
REGULARITY OF RADIAL MINIMIZERSAND EXTREMAL SOLUTIONS OFSEMILINEAR ELLIPTIC EQUATIONSXAVIER CABR�E AND ANTONIO CAPELLAAbstrat. We onsider a speial lass of radial solutions of semilinearequations ��u = g(u) in the unit ball of Rn . It is the lass of semi-stablesolutions, whih inludes loal minimizers, minimal solutions, and extremalsolutions. We establish sharp pointwise, Lq, and W k;q estimates for semi-stable radial solutions. Our regularity results do not depend on the spei�nonlinearity g.Among other results, we prove that every semi-stable radial weak solutionu 2 H10 is bounded if n � 9 (for every g), and belongs to H3 = W 3;2 in alldimensions n (for every g inreasing and onvex). The optimal regularityresults are strongly related to an expliit exponent whih is larger than theritial Sobolev exponent. 1. IntrodutionThis artile is onerned with a speial lass of radial solutions of semilinearellipti equations. It is the lass of semi-stable solutions, whih inludes loalminimizers, minimal solutions, extremal solutions, and also ertain solutionsfound between a sub and a supersolution. We establish sharp pointwise, Lq, andW k;q estimates for semi-stable radial solutions. Our regularity results do notdepend on the spei� nonlinearity in the equation. Some of our bounds holdfor every loally Lipshitz nonlinearity, while others hold for every inreasingand onvex nonlinearity.The original motivation of our work is the following. Consider the semilinearellipti problem 8<: ��u = �f(u) in 
u � 0 in 
u = 0 on �
; (1:1�)where 
 � Rn is a smooth bounded domain, n � 2, � � 0, and the nonlinearityf : [0;+1)! R satis�esf is C1, nondereasing and onvex; f(0) > 0; and limu!+1 f(u)u = +1: (1.2)It is well known that there exists an extremal parameter �� suh that if0 � � < �� then (1:1�) admits a minimal lassial solution u�. On the otherhand, if � > �� then (1:1�) has no lassial solution. Here, lassial means1



bounded, while minimal means smallest. The set fu� : 0 � � < ��g forms abranh of lassial solutions inreasing in �. Its inreasing limit as � % �� isa weak solution u� = u�� of (1:1��), whih is alled the extremal solution of(1:1�).When f(u) = eu, it is known that u� 2 L1(
) if n � 9 (for every 
), whileu�(x) = �2 log jxj if n � 10 and 
 = B1. A similar phenomenon happenswhen f(u) = (1 + u)p with p > 1. Brezis and V�azquez [3℄ raised the questionof determining the regularity of u�, depending on the dimension n, for generalnonlinearities f satisfying (1.2). The best known result is due to Nedev [16℄,who proved that, for every 
 and nonlinearity f satisfying (1.2), u� 2 L1(
)if n � 3, while u� 2 H10 (
) if n � 5.In this artile we establish optimal regularity results for u� in the radialase, that is, when 
 = B1 is the unit ball of Rn . We write r = jxj for x 2 Rn .Among other results (Theorem 1.10 states all our estimates for u�), we provethe following:Theorem 1.1. Assume that 
 = B1, n � 2, and that f satis�es (1.2). Let u�be the extremal solution of (1:1�). We have that:(a) If n � 9, then u� 2 L1(B1).(b) If n = 10, then u�(r) � Cj log rj in B1 for some onstant C.() If n � 11, then u� 2 Lq(B1) for every q < q0 := 2n=(n� 2pn� 1� 4).Moreover, for every n � 11 there exists pn > 1, given by (1.12), suh thatu� 62 Lq0 (B1) when f(u) = (1 + u)pn.(d) u� 2 H3(B1) =W 3;2(B1) for every dimension n.Statements (a) and (b) are sharp in the sense that the pointwise estimatein (b) is indeed an equality when f(u) = eu. The statement in () makes learthat the exponent q0 is also optimal.The estimates of Theorem 1.1 are onsequene of the semi-stability of u�|a property whih will follow from the minimality of u�. By semi-stabilitywe mean that the linearized operator of (1:1��) at u� is nonnegative de�nite(see De�nition 1.4). In fat, all our estimates will be based only on the semi-stability of the solution. Hene, they hold not only for extremal solutions asabove, but also for loal minimizers of the energy, that we desribe next.Consider the energy funtionalE
(u) := Z
�12 jruj2 �G(u)� dx; (1.3)where G : R ! R is of lass C2 and 
 � Rn is a smooth bounded domain.We onsider radial funtions in H1(B1) (perhaps unbounded) that mini-mize the energy under small perturbations in the C1 (B1 n f0g) topology. Morepreisely, we give the following de�nition:2



De�nition 1.2. We say that a radial funtion u 2 H1(B1) is a radial loalminimizer if for every Æ > 0 there exists "Æ > 0 suh thatEB1nBÆ(u) � EB1nBÆ(u+ �)for every radial C1 funtion � with ompat support in B1 n BÆ and withk�kC1 � "Æ. Reall that the energy E is de�ned in (1.3).Note that the energy of u in the whole B1 is a priori not well de�ned, sineu ould be unbounded and we make no growth assumption on G. However,given Æ > 0, every radial funtion in H1(B1) also belongs (as a funtion ofr = jxj) to the Sobolev spae H1(Æ; 1) in one dimension. Hene, by the Sobolevembedding in one dimension, away from the origin the funtion is bounded,and thus the energies in De�nition 1.2 are well de�ned. In addition, everyradial loal minimizer u is a solution of ��u = G0(u) in B1 n f0g. Note alsothat we do not assume u � u(1), nor u(1) = 0.The following result states sharp regularity results for the lass of radialloal minimizers of the energy. Note that no assumption on the potential G ismade besides being of lass C2.Theorem 1.3. Assume that n � 2 and that G : R ! R is C2. Let u 2 H1(B1)be a radial loal minimizer, in the sense of De�nition 1.2. We have that:(a) If n � 9, then u 2 L1(B1).(b) If n = 10, then ju(r)j � CkukH1(B1)j log rj for r < 1=2. Here C is auniversal onstant.() If n � 11 and q < q0 := 2n=(n � 2pn� 1 � 4), then u 2 Lq(B1).Moreover, for some onstant Cn depending only on n,ju(r)j � CnkukH1(B1)r�n=2+pn�1+2j log rj1=2 for r < 1=2: (1.4)(d) For every n, u is either onstant, radially dereasing, or radially inreas-ing in B1.The proof of our estimates was inspired by the proof of Simons theorem onthe nonexistene of singular minimal ones in Rn for n � 7. Here, by singularminimal one it is meant a one whih is a minimal surfae (or \stable minimalsurfae" in ertain literature) and whih is not a hyperplane. In Remark 2.2we explain the strong analogies between both proofs. The onnetion betweensemilinear equations modeling phase transitions and minimal surfaes is wellknown and has been revisited reently in onnetion with a onjeture of DeGiorgi (see [1, 7, 13℄ and referenes therein).Our estimates hold for every bounded semi-stable solution of8<: ��u = g(u) in B1u � 0 in B1u = 0 on �B1; (1.5)3



