
TOPICS IN REGULARITY AND QUALITATIVE PROPERTIESOF SOLUTIONS OF NONLINEAR ELLIPTIC EQUATIONSXAVIER CABR�EAbstrat. In these notes we desribe the Alexandro�-Bakelman-Pui esti-mate and the Krylov-Safonov Harnak inequality for solutions of Lu = f(x),where L is a seond order uniformly ellipti operator in nondivergene formwith bounded measurable oeÆients. It is the purpose of these notes topresent several appliations of these inequalities to the study of nonlinear el-lipti equations.The �rst topi is the maximum priniple for the operator L, and its appli-ations to the moving planes method and to symmetry properties of positivesolutions of semilinear problems. The seond topi is a short introdution tothe regularity theory for solutions of fully nonlinear ellipti equations. Weprove a C1;� estimate for lassial solutions, we introdue the notion of vis-osity solution, and we study Jensen's approximate solutions.1. IntrodutionIn these notes we desribe the Alexandro�-Bakelman-Pui estimate and theKrylov-Safonov Harnak inequality for solutions of Lu = f(x), where L is a seondorder uniformly ellipti operator in nondivergene formLu = aij(x)�iju+ bi(x)�iu+ (x)u;with bounded measurable oeÆients in a domain of Rn . These inequalities do notrequire any regularity of the oeÆients of L, and this makes them powerful toolsin the study of seond order nonlinear ellipti equations. It is the purpose of thesenotes to present several of their appliations in this �eld.The �rst topi is the study of the maximum priniple for the operator L and itsappliations to symmetry properties of positive solutions of semilinear problems� �u+ f(u) = 0 in 
u = 0 on �
:Using the moving planes method, we prove the symmetry result of Gidas, Ni andNirenberg [16℄, in the improved version of Berestyki and Nirenberg [7℄ whih usesthe maximum priniple in domains of small measure. In [16, 7℄ the same methodis used to prove symmetry results for some fully nonlinear ellipti equationsF (x; u;Du;D2u) = 0:Next, we present a short proof of several estimates and maximum priniples(taken from [8℄ and [9℄) for solutions in \narrow" domains. We disuss also reent1991 Mathematis Subjet Classi�ation. 35J60, 35B50.Key words and phrases. Nonlinear ellipti PDE, maximum priniples, symmetry properties, apriori estimates, fully nonlinear equations. 1



2 XAVIER CABR�Ework of Berestyki, Ca�arelli and Nirenberg [5℄ on qualitative properties of positivesolutions in some unbounded domains of ylindrial type.The seond topi that we treat is the regularity theory for solutions of fully non-linear ellipti equations. Our presentation is only a �rst and short introdution tothis topi; see [12, 17℄ for more detailed expositions. We start giving important ex-amples of fully nonlinear ellipti equations: Bellman equations in stohasti ontroltheory, Isaas equations in di�erential games, the Monge-Amp�ere equation, andthe equation of presribed Gauss urvature. We prove a C1;� estimate for lassialsolutions of fully nonlinear equations of the formF (D2u) = 0:The main tool employed here is the C� regularity for solutions of linear equationsLu = 0 with bounded measurable oeÆients, whih is a onsequene of the Krylov-Safonov Harnak inequality.Next, we introdue the notion of visosity solution of a fully nonlinear elliptiequation and we give the basi properties of this lass of solutions. Finally, wepresent Jensen's approximate solutions [19℄. They onstitute a key tool when prov-ing uniqueness and regularity for visosity solutions | a topi that we omit here.We also omit the important C2;� regularity theory of Evans and Krylov for onvexfully nonlinear equations (see [12, 17℄).The results presented in these notes are a sample from the vast literature on themaximum priniple, symmetry properties and regularity theory for fully nonlinearequations. Some of them are fundamental results in these theories. Others havebeen seleted to illustrate the main tehniques used in these �elds of researh.These notes are based on ourses given at the �Eole Dotorale de Math�ematiqueset de M�eanique de l'Universit�e Paul Sabatier (Toulouse), and at the CIMPA Inter-national Shool in PDE's (Temuo, Chile) organized by the Universidad de Chile.The author would like to thank these institutions for their invitations. He alsothanks Ian Shindler for his valuable help typing and orreting the �rst draft ofthese notes. 2. The Alexandroff-Bakelman-Pui estimateThroughout these notes, L will denote an ellipti operator in a domain 
 � Rn ,of the form Lu = aij(x)�iju+ bi(x)�iu+ (x)u(where summation over repeated indies is understood). We assume that L isuniformly ellipti and that it has bounded measurable oeÆients. That is, wesuppose that there exist onstants 0 < 0 � C0, b � 0 and ~b � 0 suh that0j�j2 � aij(x)�i�j � C0j�j2�P bi(x)2�1=2 � bj(x)j � ~b:for all x 2 
 and � 2 Rn . Hene, the matrix A(x) = [aij(x)℄ (whih is assumed tobe symmetri) has all its eigenvalues in the interval [0; C0℄.For a given funtion f : 
 ! R, we onsider the linear equation Lu = f(x).It is alled a seond order uniformly ellipti equation in nondivergene form withbounded measurable oeÆients. Under no further assumptions on the oeÆients



REGULARITY AND QUALITATIVE PROPERTIES 3of L, the following basi estimate (whih we all APB estimate) was proven inde-pendently by Alexandro�, Bakelman and Pui in the sixties [1, 2, 3, 25℄.Theorem 2.1. (Alexandro�, Bakelman, Pui) We assume that 
 is a boundeddomain of Rn and that  � 0 in 
. Let d be a onstant suh that diam(
) � d. Letu 2 W 2;nlo (
) and f 2 Ln(
) satisfy Lu � f in 
 and lim supx!�
 u(x) � 0. Thensup
 u � C diam(
) kfkLn(
);where C = C(n; 0; bd) is a onstant depending only on n, 0 and bd.Here W 2;nlo (
) denotes the Sobolev spae of funtions that, together with theirseond derivatives, belong to Lnlo(
). Reall that n is the dimension of the spaeand that W 2;nlo (
) � C(
) | the spae of ontinuous funtions in 
. If u 2 C(
)then the ondition lim supx!�
 u(x) � 0 means simply that u � 0 on �
.When Lu � f we say that u is a subsolution of the equation Lu = f . If Lu � f in
 but the assumption lim supx!�
 u(x) � 0 is not satis�ed, an estimate for sup
 umay be obtained by applying Theorem 2.1 to u� lim supx!�
 u+(x). We havesup
 u � lim supx!�
 u+(x) + C diam(
) kfkLn(
);where u+ = max(u; 0) denotes the positive part of u. In what follows we will alsodenote u� = max(�u; 0), so that u = u+ � u�.Proof of Theorem 2.1. Step 1. By a simple argument, we may further assume � 0. Indeed, we replae 
 by any onneted omponent of ~
 := fx 2 
 :u(x) > 0g � 
, and the operator L by L0 := aij(x)�ij + bi(x)�i (whih has no zeroorder terms). Then L0u = Lu � u � Lu � f in ~
, sine  � 0. Note also thatlim supx!� ~
 u(x) = 0.Next we make the assumption bi � 0. The proof in the general ase is slightlymore elaborate. For this, see Chapter 9 of [17℄ and our remark below, in Step3. Finally, it is easy to redue the proof to the ase u 2 C2(
) \ C(
) by anapproximation argument (see [17℄).Hene, from now on, we assume that sup
 u > 0, u 2 C2(
) \ C(
) and� Lu = aij(x)�iju � f(x) in 
u � 0 on 
:Step 2. Let x0 2 
 be suh thatM := sup
 u = u(x0) > 0:We de�ne the upper ontat set of u by�u := fy 2 
 : u(x) � u(y) +ru(y) � (x� y) 8x 2 
g :It is the set of points y in 
 suh that the tangent hyperplane to the graph of u aty lies above u in all 
. We laim thatBM=d(0) � ru(�u)(2.1)(reall that d satis�es diam(
) � d). To show (2.1), take any p 2 Rn with jpj <M=d. Consider the family of parallel hyperplanes given bylp(x) = p � x+ a for x 2 
;



