the collinearity graph or the deficiency graph we would like to minimise the
size of the set S. Observe that an identifying code of the collinearity graph or the deficiency
graph of Γ exists if and only if N(x) is unique for all points x of Γ.

The main difference between the two approaches is the following. If we use an identifying
code on the collinearity graph, then the points in S that are used to identify a point x will all
receive the information sent by x, and can then correctly identify x as the origin of the message.
If we instead use the deficiency graph, then the points in S that are used to identify a point
x will not receive the information sent out by x, since these points are not collinear with x.
Therefore, in this case, before S can tell who the origin of the message is, S needs to receive
some evidence on the existence of a message. In a pentagonal geometry this problem is easily
solved, because it is easy to see that an identifying code on the deficiency graph will intersect
the neighborhood of every point at least once. Hence S will always have evidence of a sent
message, whenever it exists.

In this section we shall propose that if we take Γ to be a pentagonal geometry with no
opposite line pairs then we can hope to find small identifying codes of the deficiency graph
of Γ. The following theorem gives us a lower bound on the size of an identifying code of the
deficiency graph of a regular partial linear space.



12 SIMEON BALL, JOHN BAMBERG, ALICE DEVILLERS, AND KLARA STOKES

Theorem 11.1. Let Γ be a regular partial linear space with point set P and deficiency d,
i.e. the deficiency graph G of Γ is d-regular. If S is an identifying code of G then

|S| ≥
⌈

2(|P| − 1)

d+ 1

⌉
.

Proof. Let πi be the number of points x ∈ P for which |(P \N(x)) ∩ S| = i. Let y ∈ S.
Note that x ∈ P \N(y) if and only if y ∈ P \N(x), so counting pairs (x, y) where x ∈ P \N(y)
in two ways gives ∑

i≥0

iπi = |S|d.

Clearly ∑
i≥0

πi = |P|.

Since S is an identiying code for the deficiency graph of Γ, π0 ≤ 1 and π1 ≤ |S|. Therefore

|S|d− 2|P| =
∑
i≥0

(i− 2)πi = −2π0 − π1 +
∑
i≥3

(i− 2)πi ≥ −2− |S|,

from which the result follows. �

If we want to have a comparatively small identifying code we should choose a regular partial
linear space with a certain amount of deficiency. Note that we can identify at most |S|+1 points
using the empty set and the singleton subsets of S, the remaining points must be identified by
subsets of S containing at least 2 elements. If we take Γ to be a pentagonal geometry with no
opposite line pairs, then a two element subset of S is enough to identify a point x. In other
words, for any subset T of the points P of a pentagonal geometry with no opposite line pair,
if |(P \ N(x)) ∩ T | ≥ 2 and (P \ N(x)) ∩ T = (P \ N(y)) ∩ T then x = y. Thus, pentagonal
geometries with no opposite line pairs are good candidates, among regular partial linear spaces,
for having small identifying codes of their deficiency graphs. In the case that Γ is a pentagonal
geometry with no opposite line pairs, Theorem 11.1 has the following corollary.

Corollary 11.2. Let Γ be a pentagonal geometry of order (k, r) which contains no opposite
line pair and let G be the deficiency graph of Γ. If S is an identifying code of G then

|S| ≥
⌈

2(rk − r + k)

k + 1

⌉
.

Proof. The number of points |P| = rk− r+k+ 1 and d = k and apply Theorem 11.1. �

Proposition 11.3. The bound in Corollary 11.2 is tight for pentagonal geometries of order
(k, k + 1). Let S be the set of points on two non-opposite lines. Then S has size 2k and it is
an identifying code for the deficiency graph of Γ.

Proof. Let `1 and `2 be the non-opposite lines of S. By Lemma 4.2, every opposite line
` meets `1 and `2. Clearly if ` meets both `1 and `2 this is the only opposite line for which
`∩(`1∪`2) is the intersection. Suppose `∩(`1∪`2) = {x} = m∩(`1∪`2), for some opposite lines
` = yopp and m = zopp and suppose without loss of generality that x ∈ `1. By Lemma 4.2, the
line joining y and z is `2 and, since x ∈ `∩m, we have `2 = xopp, which is a contradiction. �

In the known pentagonal geometries with no opposite line pairs, all have identifying codes
of their deficiency graphs which meet the bound in Corollary 11.2, with the possible exception
of the pentagonal geometry of order (7, 7).
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12. Conclusions and further work

The only examples of pentagonal geometries we have with connected deficiency graphs are
of order (2, r), (3, 3), (6, 7), (7, 7) and (3, 13). It would be of interest to have more examples.

Regarding non-existence of pentagonal geometries, it would be good to know if it is possible
to prove that there are no pentagonal geometries with connected deficiency graph of order
(k, f(k)) for some function f satisfying f(k) > k+ 1 and, if such a function f exists, determine
the asymptotic behaviour of f .

Apart from the fact that the Desargues configuration embeds in PG(2,K) for any field K,
we have not considered the embeddability of pentagonal geometries in some projective or affine
space.

It would be good to bound the minimum distance of the code generated by the incidence
matrix of a pentagonal geometry, as described in the introduction.

We have yet to define n-gonal geometries for n 6= 5.
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