where g : [0;+1) ! R is loally Lipshitz. To inlude also some unboundedsemi-stable solutions, we give the following de�nitions.As in [2℄, we say that u is a weak solution of (1.5) if u 2 L1(B1) is nonneg-ative, g(u)Æ 2 L1(B1), and� ZB1 u��dx = ZB1 g(u)�dxfor all � 2 C2(B1) with � = 0 on �B1. Here Æ(x) = dist(x; �B1) denotes the dis-tane to the boundary of B1. A weak solution u is said to be radially dereasingif and only if u(x) = u(r) and u is a dereasing funtion of the radius r 2 (0; 1).In partiular, these solutions satisfy u 2 L1lo(B1nf0g). Obviously, every lassi-al solution of (1.5) is radially dereasing, by the Gidas-Ni-Nirenberg symmetryresult (see Remark 1.12 for more omments on symmetry).De�nition 1.4. Let u 2 L1lo(B1 n f0g) be a weak solution of (1.5). We saythat u is semi-stable ifQu(�) := ZB1 �jr�j2 � g0(u)�2	 dx � 0 (1.6)for every � 2 C1 (B1 n f0g), that is, for every C1 funtion � with ompatsupport in B1 n f0g.Note that both terms in (1.6) are well de�ned sine � has ompat supportaway from the origin and we assume that u 2 L1lo(B1 n f0g). For a boundedsolution u, semi-stability simply means that the �rst Dirihlet eigenvalue ofthe linearized operator �� � g0(u) in B1 is nonnegative. We use the termsemi-stability to distinguish it from stability, whih would orrespond to the�rst eigenvalue being positive.The lass of semi-stable solutions inludes not only minimal and extremalsolutions, but also appropriate minimizers |sine Qu in (1.6) is formally theseond variation of energy. See Remark 1.11 for more omments on this dire-tion.To state our estimates, we de�ne exponents qk for k 2 f0; 1; 2; 3g by8><>: 1qk = 12 � pn� 1n + k � 2n for n � 10qk = +1 for n � 9: (1.7)Note that 2 < qk � +1 in all ases.Conerning pointwise and Lq estimates, the following is our main result. Hereno assumption is made on the nonlinearity g besides being loally Lipshitz.Theorem 1.5. Let n � 1, g : [0;+1) ! R be a loally Lipshitz funtion,and u 2 H10 (B1) be a semi-stable radially dereasing weak solution of (1.5).We have that: 4



(a) If n � 9, then u 2 L1(B1). Moreover,kukL1(B1) � Cn �kukL1(B1) + kg(u)ÆkL1(B1)	for some onstant Cn depending only on n.(b) If n = 10, then u 2 Lq(B1) for all q <1. Moreover,u(r) � C �kukL1(B1) + kg(u)ÆkL1(B1)	 (j log rj+ 1) in B1; (1.8)where C is a universal onstant. In partiular,ZB1 exp� �ukukL1(B1) + kg(u)ÆkL1(B1)� dx � Cfor some universal onstants � > 0 and C.() If n � 11 and q < q0 , then u 2 Lq(B1) andkukLq(B1) � Cq;n �kukL1(B1) + kg(u)ÆkL1(B1)	 (1.9)where Cq;n is a onstant depending only on q and n. Moreover,u(r) � Cn �kukL1(B1) + kg(u)ÆkL1(B1)	 r�n=2+pn�1+2(j log rj1=2 + 1) (1.10)in B1, for some onstant Cn depending only on n.See Remark 1.12 for omments on the veri�ation of the radially dereasinghypothesis made on u.Remark 1.6. In the ase that g is nonnegative, if we multiply ��u = g(u)by 1 � r2 and integrate by parts twie in B1, we dedue kg(u)ÆkL1(B1) �CnkukL1(B1). Hene, when g � 0 all the bounds in Theorem 1.5 an be givenonly in terms of the L1 norm of u.The following remark shows the sharpness of the estimates in the previoustheorem, as well as the neessity of the assumption u 2 H10 for the estimatesto hold. The remark also shows that our optimal regularity results are stronglyrelated to an expliit exponent pn, de�ned in (1.12) and sometimes alled theJoseph-Lundgren exponent, whih is larger than the ritial Sobolev exponent.Remark 1.7. As mentioned before (see [3℄ for more details), well known resultsfor problem (1:1�) with f(u) = eu show the optimality of parts (a) and (b) ofTheorems 1.1 and 1.5, inluding the pointwise bound (1.8).We onsider now power nonlinearities. For n � 3 and p > n=(n � 2), thefuntion u(r) = r�2=(p�1) � 1 is an unbounded weak solution of8<: ��u = �(1 + u)p in B1u � 0 in B1u = 0 on �B1 (1.11)with � = (2=(p� 1))(n� 2� 2=(p� 1)).5



In [3℄ it is proved that ifn � 11 and p � pn := n� 2pn� 1n� 2pn� 1� 4 ; (1.12)then the extremal solution of (1.11) is given by u�(r) = r�2=(p�1) � 1. There-fore, u� 2 Lq(B1) if and only if q < n(p � 1)=2. To show the sharpness ofstatements () in the previous theorems, we take p = pn. Then we havethat n(pn � 1)=2 = q0 , and hene the orresponding H10 semi-stable solu-tion u� does not belong to Lq0 (B1). In this same ase p = pn, we haveu�(r) = r�n=2+pn�1+2�1, whih di�ers from the pointwise power bound (1.10)for the fator j log rj1=2. It is an open problem to know if this logarithmi fatorin (1.10) an be removed.On the other hand, if we take p suh thatnn� 2 < p � n + 2pn� 1n+ 2pn� 1� 4 (1.13)(whih is always possible if n � 3), then the weak solution u(r) = r�2=(p�1)�1is semi-stable but does not belong to H10 . Sine this semi-stable solution isunbounded even in dimension 3, we see the neessity of assuming u 2 H10 inTheorem 1.5. To show the semi-stability of this solution, we simply ompute�f 0(u) = �p(1+ u)p�1 = p;nr�2 and hek that p;n � (n� 2)2=4, whih is thebest onstant in Hardy's inequality(n� 2)24 ZB1 �2r2dx � ZB1 jr�j2 dx for all � 2 C1 (B1):Note that we even have p;n < (n� 2)2=4 if the seond inequality in (1.13) isstrit. As pointed out in [3℄, this type of \strange" solutions are apparentlyisolated objets that an not be obtained as limit of lassial solutions.In our next result, under additional onditions on g, we prove optimal W k;qestimates, with k � 3, for H10 semi-stable solutions. Reall (1.7) for the de�ni-tion of the exponents qk .Theorem 1.8. Let n � 1, g : [0;+1) ! R be a loally Lipshitz funtion,and u 2 H10 (B1) be a semi-stable radially dereasing weak solution of (1.5). Wehave that:(a) If g is nonnegative, then u 2 W 1;q(B1) for every q < q1.(b) If g and g0 are nonnegative, then u 2 W 2;q(B1) for every q < q2.() If g, g0, and g00 are nonnegative, then u 2 W 3;q(B1) for every q < q3 . Inaddition, we have the estimateg0(u(r)) � Cnr�2 in B1 (1.14)for the potential of the linearized operator, where Cn is a onstant dependingonly on n. 6