4 XAVIER CABR�Ewhere a 2 R is any onstant. If a is very big then u < lp in 
. We let the onstant aget smaller until the graph of lp touhes the graph of u for �rst time at some point(possibly one of many) y 2 
. Let a0 be suh value of a, and lp the hyperplaneorresponding to a = a0. This argument shows in a geometri way the followingobvious fat. There exists a unique value a0 of a, in fat given by the Legendretransform of u a0 = supx2
fu(x)� p � xg;suh that for a = a0 we have� u � lp in 
u(y) = lp(y) for some y 2 
:(2.2)Using jpj < M=d we show that neessarily y 2 
. For this, the idea is that the hy-perplanes lp have onstant \slope" smaller than M=d = u(x0)=d � u(x0)=diam(
)and hene they will touh (when we derease the value of a) the graph of u at thepoint (x0; u(x0)) before touhing it at a point y 2 �
. Formally, the argument isthe following. Suppose that y 2 �
. Then u(y) � 0; using (2.2) we haveM = u(x0) � lp(x0)= lp(y) + p � (x0 � y)= u(y) + p � (x0 � y)� p � (x0 � y) � jpj diam(
)� jpjd < M;a ontradition.Sine y 2 
, (2.2) implies thatp = rlp(y) = ru(y) ; y 2 �uand D2u(y) � 0(i.e., D2u(y) is a nonpositive de�nite matrix).In partiular, p 2 ru(�u) and hene our laim (2.1) is proved. Considering theLebesgue measure of the sets in (2.1), we dedue!n(M=d)n � jru(�u)j = Zru(�u) dp;(2.3)where wn = jB1j.Step 3. To proeed, we ompute the right hand side of (2.3) using the \hange ofvariables" p = ru(x) for x 2 �u:We use the area formula (see Theorems 1 and 2 in Setion 3.3 of [15℄). It statesthat if � : A � Rn �! Rn is a Lipshitz map, thenZRn8<: Xx2A;�(x)=p g(x)9=; dp = ZA jJa �(x)j g(x) dx



REGULARITY AND QUALITATIVE PROPERTIES 5for any integrable funtion g : A! R; here Ja � = det D�. We apply this formulawith � = ru, A = �u and g = 1. We obtain the inequalityZru(�u) dp � Z�u det (�D2u(x)) dx;(2.4)where we have used that jJaru(x)j = jdet D2u(x)j = det (�D2u(x)) for x 2 �u.At this point, we make two remarks. First, when the oeÆients bi are not iden-tially zero, the proof proeeds by applying the area formula to g(x) := ~g(ru(x)) =~g(p) for an appropriate ~g, instead of g � 1 as in the ase bi � 0 (see [17℄).Step 4. Combining (2.3) and (2.4), and using that all the eigenvalues of A(x) =[aij(x)℄ are greater than or equal to 0, we deduewn(M=d)n � Z�u det(�D2u(x))dx� (1=n0 ) Z�u det[A(x)(�D2u(x))℄dx:We use now a simple fat from linear algebra. If A and B are symmetri matrieswith A � 0 and B � 0 then det(AB) � ftr(AB)=ngn| a generalization of the arithmeti and geometri means inequality. Here trdenotes the trae.Note that trfA(x)(�D2u(x))g = �aij(x)�iju= �Lu � �f(x) � jf(x)j:We onlude that wn�Md �n � � 1n0�n Z�u jf jn;and hene sup
 u =M � 1n0w1=nn d kfkLn(
)= C(n; 0) diam(
) kfkLn(
);whih is the desired inequality. �We now introdue a standard terminology onerning the maximum priniple.De�nition 2.2. We say that the maximum priniple holds for the operator L in
 if u 2W 2;nlo (
), sup
 u <1,Lu � 0 in 
 and lim supx!�
 u(x) � 0imply u � 0 in 
.Note that, when 
 is bounded, the ondition sup
 u < 1 is automatiallysatis�ed, sine it is a onsequene of the assumptions u 2 W 2;nlo (
) andlim supx!�
 u(x) � 0.The following result is a well known suÆient ondition for the maximum prin-iple to hold. It is an immediate onsequene of Theorem 2.1.



6 XAVIER CABR�ECorollary 2.3. If 
 is bounded and  � 0 in 
 then the maximum priniple holdsfor L in 
.The ondition  � 0 in 
 is, however, too restritive for some appliations,for instane when studying symmetry properties of positive solutions of nonlinearproblems (see next setion). Instead, the following maximum priniple in domainsof small measure does not make any assumption on the sign of (x), and it will bevery useful in the study of symmetry properties.Theorem 2.4. Assume that 
 is bounded and diam(
) � d for a positive onstantd. Then there exists a onstant Æ > 0, depending only on n, 0, b, ~b and d, suhthat the maximum priniple holds for L in 
 if the measure of 
, j
j, satis�esj
j � Æ:In this maximum priniple  may hange sign, but the measure of j
j is requiredto be small depending on various quantities whih inlude the upper bound ~b forkkL1(
). In fat, the proof will show that the weaker assumption (x) � ~b in 
suÆes. Theorem 2.4 is a onsequene of the ABP estimate that was �rst noted byBakelman and later by Varadhan.Proof of Theorem 2.4. Let u satisfy Lu � 0 in 
 and lim supx!�
 u(x) � 0. Let = + � �, and onsider the operator L0 = aij(x)�ij + bi(x)�i. Writing Lu � 0in the form (L0 � �)u � �+u � �+u+;we may apply the ABP estimate to the operator L0 � � and obtainsup
 u � C(n; 0; b; d)k+u+kLn(
)� C(n; 0; b;~b; d)j
j1=n sup
 u+:If C(n; 0; b;~b; d)j
j1=n � 1=2, we onlude that u � 0 in 
. �In Setion 5 we will prove other suÆient onditions for the maximum prinipleto hold. They will improve Theorem 2.4.The ABP estimate an also be used to prove the following strong maximumpriniple for supersolutions in W 2;nlo (
) (see Chapters 3 and 9 of [17℄). Here, wemake no assumption on the sign of  but we assume that u � 0 in 
.Proposition 2.5. If u 2 W 2;nlo (
) satis�es u � 0 in 
 and Lu � 0 in 
, theneither u � 0 or u > 0 in 
.3. Symmetry properties of positive solutions in bounded domainsThe goal of this setion is to prove the following symmetry result for positivesolutions of semilinear problems. It is taken from [7℄.Theorem 3.1. (Berestyki-Nirenberg) Let 
 be any bounded domain of Rn (notneessarily smooth) whih is onvex in the x1 diretion and symmetri with respetto the hyperplane fx1 = 0g. Let u 2 W 2;nlo (
) \ C(
) be a solution of the problem8<: �u+ f(u) = 0 in 
u > 0 in 
u = 0 on �
:



REGULARITY AND QUALITATIVE PROPERTIES 7We assume that f is Lipshitz ontinuous. Then u is symmetri with respet to x1,i.e., u(x1; y) = u(�x1; y) for any (x1; y) 2 
. Moreover, the partial derivative of uwith respet to x1 satis�es ux1 < 0 for x1 > 0:When 
 is a smooth domain, this symmetry result was already proven in thelassial paper of Gidas, Ni and Nirenberg [16℄ in 1979. Their proof did not apply,however, to some nonsmooth domains suh as ubes. Theorem 3.1 answers aÆr-matively the symmetry question in nonsmooth domains, inluding the ase when
 is a ube.An immediate onsequene of Theorem 3.1 is the radial symmetry of positivesolutions when 
 is a ball. To prove it, one applies Theorem 3.1 to all hyperplanespassing through 0.Corollary 3.2. (Gidas-Ni-Nirenberg) Let BR = fjxj < Rg � Rn be a ball, and ube a positive solution in C2(BR) of�u+ f(u) = 0 in BR; u = 0 on �BR:If f is Lipshitz then u is radially symmetri (i.e., u(x) = u(jxj)) and ur < 0 for0 < r = jxj � R.The proof of these symmetry results uses the maximum priniple and a methodof Alexandro� alled the moving planes method. The proof given in [16℄ used aversion of the maximum priniple | the Hopf boundary lemma | that did notallow some domains 
 with orners. We now present the improved method foundin [7℄. It replaes the use of the Hopf boundary lemma by the maximum priniplein domains of small measure; in this way, the proof applies to nonsmooth domains.Proof of Theorem 3.1. We denote points x 2 Rn by x = (x1; y), y 2 Rn�1 . ItsuÆes to show u(x1; y) < u(x�1; y) if � x1 < x�1 < x1(3.1)and ux1 < 0 if x1 > 0(3.2)whenever (x1; y) 2 
. Indeed, letting x�1 ! �x1 we get u(x1; y) � u(�x1; y). Thesame result with the oordinate x1 hanged by �x1 gives the symmetry: u(x1; y) =u(�x1; y).To show (3.1) and (3.2), we use the method of moving planes. Let a = sup
 x1.For 0 < � < a, we onsider the hyperplane T� and the set �� de�ned byT� = fx1 = �g�� = fx 2 
 : x1 > �g � 
:For x 2 Rn we denote by x� = (2�� x1; y)the reetion of x with respet to T�. We onsider the reetion of ��,�0� = fx� : x 2 ��g � 
;whih is ontained in 
 by the assumptions of the theorem. Hene, the funtionw�(x) := u(x)� u(x�) for x 2 ��



8 XAVIER CABR�Eis well de�ned.Sine the Laplaian is invariant under reetions, the funtion x 7! u(x�) satis�esthe same semilinear equation �v + f(v) = 0. Thus, the di�erene w� satis�es thelinear equation 0 = �w� + f(u(x))� f(u(x�))= �w� + �(x)w�;where �(x) = f(u(x)) � f(u(x�))u(x)� u(x�) :Note that ��� has two parts, one ontained in T� and the other in �
. Using thatu = 0 on �
 and u > 0 in 
, we onlude� �w� + �(x)w� = 0 in ��w� � 0 on ���; w� 6� 0:(3.3)Moreover, j�j � ~b for some onstant ~b whih we an take to be the Lipshitzonstant of f on [0; sup
 u℄.To prove (3.1) and (3.2) it suÆes to verifyw� < 0 for any � 2 (0; a):(3.4)Indeed, it then follows from the Hopf lemma (see [17℄) that on T�\
, where w� = 0,we have 0 > (w�)x1 = 2ux1 .Now, if a � � is small then �� � 
 \ f� < x1 < ag, and hene �� has smallmeasure. In partiular, the maximum priniple holds for the operator �+ � in ��if a� � is small (by Theorem 2.4). We dedue from (3.3) that w� � 0 in ��. Now,the strong maximum priniple (Proposition 2.5) gives that w� < 0 in ��. We haveproved (3.4) for a� � small.Let (�0; a) be the largest open interval of parameters for whih (3.4) holds. Wewant to show that �0 = 0. We suppose �0 > 0 and we show that it leads toontradition. First, by ontinuity we have w�0 � 0 in ��0 and, by the strongmaximum priniple, w�0 < 0 in ��0 .Next, let Æ > 0 be the onstant of Theorem 2.4. Let K � ��0 be a ompat setsuh that j��0 nKj � Æ=2. We then have w�0 � �� < 0 in K for some onstant �,sine K is ompat. Hene, w�0�� < 0 in K and j��0�� nKj � Æ for � > 0 smallenough.We now apply the maximum priniple in ��0�� nK. We have� �w�0�� + �0��(x)w�0�� = 0 in ��0�� nKw�0�� � 0 on �(��0�� nK);note that �(��0��nK) has one part ontained inK, and we have used that w�0�� <0 in K. Sine j��0�� nKj � Æ, Theorem 2.4 and Proposition 2.5 give w�0�� < 0in ��0�� nK. Therefore, w�0�� < 0 in ��0��, whih ontradits the maximality ofthe interval (�0; a). �We point out that the problem� �u+ f(u) = 0 in BR � Rnu = 0 on �BR(3.5)



REGULARITY AND QUALITATIVE PROPERTIES 9may admit solutions that hange sign and are not radially symmetri. As a simpleexample, there exist eigenfuntions of the Laplaian in a ball:�u+ �u = 0 in BR; u = 0 on �BRwhih are not radially symmetri. Hene, the ondition u > 0 in 
 in the previoustheorems is, in general, neessary to onlude symmetry.Obviously, if one knows that problem (3.5) has a unique solution u0 then u0 isneessarily radial. Indeed, the omposition u0 ÆR of u0 with any rotation is also asolution of (3.5) and, if there is uniqueness, it must oinide with u0. Hene u0 isradially symmetri.The following is a more interesting remark. For some nonlinearities f , the sym-metry result of Gidas-Ni-Nirenberg (Corollary 3.2) may be used to prove that (3.5)has a unique positive solution. The idea is that, by Corollary 3.2, one knows thatany positive solution of (3.5) is radial. As a onsequene, it suÆes to show unique-ness among positive radial solutions | an easier task. As an example, this an bearried out to prove that� �u+ up = 0 in BR; p > 1;u = 0 on �BRhas a unique positive solution (see Setion 2.8 of [16℄).Remark 3.3. One an prove radial symmetry in a very simple way for stable solu-tions (not neessarily positive) of (3.5). We say that a solution u of (3.5) is stableif the �rst eigenvalue in BR of the linearized operator �� � f 0(u) of (3.5) at u,de�ned by�1(� + f 0(u); 
 = BR) := inf06�v2H10 (
) R
fjrvj2 � f 0(u)v2g dxR
 v2 dx ;(3.6)is positive.We laim that any stable solution u of (3.5) is radially symmetri. Indeed, forany given ouple of indies i 6= j, onsider the vetor �eld �t = xi�xj �xj�xi , whihis everywhere normal to the radial diretion �r. De�ning v := �tu, we see that v isa solution of the linearized equation of (3.5):�v = �(xiuxj � xjuxi)= xi�uxj + 2rxi � ruxj � xj�uxi � 2rxj � ruxi= xi(�u)xj � xj(�u)xi= �f 0(u)fxiuxj � xjuxig = �f 0(u)v:Moreover, sine u = 0 on �BR and �t is a tangential derivative on �BR, wehave that v = 0 on �BR. Hene v 2 H10 (BR); multiplying ��v � f 0(u)v = 0by v and integrating by parts, we obtain RBRfjrvj2 � f 0(u)v2gdx = 0. Sine�1(� + f 0(u);BR) > 0 by assumption, we dedue v � 0. From this (and sine theindies i 6= j are arbitrary), we onlude that u is radial.We refer to [16, 6, 7, 4℄ and referenes therein for symmetry results onerningmore general equations, suh as fully nonlinear ellipti equationsF (x; u;Du;D2u) = 0;and more general domains (for instane, some unbounded domains).



10 XAVIER CABR�EIn [6℄ and [7℄ a new method was introdued | the sliding method | for equationsin in�nite and �nite ylinders. In Setion 6 we will disuss a more reent resultfrom [5℄ that uses the moving planes method in in�nite ylinders.4. C� estimate: the Krylov-Safonov Harnak inequalityLet L = aij(x)�ij+bi(x)�i+(x) be a uniformly ellipti operator in nondivergeneform and with bounded measurable oeÆients as desribed in the beginning ofSetion 2.In 1979, Krylov and Safonov [23, 24℄ proved the following deep result | a Har-nak inequality for the operator L under no regularity assumptions on its oeÆ-ients. We will use it extensively throughout these notes. We point out that here(x) may hange sign.Theorem 4.1. (Krylov-Safonov) Let BR be a ball of radius R in Rn , and denoteby B2R the onentri ball of radius 2R. Let u 2 W 2;n(B2R) and f 2 Ln(B2R)satisfy u � 0 in B2R and Lu = f in B2R. ThensupBR u � C �infBR u+R kfkLn(B2R)� ;where C is a onstant depending only on n, 0, C0, bR and ~bR2.Roughly speaking, the inequality states that, for any nonnegative solution u, thevalue of u at one point ontrols the values of u in any given interior ompat set.The proof of Theorem 4.1, that we omit, uses two ingredients: the ABP estimate(Theorem 2.1) and the Calder�on-Zygmund ube deomposition; see [12℄ and [17℄for the proof of Theorem 4.1.An important onsequene of the Krylov-Safonov Harnak inequality is theH�older ontinuity of solutions of Lu = f .Corollary 4.2. Let u 2W 2;n(B1) and f 2 Ln(B1) satisfy Lu = f in B1.(i) Suppose  � 0. Then there exists a onstant 0 < � < 1, depending only on n,0, C0 and b, suh thatosB1=2u � � osB1u+ kfkLn(B1);where osBRu = supBR u� infBR u denotes the osillation of u.(ii) For any  2 L1(B1), we have that u 2 C�(B1=2) andkukC�(B1=2) � C �kukL1(B1) + kfkLn(B1)	 ;where 0 < � < 1 and C depend only on n, 0, C0, b and ~b.Proof. Let M1 := supB1 u; m1 := infB1 u; o1 :=M1 �m1;M1=2 := supB1=2 u; m1=2 := infB1=2 u; o1=2 :=M1=2 �m1=2:Theorem 4.1 applied to u�m1 � 0 in B1 and to M1�u � 0 in B1 (here we assume � 0) gives M1=2 �m1 � C �m1=2 �m1 + 12kfkLn(B1)�



REGULARITY AND QUALITATIVE PROPERTIES 11and M1 �m1=2 � C �M1 �M1=2 + 12kfkLn(B1)� :Adding these two inequalities, we obtaino1 + o1=2 � C �o1 � o1=2 + kfkLn(B1)	and hene o1=2 � C � 1C + 1 o1 + CC + 1 kfkLn(B1);whih proves (i).Part (ii) (in the general ase  6� 0) follows easily from (i), with the aid of asimple lemma of real analysis (see Lemma 8.23 and Corollary 9.24 of [17℄).While the Harnak inequality applies only to nonnegative solutions of Lu =f , there are related inequalities that apply to subsolutions and to nonnegativesupersolutions. In fat, the proof of the Harnak inequality may be divided intotwo parts; the �rst applies to subsolutions (see Theorem 9.20 of [17℄ and Theorem4.8(2) of [12℄). The seond part is more deliate to prove; it applies to nonnegativesupersolutions and it is alled the weak Harnak inequality. Its statement is thefollowing.Theorem 4.3. Let u 2 W 2;n(B2R) and f 2 Ln(B2R) satisfy u � 0 in B2R andLu � f in B2R. Then� 1jBRj ZBR u��1=� � C �infBR u+R kfkLn(B2R)� ;where � > 0 and C are onstants depending only on n, 0, C0, bR and ~bR2.This result is Theorem 9.22 of [17℄ and Theorem 4.8(1) of [12℄. We will use aboundary version of Theorem 4.3 in the next setion.5. Maximum priniple in \narrow" domainsIn this setion we present a maximum priniple (Theorem 2.5 of [8℄) that im-proves the maximum priniple for domains of small measure (Theorem 2.4 of thesenotes). We present a short proof of this new maximum priniple following an ideafrom [9℄. We also give an improved version of the ABP estimate (Theorem 1.4 of[9℄) that applies in some unbounded domains.We start realling some useful fats about the maximum priniple.(a) Suppose that 
 is bounded and that there exists a funtion � 2 W 2;nlo (
) \C(
) suh that � > 0 in 
 and L� � 0 in 
. Then the maximum prinipleholds for L in 
.This is a well-known suÆient ondition for the maximum priniple to hold; see,for instane, [8℄. In fat, within the proof of Theorem 6.5 below, we will enounterthe argument that shows (a).(b) Assume that aij 2 C(
) and that 
 is a smooth bounded domain. Beresty-ki, Nirenberg and Varadhan [8℄ introdue the quantity �1, also denoted by�1(L;
), de�ned as follows:�1 = supf� : 9� > 0 in 
 and (L+ �)� � 0 in 
g:



12 XAVIER CABR�E�1 is alled the prinipal eigenvalue of L in 
. They show that the maximumpriniple holds for L in 
 if and only if �1(L; 
) > 0. In partiular, it followsfrom Corollary 2.3 that �1(L0; 
) > 0, where L0 = L � (x) = aij(x)�ij +bi(x)�i.They also prove that there always exists a positive eigenfuntion assoiatedto �1. That is, there exists �1 2W 2;nlo (
) \ C(
), �1 > 0 in 
 satisfying� (L+ �1)�1 = 0 in 
�1 = 0 on �
:Moreover, �1 is unique up to a multipliative onstant (i.e.., �1 is simple).For all these results, and many others on the maximum priniple for operatorsin nondivergene form (also in nonsmooth domains), see [8℄.We point out that, when the operator L an also be written in divergene form,the prinipal eigenvalue �1 oinides with the �rst eigenvalue of L de�ned by theusual variational formulation. For instane, when L = � + (x) then �1 oinideswith the variational expression (3.6).Next, we de�ne a geometri quantity of the domain 
 that will play a key rolein the rest of this setion.De�nition 5.1. Let 
 � Rn be a domain, not neessarily bounded. Given aonstant 0 < � < 1, we de�ne R(
) to be the smallest positive onstant R suhthat jBR(x) n
j � �jBR(x)j 8x 2 
:(5.1)We de�ne R(
) to be +1 if no suh radius R exists.One the onstant 0 < � < 1 is �xed, the quantity R(
) depends only on thedomain 
. We laim that R(
) � C(n; �)j
j1=n;for a onstant C(n; �) depending only on n and �. Indeed, de�ning R by the relation(1 � �)jBRj = j
j (in ase j
j < 1) we have that R = C(n; �)j
j1=n and (5.1) issatis�ed, sine jBR(x) n
j � jBR(x)j � j
j = �jBR(x)j. This proves the laim.Obviously, j
j1=n � C(n) diam(
). The quantity R(
) is therefore a morepreise geometri onstant of 
 than the measure or the diameter of 
. Thereexist domains with in�nite measure for whih the quantity R(
) is �nite (or evensmall). This is the ase, for example, when 
 is ontained between two parallelhyperplanes, or when 
 is ontained in, say,Rn n [p2ZnB1=10(p)where Z denotes the integer numbers. See [9℄ for some other examples, and [8, 9℄for a more re�ned version of the quantity R(
).The following is a maximum priniple in domains (not neessarily bounded) forwhih R(
) is suÆiently small. Here, no assumption on the sign of (x) is made.It is essentially Theorem 2.5 of [8℄.Theorem 5.2. (Berestyki-Nirenberg-Varadhan) Let 0 < � < 1 be a onstant.Then:(i) There exists a onstant R�, depending only on n, 0, C0, b, ~b and �, suhthat the maximum priniple holds for L in 
 if R(
) � R�.