(d) Moreover, under the assumptions of (a) (respetively, (b), ()), for k = 1(respetively, k = 2, k = 3) we have:kukW k;q(B1) � C if q < qk ; (1.15)and j�(k)r u(r)j � CnkukL1(B1) r�n=2+pn�1+2�kj log rj1=2 (1.16)if r � 1=4 and n � 10, where C is a onstant depending only on n, q, and onupper bounds for kukL1(B1), g, and jg0j, while Cn is a onstant depending onlyon n.Note that for n � 10, the inlusionsW 3;q3 � W 2;q2 � W 1;q1 � Lq0hold and, in addition, orrespond to the best Sobolev embeddings. This showsthat the exponents qk in Theorem 1.8 are optimal, sine we already know thatq0 is optimal in Theorem 1.5.The bound Cr�2 in (1.14) for the potential g0(u) is sharp, in the sense thatit is an equality for some onstant C when u = u�, g is given by ��eu or��(1 + u)p, and we onsider ertain p and n.Remark 1.9. (Open problems) (i) The known regularity results in thenonradial ase are very far from the ones in the previous theorems for radialsolutions. At least in ertain domains, an one prove or disprove some of theradial results? See [3℄ for more onrete questions in this diretion.(ii) As mentioned before, we do not know if the logarithmi fator in thepointwise bounds (1.10) and (1.16) an be removed or improved.(iii) Do the estimates of Theorem 1.8 hold for general nonlinearities g, with-out the assumptions on the nonnegativeness of g, g0, and/or g00? Reall that inpriniple, g being dereasing or onave helps to obtain estimates.The proof of Lemma 2.3, and hene of the estimates of Theorem 1.5, anbe arried along for unstable solutions in the ase that the �rst eigenvalue ofthe linearized problem �� � g0(u) is known to be bounded from below by anegative onstant. Of ourse, this implies to have some apriori ontrol on thepotential g0(u).Our results also lead to estimates for the pure-power problem8<: ��v = vp in B1v � � in B1v = � on �B1;where � is a positive onstant. This problem redues to (1:1�) as follows.Setting � = �p�1 and v = �1=(p�1)(1 + u), we have that u is nonnegative,vanishes on �B1 and satis�es ��u = �(1 + u)p.We now apply Theorems 1.5 and 1.8 to problem (1:1�). We an do it sinefor every 0 � � � ��, the minimality of u� implies that u� is a semi-stable7



solution (see Remark 1.11). In partiular, the extremal solution u� = u�� is aweak semi-stable solution. In addition, we will see that u� 2 H10 (B1) alwaysholds.Let us �rst reall the main regularity results known for (1:1�) under assump-tion (1.2). When f(u) = eu, it was proved in [10, 15℄ that u� 2 L1(
) if n � 9(for every 
), while u�(x) = �2 log jxj if n � 10 and 
 = B1. This last radialresult was found by Joseph and Lundgren [14℄ using phase plane analysis, whoalso studied radial solutions for f(u) = (1+u)p with p > 1. In [3℄ it was provedthat if lim infu!1 uf 0(u)=f(u) > 1, then u� 2 H10 (
) for every 
 and n. Thebest regularity result for general onvex f is due to Nedev [16℄, who provedthat u� 2 L1(
) if n � 3, while u� 2 H10 (
) if n � 5. In [17℄, he also provedthat u� 2 H10 (
) in every dimension n if 
 is stritly onvex. The papers[11, 19, 20℄ establish further regularity for u� in general bounded domains, butassuming additional growth onditions on f . On the other hand, [6, 8℄ extendsome of the radial results in the present paper to reation equations involvingthe p-Laplaian.In setion 5 we explain that the family of minimal solutions u� and theextremal solution u� of (1:1�) also exist for more general nonlinearities thanthose satisfying (1.2) |see Proposition 5.1. It suÆes to assume:f is C1, nondereasing; f(0) > 0; and limu!+1 f(u)u = +1: (1.17)The following is the appliation of Theorems 1.5 and 1.8 to problem (1:1�).Theorem 1.10. Assume that 
 = B1, n � 2, and that f satis�es (1.17). Letu� be the extremal solution of (1:1�). We have that:(a) If n � 9, then u� 2 L1(B1).(b) If n = 10, then u�(r) � Cj log rj in B1 for some onstant C.() If n � 11, thenu�(r) � Cr�n=2+pn�1+2j log rj1=2 in B1for some onstant C. In partiular, u� 2 Lq(B1) for every q < q0.(d) Assume that, in addition, f is onvex. Then, we have u� 2 W k;q(B1)for every k 2 f1; 2; 3g and q < qk. In partiular, u� 2 H3(B1) for every n.Moreover, for every n � 10 and k 2 f1; 2; 3g,j�(k)r u�(r)j � Cr�n=2+pn�1+2�k(j log rj1=2 + 1) in B1for some onstant C.The following are some omments on the lass of semi-stable solutions andon the radial symmetry and monotoniity of solutions.Remark 1.11. A radial loal minimizer u as in De�nition 1.2 is a solution of��u = g(u) in B1 n f0g (where g = G0) and, in addition, it is semi-stable in8



the sense of De�nition 1.4. These statements are easily proved onsidering the�rst and seond variations of the energy E and using that G 2 C2.Now, assume that u < u are nonnegative, bounded and, respetively, suband supersolution of (1.5). Then, the energy funtional for (1.5) is well de�nedin the losed onvex set of H10 funtions v satisfying u � v � u, and it admitsan absolute minimizer u in this onvex set. It is well known that u is a lassialsolution of (1.5). Considering the seond variation of energy, it follows that u isa semi-stable solution of (1.5). Indeed, if u is not identially equal to u, neitherto u, then u < u < u by the strong maximum priniple. In this ase, smallperturbations of u with ompat support lie in the losed onvex set where uminimizes the energy, and the seond variations give the semi-stability of u.Assume now that u � u (the ase u � u is treated similarly). Then, sine weassumed u < u, small nonpositive perturbations of u with ompat supportlie in the losed onvex set where u � u minimizes the energy. It follows that(1.6) holds for every nonpositive � (belonging to C1 �rst, and then to H10 bydensity). Finally, writing every H10 funtion as the di�erene of its positiveand negative parts and using the expression for Qu, we onlude that (1.6)also holds for every � in H10 . All these statements also hold for problem (1.5)posed in a smooth bounded domain 
 instead of B1.As a onsequene of the previous disussion, the minimal solutions u� of(1:1�) for 0 < � < �� are lassial semi-stable solutions, sine they must agreewith the absolute minimizer lying in between 0 and u� (this follows from thefat that u� is the minimal or smallest solution). On the other hand, by Fatou'slemma applied to (1.6) when �! ��, it follows that u� is also semi-stable.Assume now that g is C1 and nondereasing and that 0 � u < u are H10 (B1)(perhaps unbounded) radial sub and supersolutions of (1.5), respetively. Then,by a result of P. Majer and one of the authors [5℄, whih holds for every nonde-reasing nonlinearity (independently of its growth at in�nity), there exists anH10 absolute minimizer u of the energy lying in between u and u. By onsideringthe seond variation of energy, we see that this H10 weak solution u is semi-stable. In addition, it will be radially dereasing, by Shwarz symmetrization.As a onsequene, u will enjoy the regularity given by Theorems 1.5 and 1.8.Remark 1.12. By the Gidas-Ni-Nirenberg symmetry result, if u is a boundedsolution of (1.5) with g : [0;+1) ! R loally Lipshitz, then u is radiallydereasing. In the ase of weak solutions, if we assume u 2 L1lo(B1 n f0g) andlimjxj!0 u(x) = +1, then we also have that u is radially dereasing. This anbe shown with minor modi�ations of the moving planes method.However, we point out that there exist nonradial weak solutions of (1:1�) in
 = B1 for f(u) given by eu and (1 + u)p, for ertain dimensions n and ex-ponents p. These solutions, whih were obtained independently by H. Matanoand by Y. R�eba�� [18℄, have a unique isolated singularity near the origin.9



The paper is organized as follows. In setion 2 we prove the pointwise andLq estimates of Theorem 1.5. Setion 3 deals with the Sobolev estimates ofTheorem 1.8. We prove the regularity estimates of Theorem 1.3 for radial loalminimizers in setion 4. Finally, in setion 5 we prove some results regardingminimal and extremal solutions of problem (1:1�) under hypothesis (1.17) on f .In this last setion we also establish Theorem 1.10, and hene Theorem 1.1.2. Pointwise and Lq estimatesTo prove Theorem 1.5 we need two preliminary results. The following lemmawas inspired by the proof of Simons theorem on the nonexistene of singularminimal ones in Rn for n � 7 (see Remark 2.2 below).Lemma 2.1. Let u 2 L1lo(B1 n f0g) be a radial weak solution of (1.5). Then,for every � 2 (H1 \ L1)(B1) with ompat support in B1 n f0g, we have thatr�ur 2 (H1 \ L1)(B1 n f0g) has ompat support in B1 n f0g andQu(r�ur) = ZB1 u2r �jr(r�)j2 � (n� 1)�2	 dx; (2.1)where Qu(�) is de�ned by (1.6) for � 2 H10 (B1) with ompat support in B1nf0g.Note that, in ontrast with (1.6), expression (2.1) for the quadrati formQu ontains no referene to the nonlinearity g. This is the reason why ourestimates do not depend on the spei� nonlinearity g.In [4℄, we used another version of Lemma 2.1. There, instead of (2.1), weonsidered the simpler expressionQu(�ur) = ZB1 u2r �jr�j2 � n� 1r2 �2� dx: (2.2)In this paper we use expression (2.1) sine it simpli�es the proof of Theorem 1.5in the ase of dimension n = 2.Remark 2.2. There is a strong analogy of our proofs with that of Simonstheorem on the nonexistene of singular (i.e., di�erent than hyperplanes) min-imal ones in Rn for n � 7 (see Theorem 10.10 of [12℄ for details). Indeed,let E � Rn be an open set suh that �E is a one with zero mean urvature.Then, the one �E has nonnegative seond variation of area (this is sometimesrephrased as \the one is stable") if and only ifZ�E �jÆ�j2 � 2�2	 dHn�1 � 0 (2.3)for every C1 funtion � with ompat support in �E n f0g. Here, Æ denotestangential derivatives on the one �E and 2 is the sum of the squares of then� 1 prinipal urvatures of the one. Note the analogy of (2.3) with (1.6).10



Setting � = � in (2.3) and using an inequality for D (where D is theLaplae-Beltrami operator on the one), (2.3) leads toZ�E 2�jÆ�j2 � 2r2�2� dHn�1 � 0; (2.4)whih is a similar expression to (2.2). Note that the analogue of  is ur in thesemilinear ase and that we will have an equation for �ur |expression (2.6)below.Then, the proof of Simons theorem proeeds by using power deay testfuntions � in (2.4) to dedue that  � 0 (i.e., the one is a hyperplane) ifn � 7. We used the same method in [4℄ to study the stability or instabilityof radial solutions in all spae. Here we use it to get estimates for semi-stableradial solutions in a ball.Proof of Lemma 2.1. Let � 2 (H1\L1)(B1) have ompat support in B1 n f0gand let  be any funtion in (H2lo \ L1lo)(B1 n f0g). First, we note that r� 2(H1 \ L1)(B1 n f0g) and has ompat support in B1 n f0g.Next, take � = r� in (1.6) to obtainQu(r�) = ZB1 �r2�2 jrj2 + 2 jr(r�)j2 + r � r(r2�2)� g0(u)r2�22	 dx= ZB1 �r2�2 jrj2 + 2 jr(r�)j2 � r2�2r � (r)� g0(u)r2�22	 dx= ZB1 �2 jr(r�)j2 � r2�2 �� + g0(u)2�	 dx: (2.5)Di�erentiating (1.5) with respet to r, we have��ur + n� 1r2 ur = g0(u)ur for 0 < r < 1: (2.6)By loalW 2;q estimates for (1.5) and (2.6), we have ur 2 (H2lo\L1lo)(B1nf0g).Hene, we an take  := ur in the omputations above. Finally, using (2.6) inexpression (2.5), we onlude (2.1). 2We use now Lemma 2.1, together with the semi-stability assumption, toestablish our following result. It is an estimate for the L2 norm of urr�� forertain positive exponents � whih depend on the dimension n. This estimateis the key ingredient in the proof of Theorems 1.5 and 1.8.Lemma 2.3. Let n � 2, g : [0;+1)! R be a loally Lipshitz funtion, andu 2 H10 (B1) be a semi-stable radially dereasing weak solution of (1.5). Let �satisfy 1 � � < 1 +pn� 1: (2.7)11



Then,ZB1=2 u2rr�2�dx � Cn(n� 1)� (�� 1)2 nkuk2L1(B1) + kg(u)Æk2L1(B1)o ; (2.8)where Cn is a onstant depending only on n.Proof. By approximation, the semi-stability of u implies that Qu(�) � 0 for all� 2 H1(B1) with ompat support in B1 n f0g. Hene, Lemma 2.1 leads to(n� 1) ZB1 u2r�2dx � ZB1 u2rjr(r�)j2dx; (2.9)for every � 2 (H1 \ L1)(B1) with ompat support in B1 n f0g.We now prove that (2.9) also holds for every � 2 (H1 \ L1)(B1) withompat support in B1 (now � does not neessarily vanish around 0) and suhthat jr(r�)j 2 L1(B1).Indeed, let � be any (H1 \ L1)(B1) funtion with ompat support in B1and suh that jr(r�)j 2 L1(B1). Take � 2 C1(Rn) suh that 0 � � � 1,� � 0 in B1 and � � 1 in Rn n B2, and let �Æ(�) = �(�=Æ) for Æ > 0. Applying(2.9) with � replaed by �(�)�Æ(�), we obtain(n� 1) ZB1 u2r�2�2Æ dx � ZB1 u2rjr(r��Æ)j2dx:Now, we �ndZB1 u2rjr(r��Æ)j2dx= ZB1 u2r �jr(r�)j2�2Æ + r2�2jr�Æj2 + �Ær�Æ � r(r2�2)	 dx� ZB1 u2rjr(r�)j2�2Æ dx+ C ZB2ÆnBÆ u2rj�j�r2Æ2 j�j+ rÆ �Æjr(r�)j�dx� ZB1 u2rjr(r�)j2dx+ C ZB2ÆnBÆ u2rdx;where C denotes di�erent positive onstants, and we have used that � andjr(r�)j are bounded. Sine u 2 H10 (B1), the last term tends to zero as Æ ! 0(it is here, and only here, where we use the regularity hypothesis that u is inH10 ). By monotone onvergene we onlude that (2.9) also holds for every � 2(H1 \ L1)(B1) with ompat support in B1 and suh that jr(r�)j 2 L1(B1).Let � 2 (0; 1=2). For � � 1 satisfying (2.7), apply (2.9) with � = �� given by��(r) = 8<: ��� � 2� if 0 � r � �r�� � 2� if � < r � 1=20 if 1=2 < r:12