REGULARITY AND QUALITATIVE PROPERTIES 13(ii) Assume that 
 is a smooth bounded domain and that aij 2 C(
). Considerthe operator L0 = L� (x). Then�1(L0; 
) � �R(
)2(and in partiular �1(L0; 
) � ~� j
j�2=n), where � is a positive onstant de-pending only on n, 0, C0, bR(
) and �.This result is proved in [8℄ using a variant of the Krylov-Safonov Harnak in-equality. Below we present a short proof of Theorem 5.2 following an idea from[9℄ that uses a boundary version of the Krylov-Safonov weak Harnak inequality(Theorem 4.3).We will easily dedue Theorem 5.2 from the following improved ABP estimateestablished by the author in [9℄. It applies in any domain (not neessarily bounded)satisfying R(
) <1.Theorem 5.3. ([9℄) Let 0 < � < 1 be a onstant and let 
 be a domain suh thatR(
) < 1. We assume that  � 0 in 
. Let u 2 W 2;nlo (
) and f 2 Ln(
) satisfysup
 u <1, Lu � f in 
 and lim supx!�
 u(x) � 0. Thensup
 u � C R(
) kfkLn(
)and sup
 u � C R(
)2 kfkL1(
);(5.2)where C is a onstant depending only on n, 0, C0, bR(
) and �.Proof. Considering any onneted omponent 
0 of the set fx 2 
 : u(x) > 0gand the operator L0 = L � (x) (as in Step 1 of the proof of the ABP estimate,Theorem 2.1), it is easy to redue the problem to the ase  � 0, u > 0 in 
 and� Lu � f in 
u = 0 on �
:Here it is important to note that R(
0) � R(
).Suppose �rst that 
 is bounded. Then the supremum of u is ahieved, so thatM := sup
 u = u(x0) > 0for some x0 2 
. To simplify notation, we write R := R(
) and BR := BR(x0).We know (see De�nition 5.1) that jBR n
jjBRj � �:(5.3)We onsider the funtion v =M � u;whih satis�es 0 � v � M in 
, v(x0) = 0, v = M on �
 and Lv = �Lu � �fin 
. We extend the funtion v to be identially M in Rn n 
, obtaining in thisway a ontinuous funtion, still denoted by v, in all Rn . We also extend f by zerooutside 
.Note that the graph of the extended funtion v may have \orners" on �
, andhene v may not belong to W 2;n(B2R), sine B2R n
 6= � by (5.3). However, sine0 � v �M in 
 and v =M on �
, the extended funtion v is still a \generalized"



14 XAVIER CABR�Enonnegative supersolution of Lv � �f in Rn , in the sense that it satis�es the weakHarnak inequality (Theorem 4.3). See Theorem 9.27 of [17℄ for this boundaryversion of the weak Harnak inequality. Alternatively, the extended funtion vsatis�es Lv � �f in Rn in the visosity sense (see Setion 9, Proposition 9.4).Now, we onlude easily. Using (5.3), v(x0) = 0 and Theorem 4.3 applied to vin B2R, we have�1=�M � � jBR n
jjBRj �1=�M �  1jBRj ZBRn
 v�!1=�� � 1jBRj ZBR v��1=�� C �infBR v + R kfkLn(B2R)�= CR kfkLn(B2R\
) � CR2 kfkL1(
);where � > 0 and C depend only on n, 0, C0 and bR. This proves the desiredinequalities.In ase that 
 is unbounded, the proof is the same with minor hanges. Wede�ne M := sup
 u (reall that M < 1 by assumption) and we take, for any� > 0, a point x0 2 
 suh that M � � � u(x0). We now have that v(x0) � �. Weproeed as before and we get the desired estimate by letting � ! 0 at the end ofthe proof.Finally, we easily dedue the maximum priniple of Theorem 5.2 from esti-mate (5.2).Proof of Theorem 5.2. To show (i), we use the same idea as in the proof of themaximum priniple for domains of small measure | Theorem 2.4. If Lu � 0 in 
,lim supx!�
 u(x) � 0 and sup
 u <1, we have(L0 � �)u � �+u � �+u+:By estimate (5.2) applied to the operator L0 � �, we havesup
 u � C R(
)2 k+u+kL1(
)� C ~bR(
)2 sup
 u+where C = C(n; 0; C0; bR(
); �). If C~bR(
)2 � C~b(R�)2 � 1=2 we onlude thatu � 0 in 
. Here the dependene of C on bR(
) may be replaed by dependeneonly on b, sine R(
) � R� and we an take R� � 1.To prove (ii), we know (see the beginning of this setion) that �1 = �1(L0; 
) > 0and that there exists �1 > 0 in 
 suh that� L0�1 = ��1�1 in 
�1 = 0 on �
:Applying estimate (5.2) to this problem, we obtainsup
 �1 � C R(
)2 �1 sup
 �1with C = C(n; 0; C0; bR(
); �). We onlude �1 � �R(
)�2. �



REGULARITY AND QUALITATIVE PROPERTIES 156. Positive solutions in some unbounded domainsIn this setion we disuss some questions onerning a symmetry result in un-bounded domains of ylindrial type, reently proved in [5℄. We onsider domainsof the form 
 = Rn�j � !;where ! � Rj is a smooth bounded domain. We denote the points in 
 by (x; y) =(x1; : : : ; xn�j ; y1; : : : ; yj) 2 
. We onsider the semilinear problem8<: �u+ f(u) = 0 in 
u = 0 on �
u > 0 in 
;(6.1)and we assume that u 2 C2;�lo (
) for some 0 < � < 1, and that f is globallyLipshitz. No assumption is made on the behavior of the solution u near in�nity.Note that, when j = n � 1, 
 is a ylinder whose (n � 1){dimensional rosssetion is bounded. If j = 1 then 
 is the domain ontained between two parallelhyperplanes.The symmetry result in [5℄ is the following.Theorem 6.1. (Berestyki-Ca�arelli-Nirenberg) Assume that ! is onvex in the y1diretion and that it is symmetri with respet to the hyperplane fy1 = 0g. Supposethat j � 2, or that j = 1 and f(0) � 0. Then, any solution u of (6:1) is symmetriin y1, and uy1 < 0 for y1 > 0.Therefore, the solution u satis�es u(x; y1; y2; : : : ; yj) = u(x;�y1; y2; : : : ; yj). Asin Setion 3, this yields the radial symmetry of u when ! is a ball. That is, wehave:Corollary 6.2. Suppose that ! = fjyj < Rg � Rj is a ball. Assume also thatj � 2, or that j = 1 and f(0) � 0. Then u is radially symmetri in y (i.e.,u(x; y) = u(x; jyj)), and u� < 0 for 0 < � = jyj < R.Theorem 6.1 is proved using the moving planes method (see Setion 3). We donot present its entire proof but, following [5℄, we show in detail the preliminaryresults on the behavior of u near in�nity (and on the maximum priniple) neededto start the moving planes method. By \starting the moving planes method" wemean (using the notation of the proof of Theorem 3.1 with x1 replaed by y1) toverify (3.4) for a� � small enough.The �rst result onerns the growth of u at in�nity. Note that (6.1) may havesolutions that grow exponentially at in�nity. For example, the funtion u(x1; y1) =ex1 os y1 is positive and harmoni in 
 = R � (��=2; �=2) and vanishes on �
.The �rst result of [5℄ states that, in fat, any solution of (6.1) grows at most at anexponential rate. Here, the ondition u > 0 in 
 is important (see [5℄ for a hangingsign solution that grows faster than any exponential).Proposition 6.3. If u is a solution of (6:1) then there exist positive onstants �and C suh that u(x; y) � Ce�jxj in 
:The main tool in the proof of this result is a new and useful boundary Harnakinequality found in [5℄. It is an extension up to the boundary of the Krylov-Safonov



16 XAVIER CABR�EHarnak inequality. Reall that another boundary version of the Harnak inequalitywas also very useful in Setion 5. Also, we point out that very similar (in theirstatement but not in their proof!) interior and boundary Harnak inequalities holdfor operators in divergene form, ~Mu = �xi(aij(x)�xju), with bounded measurableoeÆients; this is the DeGiorgi-Nash-Moser theory (see Chapter 8 of [17℄).Here we onsider an ellipti operatorMu = aij(x)�iju with bounded oeÆients,satisfying the uniform elliptiity ondition of Setion 2 with onstants 0 and C0.We assume that aij are ontinuous in 
 (this will merely be a qualitative assumptionsine the estimates will not depend on the modulus of ontinuity of the aij).Theorem 6.4. (Berestyki-Ca�arelli-Nirenberg) Let 
 be any domain of Rn andlet � � �
 be a smooth open subset of �
. Suppose that u 2 W 2;plo (
 [ �), p > n,u > 0 in 
, u = 0 on �, andjMuj � A(jruj+ u+ �) in 
;(6.2)for some onstants A and � � 0. Let K � 
 be a ompat subset of 
, and letG � 
 [ � be a ompat subset of 
 [ �. ThensupG u � CfinfK u+ �g;where C is a onstant depending only on 
, �, K, G, 0, C0 and A.For the proof of Theorem 6.4, see [5℄. Using it, we easily dedue Proposition 6.3.Proof of Proposition 6.3. We have thatj�uj = jf(u)j � jf(u)� f(0)j+ jf(0)j� Au+ jf(0)j = A(u+ �)for � := jf(0)j=A, where A is the Lipshitz onstant of f . Hene (6.2) is satis�edwith M = �. We �x a point y0 2 !. Applying Theorem 6.4 with � = fjxj <2g � �!, G = fjxj � 1g � ! and K = f(0; y0)g, we obtainu(x; y) + � � Cfu(0; y0) + �g for (x; y) 2 fjxj � 1g � !;for some onstant C. We �x any diretion e1 in Rn�j , je1j = 1. Applying theprevious inequality with u replaed by u(x+e1; y) (note that 
 is invariant by suha translation), we haveu(x; y) + � � Cfu(e1; y0) + �g for (x; y) 2 fjx� e1j � 1g � !;for the same onstant C.Putting both inequalities together, we obtainu(x; y) + � � C2fu(0; y0) + �g for (x; y) 2 fjx� e1j � 1g � !:It is now easy to dedue, by indution, thatu(x; y) + � � Cm+1fu(0; y0) + �g for (x; y) 2 fjx�me1j � 1g � !:This inequality yields at most exponential growth in the diretion e1. Sine e1 isarbitrary, we obtain the onlusion. �To start the moving planes method for problem (6.1), we onsider a = sup! y1,!� = fy 2 ! : y1 > �g, �� = Rn�j � !� � 
, and w�(x; y) = u(x; y) � u(x; y�)where y� is the reetion of y in the plane fy1 = �g. The funtion w� satis�es�w� + �(x; y)w� = 0 in �� and w� � 0 on ���. To start the method we needa maximum priniple in ylinders �� with setion !� of small measure. Suh a



REGULARITY AND QUALITATIVE PROPERTIES 17maximum priniple has been proved in the previous setion for bounded funtionsw� sine, using the notation of that setion, R(��) is small if j!�j is small. How-ever, we annot apply here suh maximum priniple sine the funtion w� may beunbounded; in fat, we know that it may grow exponentially.The starting point for the moving planes method is aomplished with the fol-lowing maximum priniple for subsolutions with at most exponential growth in\ylinders" with ross setion of small measure; it is Theorem 1.6 of [5℄.Theorem 6.5. Let 
 = Rn�j �!, where ! � Rj is a smooth bounded domain. Letw 2 W 2;nlo (
) \ C(
) (here w is not neessarily bounded) satisfy� �w + (x; y)w � 0 in 
w � 0 on �
;with  � ~b, and w � Ce�jxj in 
for some positive onstants ~b, � and C. Then there exists a onstant Æ > 0, de-pending only on n, j, ~b and �, suh thatj!j � Æimplies w � 0 in 
.Proof. The funtion w satis�esw � Ce�0(jx1j+���+jxn�j j)for some �0 > 0. Sine ! is smooth, we an take a domain ~!, suh that ! � ~!,with measure arbitrarily lose to j!j. Sine j~!j � j!j � Æ is small, we know thatthe prinipal eigenvalue of �y in ~! is large. Indeed, by Theorem 5.2 (ii), we have�1 := �1(�y; ~!) � ~�(j)j~!j2=j � ~� (j)2j!j2=j � ~�(j)2Æ2=j :Hene, we an hoose Æ = Æ(n; j;~b; �) > 0 suÆiently small suh that �1 > (�0)2(n�j) + ~b.Let � be a onstant suh that� > �0 and �2(n� j) + ~b� �1 < 0:Let �1 be the prinipal eigenfuntion of �y in ~! (see Setion 5):8<: �y�1(y) = ��1�1 in ~!�1 = 0 on �~!�1 > 0 in ~!:We onsider the funtiong(x; y) = �1(y) osh(�x1) : : : osh(�xn�j):It satis�es g > 0 in 
 (sine ! � ~!) and(� + (x; y))g = f�2(n� j) + � �1gg� f�2(n� j) + ~b� �1gg < 0 in 
(ompare this with ondition (a) mentioned in the beginning of Setion 5). Toprove w � 0, we onsider the funtionz := wg :



18 XAVIER CABR�EUsing the lassial maximum priniple for z, we show that z � 0 and hene w � 0.Indeed, we have g2rz = grw�wrg, and hene g2�z+2grg � rz = div(g2rz) =g�w � w�g � �gw � w�g = �g[(� + )g℄z. Therefore, z satis�es8<: �z + 2g�1rg � rz + g�1[(� + )g℄z � 0 in 
z � 0 on �
lim supjxj!1 z(x; y) � 0;where we have used that � > �0 to dedue the last inequality.Note that the zero order oeÆient, g�1(� + )g, is negative in 
. We thenonlude, by the lassial maximum priniple, that z � 0 in 
 (and hene w � 0in 
). Indeed, if z was positive somewhere, it would ahieve its supremum at aninterior point | a ontradition with the ellipti inequality satis�ed by z.To start the moving planes method, we apply Theorem 6.5 to �� = Rn�j � !�when a � � is small enough. Note that !� has orners; however, the proof ofTheorem 6.5 still applies to �� sine !� has an �-neighborhood with small measure.To ontinue moving the plane until � reahes 0, a deliate analysis is neededsine �� is not ompat (see [5℄). It is here where the ondition f(0) � 0, if j = 1,enters. 7. Fully nonlinear equations: definitions and examplesWe onsider equations of the formF (D2u; x) = f(x);where x belongs to a bounded domain 
 of Rn , D2u denotes the Hessian of thefuntion u : 
 �! R, and F (M;x) is a real valued funtion de�ned on Sn � 
.Here Sn denotes the spae of real n� n symmetri matries.We assume that F and f are ontinuous in x, and that F is a uniformly elliptioperator; that is:De�nition 7.1. We say that F is uniformly ellipti if there exist two onstants(alled the elliptiity onstants) 0 < 0 � C0 suh that0kNk � F (M +N; x) � F (M;x) � C0kNkfor any x 2 
 and any pair M , N of symmetri matries with N � 0. Here, N � 0means that N is nonnegative de�nite, and kNk denotes the largest eigenvalue of N(i.e., the spetral radius or (L2; L2){norm of N).We reall that any M 2 Sn an be uniquely deomposed as M = M+ �M�,where M+ � 0, M� � 0 and M+M� = 0. Using this, it is easy to hek that F isuniformly ellipti if and only ifF (M0 +M;x) � F (M0; x) + C0kM+k � 0kM�kfor any x 2 
, M0 2 Sn and M 2 Sn.In partiular, any uniformly ellipti operator F is a monotone inreasing andLipshitz ontinuous funtion of M 2 Sn. Here we onsider the usual order in Sn,i.e., M1 �M2 if M2 �M1 � 0.Suppose now that F is of lass C1. We extend F to the spae of all real n� nmatries, for instane by F (A; x) = F ((A+At)=2; x). Then F is a funtion of n�n