Note that �� and jr(r��)j are bounded. We obtain(n� 1) ZB1=2nB� u2r(r�� � 2�)2dx+ (n� 1)(��� � 2�)2 ZB� u2rdx� ZB1=2nB� u2r((1� �)r�� � 2�)2dx+ (��� � 2�)2 ZB� u2rdx:Sine n � 2, it follows that(n� 1) ZB1=2nB� u2r(r�� � 2�)2dx � ZB1=2nB� u2r((1� �)r�� � 2�)2dx:Developing the squares, using n � 2 and (2.7), we �nd the estimateZB1=2nB� u2rr�2�dx � Cn(n� 1)� (�� 1)2 ZB1=2nB� u2rr��dx: (2.10)Throughout the proof, Cn (respetively, C�;n) denote di�erent positive on-stants depending only on n (respetively, on � and n). Now, hoose a positiveonstant C�;n suh thatCn(n� 1)� (�� 1)2 r�� � 12r�2� + C�;nrn�1 for all r > 0:The previous inequality and (2.10) lead toZB1=2nB� u2rr�2�dx � C�;n ZB1=2nB� u2rrn�1dx: (2.11)Next, we laim thatZB1=2 u2rrn�1dx = j�B1j Z 1=20 u2rr2n�2dr� Cn nkuk2L1(B1) + kg(u)Æk2L1(B1)o : (2.12)Assuming this laim for the moment, we omplete the proof of the lemma.We use (2.11) and (2.12), and we let �! 0 to obtainZB1=2 u2rr�2�dx � C�;n nkuk2L1(B1) + kg(u)Æk2L1(B1)o : (2.13)Note that we want to have a preise expression, depending on �, of the pre-vious onstant C�;n. To obtain it, we apply (2.13) with the speial hoie� = (1 +pn� 1)=2 2 [1; 1 +pn� 1) to dedueZB1=2 u2rr�(1+pn�1)dx � Cn nkuk2L1(B1) + kg(u)Æk2L1(B1)o : (2.14)Finally, sine r�� � r�(1+pn�1) in B1, (2.10) and (2.14) lead to the desiredestimate (2.8) after letting "! 0. 13



To �nish the proof, we establish laim (2.12). First, sine u is radially de-reasing, we haveu(1=2) � Cn Z 1=21=4 urn�1dr � Cn kukL1(B1) : (2.15)Let � 2 (1=2; 3=4) be hosen suh that�ur(�) = �u(3=4)� u(1=2)1=4 = 4u(1=2)� 4u(3=4) � 4u(1=2): (2.16)For s � 1=2, we integrate (rn�1ur)r = �g(u)rn�1 with respet to r, from s to�, to obtain � ur(s)sn�1 = �ur(�)�n�1 � Z �s g(u)rn�1dr� Cn nu(1=2) + kg(u)ÆkL1(B1)o ; (2.17)where we have used (2.16). Thus, ombining (2.15) and (2.17), it follows that0 � �ur(s)sn�1 � Cn �kukL1(B1) + kg(u)ÆkL1(B1)	 for all s � 1=2: (2.18)Squaring this inequality and integrating it in s, from 0 to 1=2, we onlude(2.12). 2A slight modi�ation of the previous proof leads to the following version ofLemma 2.3. We will use it in setion 4 to prove Theorem 1.3 on radial loalminimizers.Lemma 2.4. Let n � 2, G 2 C2(R), and u 2 H1(B1) be a radial solutionof ��u = G0(u) in B1 n f0g. Assume that u is semi-stable in the sense ofDe�nition 1.4. Let � satisfy 1 � � < 1 +pn� 1:Then, ZB1=2 u2rr�2�dx � Cn(n� 1)� (�� 1)2kuk2H1(B1);where Cn is a onstant depending only on n.Proof. We simply revise the proof of Lemma 2.3. First it obtains (2.9) by usingLemma 2.1 |a lemma that holds in our present situation sine all the involvedtest funtions vanish around the origin. At this point (2.9) makes no refereneto the nonlinearity g = G0, and what is used to remove the assumption of thetest funtions vanishing around the origin in (2.9), is that u 2 H1 |whih weassume in Lemma 2.4.The proof proeeds to estimate (2.11), whose right hand side we bound nowby kuk2H1(B1) |instead of the bound in (2.12). With this bound at hand, therest of the proof leads, without any hange, to the estimate of Lemma 2.4. 214



We an now give the:Proof of Theorem 1.5. First, we onsider the ase n = 1. Observe that we anproeed exatly as in the proof of Lemma 2.3 to obtain (2.15), (2.16), (2.17),and (2.18). Now, we integrate (2.18) (with n = 1) in s, from r to 1=2, to dedueu(r) � C �kukL1(B1) + kg(u)ÆkL1(B1)	 for 0 < r � 1=2;where we have used (2.15). Sine u is radially dereasing, this is the desiredL1 estimate when n = 1.Throughout the rest of the proof, we assume that n � 2. Let � satisfy (2.7).For 0 < s � 1=2, we haveu(s)� u(1=2) = Z 1=2s �urdr = Z 1=2s �urr��+n�12 r��n�12 dr� Cn ZB1=2 u2rr�2�dx!1=2 Z 1=2s r2�+1�ndr!1=2 (2.19)by Cauhy-Shwarz. Using Lemma 2.3, we dedueu(s) � u(1=2)+ Cnpn� 1� (�� 1)2  Z 1=2s r2�+1�ndr!1=2 nkukL1(B1) + kg(u)ÆkL1(B1)ofor all 0 < s � 1=2: (2.20)(a) Assume n � 9. The integral in (2.20) is �nite with s = 0 if we take2� + 1� n > �1, i.e., (n� 4)=2 < �� 1: (2.21)Sine n � 9, then (n � 4)=2 < pn� 1 and we an hoose � satisfying (2.21)and � < 1 + pn� 1, so that Lemma 2.3 holds. Now, the desired estimatefollows from (2.20) and (2.15).(b) Assume n = 10. For 0 < " < 1, let � = 4 � " and apply Lemma 2.3 toobtain ZB1=2 u2rr�8+2"dx � C" nkuk2L1(B1) + kg(u)Æk2L1(B1)o ;for a universal onstant C (independent of "). This estimate and (2.19) giveu(s) � u(1=2) + Cp"  Z 1=2s r�1�2"dr!1=2 �kukL1(B1) + kg(u)ÆkL1(B1)	 ;� u(1=2) + C �kukL1(B1) + kg(u)ÆkL1(B1)	 s�"" (2.22)for 0 < s < 1=2 and every 0 < " < 1. From this, it follows that u 2 Lq(B1) forevery q <1. 15