REGULARITY AND QUALITATIVE PROPERTIES 19real variables aij , and of x 2 
. We onsider the �rst derivative of F with respetto aij and we denote it by Fij , i.e.,Fij(A; x) = �F�aij (A; x):It is lear that if M and N are symmetri then DF (M;x) �N = Fij(M;x)Nij doesnot depend on the previous extension of F (sine this is a diretional derivative ofF in a diretion given by a symmetri matrix).It is easy to verify that if F is uniformly ellipti, with elliptiity onstants 0 andC0, then 0j�j2 � Fij(M;x)�i�j � C0j�j2 8(M;x; �) 2 Sn �
� Rn :(7.1)On the other hand, if (7.1) is satis�ed then F is uniformly ellipti (as in De�ni-tion 7.1) with elliptiity onstants 0 and nC0.For a uniformly ellipti funtional F (not neessarily of lass C1), we say thatF is onave (respetively, onvex) if F is a onave (resp., onvex) funtion ofM 2 Sn, i.e., F ((M1 +M2)=2; x) � fF (M1; x) + F (M2; x)g=2 (resp., �) for anyM1, M2 2 Sn and any x 2 
.The following are important examples of fully nonlinear ellipti equations.1: Pui's equations. For any �xed onstants 0 < 0 � C0 and for M 2 Sn, wede�ne M�(M) =M�(M ; 0; C0) = 0 Xei>0 ei + C0 Xei<0 eiand M+(M) =M+(M ; 0; C0) = C0 Xei>0 ei + 0 Xei<0 ei;where ei = ei(M) are the eigenvalues of M . Now let A = (aij) be a symmetrimatrix with all its eigenvalues in [0; C0℄, i.e., suh that 0j�j2 � aij�i�j � C0j�j2for any � 2 Rn . We say in this ase that A 2 A0;C0 . Consider the linear funtionalLA on Sn de�ned byLAM = aijMij = tr(AM) for M 2 Sn;where tr denotes the trae. Alternatively, we may onsider LA ating on funtions:LAu = LA(D2u) = aij�iju:Using thatM = ODOt, where O is an orthogonal matrix and D is diagonal withdiagonal elements equal to the eigenvalues ei of M , it is easy to verify thatM�(M) = infA2A0;C0 LAMand M+(M) = supA2A0;C0 LAM:Using these expressions, we easily dedue that M� and M+ are uniformly el-lipti operators with elliptiity onstants 0 and nC0. Moreover, M� is onave(sine it is the in�mum of linear funtionals) and M+ is onvex; see Lemma 2.10of [12℄. These expressions also show that M� and M+ are extremal with respetto all linear operators with �xed elliptiity onstants 0 and C0. They are alledPui's extremal operators.



20 XAVIER CABR�EThe orresponding fully nonlinear equations areM�(D2u) = f(x) and M+(D2u) = f(x):2: Bellman equations. These are the equations for the optimal ost in a stohastiontrol problem. They are of the formF (D2u; x) := inf�2AfL�u(x)� f�(x)g = 0;where A is any set, f� is a real funtion in 
, and L�u = a�ij(x)�iju is, for eah� 2 A, a uniformly ellipti operator with bounded measurable oeÆients and withgiven elliptiity onstants 0 and C0. It is easy to hek that the Bellman operatoris uniformly ellipti and onave.Note that if all a�ij and f� are onstant funtions then the orresponding Bellmanequation is of the form F (D2u) = 0.3: Isaas equations. These equations arise in the theory of stohasti di�erentialgames. They are of the formF (D2u; x) := sup�2B inf�2AfL��u(x)� f��(x)g = 0;where L�� is an arbitrary family of ellipti operators (with �xed elliptiity on-stants) as in the previous example. Isaas equations are still uniformly ellipti, butno longer onave nor onvex.4: The Monge-Amp�ere equation. This equation isdetD2u = f(x):(7.2)The funtional in onsideration is F (M) = detM . Hene Fij(M) is the ofator ofthe i; j{entryMij of M . Thus Fij = (detM)M ij (by Cramer's rule) whereM ij arethe entries of the inverse ofM (in ase it exists). It follows that (7.2) is ellipti onlyfor positive de�nite matries M ; equivalently, (7.2) is ellipti on the set of stritlyonvex funtions u. Note that, for a stritly onvex solution u of (7.2) to exist, wemust have f positive.In this ase, we write (7.2) in the formG(D2u) := log detD2u = log f(x):We have that Gij(M) =M ij . HeneXr GirMrs = Æisand Xr Gir;klMrs +Gik Æsl = 0;where Gir;kl denote the seond partial derivatives of G. We dedue thatGij;kl +M ikM jl =Xr;s Gir;klMrsMsj +Xs Gik ÆslMsj = 0;and thus Gij;kl = �M ikM jl. We obtainGij;kl(M)NijNkl � 0 8M;N 2 Sn;and hene that G(M) = log detM is a onave operator in the one of positivede�nite matries.



REGULARITY AND QUALITATIVE PROPERTIES 21Even that the Monge-Amp�ere equation is not uniformly ellipti in all Sn, manyof the methods for onave uniformly ellipti operators may be adapted to equa-tion (7.2) when f > 0.5: The equation of presribed Gauss urvature. Given a funtion K(x) > 0 in 
, welook for a funtion u 2 C2(
) suh that K(x) is the Gauss urvature of the graphof u at the point (x; u(x)). We reall that the Gauss urvature is the produt of allthe prinipal urvatures. It follows that u satis�esF (D2u;Du; x) := detD2u�K(x)(1 + jDuj2)(n+2)=2 = 0:This is an ellipti operator on the set of stritly onvex funtions u. Here, F dependsalso on Du.To simplify our exposition we limit ourselves to the ase F = F (D2u; x), butthe results presented below an be easily generalized to the ase F (D2u;Du; x)(see [17℄). For more details and referenes on these equations, see [17, 12℄.8. C1;� estimate for lassial solutions of F (D2u) = 0For a solution of a seond order ellipti equation one expets, in general, toontrol the seond derivatives of the solution by the osillation of the solutionitself. More preisely, the following C2;� and W 2;p interior \a priori" estimateshold. Let u be a solution of a linear uniformly ellipti equation of the formaij(x)�iju = f(x) in B1 � Rn :Then we have:(a) Shauder's estimates: if aij and f belong to C�(B1), for some 0 < � < 1, thenu 2 C2;�(B1=2) and kukC2;�(B1=2) � C(kukL1(B1) + kfkC�(B1)), where C de-pends on the elliptiity onstants and the C�(B1)-norm of aij ; see Chapter 6of [17℄.(b) Calder�on-Zygmund estimates: if aij 2 C(B1) and f 2 Lp(B1), for some 1 <p <1, then u 2 W 2;p(B1=2) and kukW 2;p(B1=2) � C(kukL1(B1)+ kfkLp(B1)),where C depends on the elliptiity onstants and the modulus of ontinuityof the oeÆients aij ; see Chapter 9 of [17℄.These statements should be understood as regularity results for appropriate lin-ear small perturbations of the Laplaian. Indeed, these estimates are proven byregarding the equation aij(x)�iju = f(x) asaij(x0)�iju = [aij(x0)� aij(x)℄ �iju+ f(x):One then applies to this equation the orresponding estimates for the onstantoeÆients operator aij(x0)�ij (that one an think of as the Laplaian), observingthat the fator aij(x0) � aij(x) is small (loally around x0) in some appropriatenorm, due to the regularity assumptions made on aij . Thus, the key point is toprove C2;� and W 2;p estimates for Poisson's equation �u = f(x).The goal is to extend these regularity theories to fully nonlinear ellipti equa-tions F (D2u; x) = f(x). As we will explain in more detail below, this an beaomplished for any uniformly ellipti operator F (M;x) whih is onave (or on-vex) in M .The previous disussion shows that one should start onsidering the ase ofequations with onstant \oeÆients" F (D2u) = f(x) (here, we think of F (D2u)