In order to prove the pointwise estimate (1.8), given s 2 (0; 1=2) we �nd the" that minimizes s�"=" in (2.22). We obtain" = j log sj�1: (2.23)Note that this hoie of " belongs to (0; 1) if 0 < s < e�1. Finally, using (2.22)with " given by (2.23) we obtainu(s) � u(1=2) + C �kukL1(B1) + kg(u)ÆkL1(B1)	 j log sj for 0 < s < e�1:From this and (2.15), the desired logarithmi bound (1.8) follows.() Assume n � 11. For " 2 (0; 1), let � = 1+pn� 1� " and use (2.20) toobtainu(s)� u(1=2)� Cnp"  Z 1=2s r3�n+2pn�1�2"dr!1=2 nkukL1(B1) + kg(u)ÆkL1(B1)o� Cnp" nkukL1(B1) + kg(u)ÆkL1(B1)o s2�n=2+pn�1�" (2.24)for 0 < s < 1=2, where we have used that 4� n+ 2pn� 1 < 0 sine n � 11.Now, we use (2.24) to alulate, for q � 1,ZB1=2(u� u(1=2))qdx (2.25)� nkukL1(B1) + kg(u)ÆkL1(B1)oq Cqn"q=2 Z 1=20 sn�1+q(2�n=2+pn�1�")ds:If we set q = 2n=(n� 2pn� 1� 4 + 3"), then the seond integral in (2.25) is�nite for every " > 0 small enough. Hene, u 2 Lq(B1=2) for every q < q0 :=2n=(n� 2pn� 1� 4). Bearing in mind (2.15) and using that u is dereasing,we obtain that u 2 Lq(B1) and estimate (1.9) for every q < q0 .Finally, to prove the pointwise estimate (1.10), we onsider (2.24) and pro-eed as in part (b). Now, we need to minimize s�"=p" for given s. Hene, wetake " = �1=(2 log s), whih belongs to (0; 1) if s 2 (0; e�1=2). With this hoieof ", (2.24) leads tou(s) � u(1=2) + Cn �kukL1(B1) + kg(u)ÆkL1(B1)	 s�n=2+pn�1+2j log sj1=2for s 2 (0; e�1=2). Realling (2.15), the proof is now ompleted. 23. Sobolev estimatesThis setion is devoted to give the:Proof of Theorem 1.8. We start proving estimate (1.14) of part () in everydimension n. First, sine g is onvex here, g0(u(r)) is noninreasing in r. Hene,16



it suÆes to prove (1.14) for r < 1=2. Given r with 2r < 1, there exists a radialfuntion � 2 C1 (B1 n f0g) suh that �(s) � 0 for s 2 [0; r=4℄[ [2r; 1℄, �(s) � 1for s 2 [r=2; r℄, and jr�j � Cr�2 for a universal onstant C. Now, we simplyuse the semi-stability property (1.6) for u with the previous test funtion �.Realling that g0(u(s)) is nonnegative and noninreasing in s, we obtaing0(u(r))rnjB1 nB1=2j � ZBrnBr=2 g0(u)dx � ZB1 g0(u)�2dx � ZB1 jr�j2dx= ZB2r jr�j2dx � Cr�2rnjB2j; (3.1)that is, (1.14).Next, we �nish the proof of the theorem when n � 9. By Theorem 1.5, wehave that u 2 L1(B1). Hene, applying standard regularity theory to (1.5),we have u 2 W 2;q(B1) for all q < 1. Thus, g(u) 2 W 1;q(B1) and thereforeu 2 W 3;q(B1) for all q < 1. From this, all the statements of the theorem,inluding the bound (1.15), follow in ase n � 9.Thus, throughout the rest of the proof we assume n � 10. First we see that itis enough to prove our estimates in B1=4. Indeed, we have appropriate boundson the supremum of u in B1 n B1=5 by Theorem 1.5. The standard regularityargument used above for n � 9 gives now that u 2 W 3;q(B1 n B1=5) for allq <1, with appropriate bounds. In partiular, we have C2 bounds for u awayfrom B1=5. But from the linearized equation (2.6) we deduejurrrj � Cn� jurrjr + jurjr2 + jg0(u)urj� for 0 < r < 1; (3.2)and hene C3 bounds for u away from B1=5. We onlude that it suÆes toprove the Sobolev estimates in B1=4 (and for n � 10).To do so, sine u is radially dereasing, arguing as in (2.15) and (2.16), wean hoose ~� 2 (1=4; 1=2) suh that0 � �ur(~�) � 4u(1=4) � CnkukL1(B1): (3.3)For 0 < s < 1=4, we integrate urr = �(n � 1)r�1ur � g(u) � �(n � 1)r�1ur(reall that g � 0 by hypothesis) with respet to r, in (s; ~�) (note s < 1=4 <~� < 1=2) and use (3.3) to obtain�ur(s) � �ur(~�) + Z ~�s (n� 1)r�1(�ur)dr� CnkukL1(B1) + Z 1=2s (n� 1)(�ur)r��+n�12 r��n�12 �1dr� CnkukL1(B1) + Cn ZB1=2 u2rr�2�dx!1=2 Z 1=2s r2��n�1dr!1=2 ;17



where we have taken any � satisfying (2.7). This estimate ombined withLemma 2.3 leads to�ur(s) � CnkukL1(B1) + CnkukL1(B1)pn� 1� (�� 1)2  Z 1=2s r2��n�1dr!1=2for all 0 < s < 1=4. We have used g � 0 and Remark 1.6.Given any " 2 (0; 1), hoose � = 1+pn� 1�". Sine �ur � 0, the previousinequality givesjur(s)j � Cnp"kukL1(B1)s�n=2+pn�1+1�" for all s � 1=4; (3.4)where we have used that �n=2 +pn� 1 + 1 < 0 sine n � 10.Part (a) of the theorem follows now easily. We use (3.4) to bound, for q � 1,ZB1=4 jurjq dx � Cn"q=2kukqL1 Z 1=20 sn�1+q(�n=2+pn�1+1�")ds: (3.5)Setting q = 2n=(n � 2pn� 1 � 2 + 3"), then the seond integral in (3.5) is�nite for every " > 0 small enough. Hene, ur 2 Lq(B1=4) for every q < q1 :=2n=(n� 2pn� 1� 2), and the desired W 1;q(B1) estimate follows.To establish part (b), assume g0 � 0. Sine u radially dereasing, for s � 1=4we haveg(u(s))� g(u(1=4)) = � Z 14s g0(u)urdr � Cn ZB1=4nBs g0(u)jurjr1�ndx:Realling (3.4), we �ndg(u(s)) � g(u(1=4)) + Cnp"kukL1(B1) ZB1=4nBs g0(u)r�3n=2+pn�1+2�"dx (3.6)for s � 1=4. To ontrol the last integral, we use the semi-stability property(1.6) (whih, by approximation, holds for every � 2 H10 (B1); note that g0 � 0here). We take�(r) = 8<: s�3n=4+pn�1=2+1�"=2 if r � sr�3n=4+pn�1=2+1�"=2 if s � r � 1=4(1=4)�3n=4+pn�1=2�"=2(1� r)=3 if 1=4 � r � 1;to obtainZB1=4nBs g0(u)r�3n=2+pn�1+2�"dx � ZB1 g0(u)�2dx � ZB1 jr�j2dx= ZB1nBs jr�j2dx � Cns�n=2+pn�1�" + Cn� Cns�n=2+pn�1�": (3.7)18



Sine, by Remark 1.6,ZB1=4 g(u)dx � kg(u)ÆkL1(B1) � CnkukL1(B1)and g(u(r)) is noninreasing in r, we haveg(u(1=4)) � CnkukL1(B1): (3.8)Combining (3.6), (3.7), and (3.8), we �nd0 � g(u(s)) � Cnp"kukL1(B1)s�n=2+pn�1�" for s � 1=4: (3.9)Realling (3.4) and (3.9), we deduejurr(s)j = ����(n� 1)ur(s)s + g(u(s))���� � Cnp"kukL1(B1)s�n=2+pn�1�" (3.10)for all s � 1=4. Using (3.10) and proeeding as in part (a) we obtain the desiredW 2;q estimate for all q < q2 .To establish part (), we use (3.2), (1.14), (3.4), and (3.10) to obtainjurrr(s)j � Cn� jurr(s)js + jur(s)js2 + jg0(u(s))ur(s)j�� Cnp"kukL1(B1)s�n=2+pn�1�1�" for s � 1=4: (3.11)Proeeding as in parts (a) and (b), the W 3;q bounds for q < q3 follow from(3.11).Finally, the pointwise estimates (1.16) follow from (3.4), (3.10), and (3.11)by hoosing " = j log sj�1 2 (0; 1) for a given s � 1=4. 24. Regularity of radial loal minimizersIn this setion we prove Theorem 1.3 on radial loal minimizers by modifyingslightly the proof of Theorem 1.5.Proof of Theorem 1.3. Sine u 2 H1(B1) is a radial funtion we have thatu 2 L1lo(B1 n f0g) (see the omment following De�nition 1.2).Next, from the de�nition of radial loal minimizer we dedue that u is asolution of ��u = g(u) in B1 n f0g, where g = G0. We emphasize that u isa solution away from the origin. Unless one makes an assumption on the signof g, it is not lear that jg(u)j should be integrable around the origin.Sine u is bounded away from the origin, standardW 2;q estimates (applied tothe equations satis�ed by u and by its derivatives) give that u 2 C2;�lo (B1nf0g).Moreover, the de�nition of radial loal minimizer gives automatially that uis semi-stable in the sense of De�nition 1.4 (see Remark 1.11). Note that the19



de�nition refers only to test funtions with ompat support away from theorigin.Even that we do not know if u is a weak solution around the origin, wenow hek that the proof of Theorem 1.5 still goes through to obtain thedesired estimates. Indeed, the proof of Theorem 1.5 is based on (2.19) (whosederivation does not use the radially dereasing assumption on u). Next, weuse Lemma 2.4 instead of Lemma 2.3 to obtain (2.20) with the L1 norms inthe right hand side replaed by kukH1. From this point on, the rest of theproof remains the same. Note also that ju(1=2)j an be ontrolled by kukH1using the Sobolev embedding in one dimension (as in the omment followingDe�nition 1.2). In this way, we obtain statements (a), (b), and () of thetheorem.To prove statement (d) on radial monotoniity, it suÆes to show that if ur isnot identially zero, then it never vanishes in (0; 1). Arguing by ontradition,assume that ur(r0) = 0 for some r0 2 (0; 1).Take � 2 C1(Rn) to be a radial funtion suh that 0 � � � 1, � � 0in B1 and � � 1 in Rn n B2, and let �Æ(�) = �(�=Æ) for 0 < Æ < r0=2. Sineur(r0) = 0, the funtion ur�Æ vanishes in BÆ and belongs to H10 (Br0 n BÆ).After approximating this funtion in H1 by funtions in C1 (Br0 n f0g), thesemi-stability property of De�nition 1.4 for u leads toZBr0 �jr(ur�Æ)j2 � g0(u)(ur�Æ)2	 dx � 0:In this expression, we proeed as in the proof of Lemma 2.1. That is, we developthe gradient of the produt, integrate by parts (using now that ur(r0) = 0),and use the linearized equation (2.6). We arrive atZB2ÆnBÆ u2rjr�Æj2dx� ZBr0 n� 1r2 u2r�2Æ dx � 0: (4.1)Up to a multipliative onstant, the �rst of these integrals is bounded byRB2Æ u2rr�2dx, whih tends to zero as Æ ! 0 by Lemma 2.4. Indeed, this lemmaapplied with � = 1 gives that RB1=2 u2rr�2dx <1. Hene, letting Æ ! 0 in (4.1),we arrive to a ontradition. 25. Minimal and extremal solutionsIn this setion we prove the following result on minimal and extremal solu-tions of (1:1�) under hypothesis (1.17) on f |where we do not assume f to beonvex as in (1.2). We also establish Theorem 1.10, and hene Theorem 1.1.Proposition 5.1. Assume that 
 � Rn is a smooth bounded domain and thatf satis�es (1.17). Then, there exists a parameter 0 < �� <1 suh that:(a) If � > ��, then there is no lassial solution of (1:1�).20



(b) If 0 � � < ��, then there exists a minimal lassial solution u� of (1:1�).Moreover, u� < u� if � < � < ��. In addition, u� is semi-stable, i.e., the �rstDirihlet eigenvalue of the linearized operator at u� is nonnegative.() u� = lim�"�� u� is a weak solution of (1:1�) with � = ��. In addition, u�is semi-stable in the sense thatZ
 ��f 0(u�)�2dx � Z
 jr�j2dx for every � 2 C1 (
):Note that the �rst integral is well de�ned in [0;+1℄ sine f 0(u�) � 0.In this result, sine f is not neessarily onvex, the family of minimal solu-tions fu�g may not be ontinuous as a funtion of �, that is, it may not be aontinuous branh as in the ase f onvex. For more details and an example,see the omments and �gure following the proof of the proposition.The ideas in the proof Proposition 5.1 are by now well known. We inludethem next for the sake of ompleteness.Proof of Proposition 5.1. First, we prove that there is no lassial solution forlarge �. By (1.17), f is superlinear at in�nity and f > 0 in all [0;+1). Itfollows that �f(u) > �1u if � large enough, where �1 is the �rst eigenvalue of�� in H10 (
) (and '1 > 0 a orresponding eigenfuntion). Now we argue byontradition. Assume that u is a solution of (1:1�), multiply (1:1�) by '1 andintegrate twie by parts in 
, to obtain�1 Z
 u'1dx = � Z
 f(u)'1dx > �1 Z
 u'1dx:Hene, a ontradition.Next, we prove the existene of a lassial solution of (1:1�) for small �.Sine f(0) > 0, u = 0 is a strit subsolution of (1:1�) for every � > 0. Thesolution u of � ��u = 1 in 
u = 0 on �
; (5.1)is a bounded supersolution of (1:1�) for small �, more preisely whenever�f(maxu) < 1. For suh �'s, a lassial solution u� is obtained by mono-tone iteration starting from 0. That is, u� is the nondereasing limit of um,where ��um = �f(um�1) (with homogeneous Dirihlet data) and u0 � 0.Note that, sine f 0 � 0, the um's are nondereasing in m and um < u for allm.The extremal parameter �� is now de�ned as the supremum of all � > 0 forwhih (1:1�) admits a lassial solution. Hene, both 0 < �� <1 and part (a)of the proposition holds.(b) Next, if � < �� there exists � with � < � < �� and suh that (1:1�)admits a lassial solution u. Sine f > 0, u is a bounded supersolution of(1:1�), and hene the monotone iteration proedure used above shows that(1:1�) admits a lassial solution u� with u� � u. Note that the iterationproedure, and hene the solution that it produes, are independent of the21



supersolution u. In addition, we have shown that u� is smaller than any lassialsupersolution of (1:1�). It follows that u� is minimal (i.e., the smallest solution)and that u� < u�.To show that u� is semi-stable, note that the energy funtional for (1:1�)on the set of H10 (
) funtions lying in between 0 and u� admits an absoluteminimizer u. Considering the �rst and seond variation of energy, we see thatu is a semi-stable lassial solution of (1:1�) suh that u � u� (see Remark 1.11for more details). But, sine u� is the minimal solution, u must agree with u�.Thus u� is semi-stable. Part (b) is now proved.() As above, let �1 be the �rst eigenvalue of �� and '1 > 0 a orrespondingeigenfuntion. By (1.17), there exists a onstant C > 0 suh that f(u) �(2�1=��)u� C for all u � 0. Multiply the equation (1:1�) for u� (� < ��) by'1 and integrate by parts twie in 
, to obtain� Z
 f(u�)'1dx = �1 Z
 u�'1dx � ��2 Z
(f(u�) + C)'1dx:Taking � � 3��=4, we see that f(u�)'1, and hene f(u�)Æ, are nondereasingin � and uniformly bounded in L1(
). Multiply (1:1�) by u, the solution of(5.1), and integrate by parts twie in 
 to onludeZ
 u�dx = � Z
 f(u�)udx � C� Z
 f(u�)Ædx � C; (5.2)for some onstant C depending on 
 and f . Thus, both sequenes u� and�f(u�)Æ are inreasing in � and uniformly bounded in L1(
) for � < ��. Bymonotone onvergene, we onlude that u� 2 L1(
) is a weak solution of(1:1�) for � = ��.Finally, for � < �� we have R
 �f 0(u�)�2dx � R
 jr�j2dx for all � 2 C1 withompat support in 
. Sine f 0 � 0, Fatou's lemma leads toZ
 ��f 0(u�)�2dx � Z
 jr�j2dx;and hene u� is semi-stable. 2Next, we make some remarks on the set fu� : 0 � � < ��g of minimal solu-tions.First, if f is inreasing and onvex, the �rst eigenvalue �1f����f 0(u�); 
gof the linearized problem in 
 is a dereasing funtion of �. By semi-stability,it is also a nonnegative funtion. Hene, if �1f��� �f 0(u�); 
g = 0 for some�, then the set fu� : 0 � � < ��g ends at this � and �� = �. Therefore, forinreasing and onvex f , the linearized operator has positive �rst eigenvaluefor all � < �� and, hene, minimal solutions form a ontinuous branh thatan be obtained through the impliit funtion theorem.In the ase that f satis�es (1.17) but is not onvex, the set of minimal solu-tions is not neessarily ontinuous in �. For instane, the (�; kukL1) diagram22
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Figure 1. (�; kuk1) diagram for (5:3�) with n = 4may have a turning point for some � < ��. Sine in this ase u� is bounded,by the impliit funtion theorem we have that the �rst eigenvalue of the lin-earized problem �1f�� � �f 0(u�);B1g vanishes. Thus, sine � < �� the setfu� : 0 � � < ��g may have a jump at �. It is not diÆult to show the ex-istene of nononvex nonlinearities satisfying (1.17) for whih this happens.They may be onstruted with expliit expressions in three intervals: a �rstone where the nonlinearity is onvex, followed by one where it is onave, andthen onvex from one value on.An expliit example of this situation is given by8><>: ��u = �n 362� artan(5u� 15) + � u85�10 + 10o in B1u � 0 in B1u = 0 on �B1: (5:3�)In Figure 1, we show the urve in the (�; kukL1) diagram for (5:3�) whenn = 4. The urve of this diagram has been omputed by a �nite di�erenessheme and a Newton method as desribed in [9℄. The set fu� : 0 � � < ��g ofminimal solutions is represented by the solid line. The dotted line orrespondsto unstable solutions and the dashed line represents semi-stable solutions thatare not minimal solutions. Note that, where the urve moves to the right in �,it orresponds to the regions where the solutions are semi-stable, and where theurve moves to the left in �, it orresponds to the regions where the solutionsare unstable. 23



Finally, we give the proof of Theorem 1.10, whih follows easily from Theo-rems 1.5 and 1.8. Note also that Theorem 1.1 follows from Theorem 1.10 andRemark 1.7 |this remark is used to prove part () of Theorem 1.1.Proof of Theorem 1.10. By Proposition 5.1 we know that u� 2 L1(B1) is asemi-stable weak solution of (1:1��) whih is the strong limit in L1(B1) of (u�).In order to apply Theorems 1.5 and 1.8 with u = u� and g = ��f , we need toprove that u� 2 H10 (B1) and that u� is radially dereasing.For this, we apply Theorem 1.8 with � < �� and u = u� (a smooth solution).Estimate (1.15) applied with k = 1 and q = 2 < q1 leads to ku�kH10 (B1) � C forsome onstant C independent of � (sine ku�kL1(B1) � ku�kL1(B1) < 1 for all�). Thus, a subsequene of (u�) onverges weakly in H10 to an H10 funtion v,and strongly in L1. It follows that v = u� and hene u� 2 H10 . In addition, sinethe u� are radially dereasing by the Gidas-Ni-Nirenberg result, u� is radiallynoninreasing. Hene, u� is smooth away from the origin, superharmoni andnoninreasing. Hopf's boundary lemma gives that u� is radially dereasing.Therefore, we an apply Theorems 1.5 and 1.8 with u = u�. Part (a) ofTheorem 1.10 follows from Theorem 1.5. The estimate u�(r) � �C log r ofpart (b) follows from (1.8) when r � 1=2. For 1=2 � r � 1 the estimate isonsequene of u� being C1 away from the origin and of��r(� log r) = 1=r � 1(note that both u� and � log r vanish on r = 1). Part () of the theorem followsin a similar way from part () of Theorem 1.5.Finally, part (d) of the theorem is onsequene of Theorem 1.8 together withthe C3 estimates away from the origin proved for u� using (3.2). 2AknowledgmentsWe would like to thank Haim Brezis and Juan Luis V�azquez for several dis-ussions and for having raised many interesting questions on the subjet ofthis paper. Both authors were supported by Spanish MCYT grant BFM2002-04613-C03-01. A.C. was supported by CONACyT of Mexio. The authorsare partially sponsored by an E.U. Grant through the RTN Program \Front-Singularities" HPRN-CT-2002-00274, and by the European Siene Founda-tion (ESF) PESC Programme \Global".Referenes[1℄ Alberti, G., Ambrosio, L., Cabr�e, X. On a long-standing onjeture of E. De Giorgi:symmetry in 3D for general nonlinearities and a loal minimality property, Ata Appl.Math. 65, 2001, 9{33.[2℄ Brezis, H., Cazenave, T. Martel, Y., Ramiandrisoa, A. Blow up for ut � �u = g(u)revisited, Ad. Di�. Eq. 1, 1996, 73{90.[3℄ Brezis, H., V�azquez, J.L. Blow-up solutions of some nonlinear ellipti problems, Rev.Mat. Univ. Compl. Madrid 10, 1997, 443{469.[4℄ Cabr�e, X., Capella, A. On the stability of radial solutions of semilinear ellipti equationsin all of Rn , C. R. Math. Aad. Si. Paris 338, 2004, 769{774.24
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