22 XAVIER CABR�Eas being equal to F (D2u(x); x0) for a �xed x0). In fat, the key ideas alreadyappear by onsidering the simpler equationF (D2u) = 0:In this setion we prove C1;� estimates (for some 0 < � < 1) for any uniformlyellipti equation of the form F (D2u) = 0; here no onavity or onvexity assumptionon F is needed. The tool that we use is the Krylov-Safonov Harnak inequality andits orollary on H�older ontinuity of solutions of ellipti equations in nondivergeneform with measurable oeÆients (see Setion 4).Indeed, suppose that u 2 C3(B1) satis�es F (D2u) = 0, with F 2 C1. Di�eren-tiate this equation with respet to a diretion xk . Writing uk = �ku, we haveFij(D2u(x)) �ijuk = 0 in B1:This an be regarded as a linear equation Luk = 0 for the funtion uk, whereL = aij(x)�ij and aij(x) = Fij(D2u(x)). By (7.1), we know that L is uniformlyellipti. Note that a regularity hypothesis on the oeÆients aij(x) would meanto make a regularity assumption on the seond derivatives of u | that we needto avoid. The key point is that the Krylov-Safonov theory makes no assumptionon the regularity of aij . Hene, from Corollary 4.2 (ii) applied to the equationLuk = 0, we obtain kukkC�(B1=2) � CkukkL1(B1), where 0 < � < 1 and C dependonly on n, 0 and C0. Thus, we have the C1;� estimate for ukukC1;�(B1=2) � CkukC1(B1):(8.1)This \a priori" estimate may be improved in the following way.Theorem 8.1. Let F be uniformly ellipti (see De�nition 7:1) and assume thatF 2 C1. Let u 2 C2(B1) be a solution of F (D2u) = 0 in B1. Then there existonstants 0 < � < 1 and C, depending only on n, 0 and C0, suh thatkukC1;�(B1=2) � CfkukL1(B1) + jF (0)jg:This result may be obtained from a version of (8.1) involving more re�ned (infat, weighted) H�older norms and from an interpolation inequality (see [17℄).Here we present a simple proof of Theorem 8.1 found in [10℄. It uses the tehniqueof inrements and, of ourse, the Krylov-Safonov theory. It may be adapted tovisosity solutions and also to the ase when F is not C1 (see [10, 12℄). Notethat it is interesting to over nondi�erentiable funtionals F , in order to inludePui's, Bellman's and Isaas' equations (note that these operators, presented inthe previous setion, are not di�erentiable in general).Proof of Theorem 8.1. Clearly we have�F (0) = F (D2u(x))� F (0)= [F (tD2u(x))℄1t=0 = �Z 10 Fij(tD2u(x)) dt� �iju(x)=: aij(x) �iju(x):Note that aij are uniformly ellipti. The Krylov-Safonov theory, Corollary 4.2 (ii),yields kukC�(B1=2) � CfkukL1(B1) + jF (0)jg =: CK;(8.2)



REGULARITY AND QUALITATIVE PROPERTIES 23where 0 < � < 1 and C (as well as all other onstants C in the proof) depend onlyon n, 0 and C0. The onstant � will be the same throughout all the proof. Tosimplify notation, we have denoted kukL1(B1) + jF (0)j by K.We �x a diretion e 2 Rn , jej = 1, and onsider the funtion uh(x) = u(x+ he)for h > 0 small enough. We have that both u and uh satisfy the same nonlinearequation F (D2u) = 0 = F (D2uh), and hene the di�erene uh�u satis�es a linearequation. Indeed,0 = [F ((1� t)D2u(x) + tD2uh(x))℄1t=0= �Z 10 Fij((1� t)D2u(x) + tD2uh(x)) dt� �ij(uh � u)(x)=: ~aij(x)�ij (uh � u)(x):Hene, ~aij(x)�ij [(uh � u)=h�℄ = 0. Using Corollary 4.2 (ii) again (now resaled,and after a overing argument to apply it in B1=4 � B1=3) we deduekh��(uh � u)kC�(B1=4) � Ckh��(uh � u)kL1(B1=3)� CkukC�(B1=2)� CKfor h small enough, by (8.2). This C�(B1=4) estimate for h��(uh � u) (uniform inh) implies kukC2�(B1=5) � CKwith the aid of an easy lemma of real analysis | Lemma 3.1 of [10℄ or Lemma 5.6of [12℄.The same argument applied now to h�2�(uh�u) (whih also solves ~aij(x)�ij [(uh�u)=h2�℄ = 0) giveskh�2�(uh � u)kC�(B1=7) � Ckh�2�(uh � u)kL1(B1=6)� CkukC2�(B1=5) � CKuniformly in h. We dedue a C3� estimate for u.Iterating this proedure a �nite number of times (whih depends only on n, 0and C0), we arrive at kukC1(BÆ) � CK for some Æ = Æ(n; 0; C0) > 0. Applying thesame argument to h�1(uh � u), we obtain a C1;�(BÆ=2) estimate for u in terms ofK. This inequality, applied in a family of balls (of suÆiently small radius) thatover B1=2, leads to the desired C1;�(B1=2) estimate. �Remark 8.2. A perturbation method due to Ca�arelli [11℄ (see also Chapter 8 of[12℄) extends the C1;� estimate of Theorem 8.1 to equations F (D2u; x) = f(x) underappropriate dependene of F and f in x (and without any onavity hypothesis onF (�; x)).Remark 8.3. When the operator F is onave or onvex, Evans [14℄ and Krylov[20, 21, 22℄ have shown in 1982 that lassial solutions of F (D2u) = 0 satisfy theC2;� estimate kukC2;�(B1=2) � C fkukL1(B1) + jF (0)jg;where 0 < � < 1 and C depend only on n, 0 and C0 (see [12℄). Reall thatPui's equations are onave (or onvex), Bellman's equations are onave, andthe Monge-Amp�ere operator is log-onave.



24 XAVIER CABR�EThe proof of this C2;� estimate is based on a deliate appliation of the Krylov-Safonov weak Harnak inequality to C � ukk, where ukk denote the pure seondderivatives of u. Note that, di�erentiating F (D2u) = 0 twie with respet to xk,we have 0 = Fij(D2u(x))�ijukk + Fij;rs(D2u(x))(�ijuk)(�rsuk)� Fij(D2u(x))�ijukk(by the onavity of F ) and hene ukk are subsolutions of a linear equation.In 1989, Ca�arelli [11℄ generalized the Calder�on-Zygmund and Shauder theoriesto the ontext of fully nonlinear equations F (D2u; x) = f(x). Under the assumptionof onavity of F and appropriate hypothesis on the dependene of F in x (seeChapters 7 and 8 of [12℄), he proved the following. If f 2 Lp with n < p <1, thenu 2 W 2;p in the interior and there is a W 2;p estimate. If f 2 C�, with 0 < � < 1small enough depending on the elliptiity onstants, then u 2 C2;� in the interior.The proofs also apply to visosity solutions and to nondi�erentiable funtionals.9. Visosity solutions and Jensen's approximate solutionsIn 1983 Crandall and Lions [13℄ developed a theory of weak solutions (so alledvisosity solutions) for nonlinear partial di�erential equations. They are very usefulwhen proving existene of solutions. For fully nonlinear equations, these weaksolutions take the plae that energy (or H1) solutions have in the divergene formtheory.De�nition 9.1. Let u be a ontinuous funtion in 
. We say that u is a visositysubsolution of F (D2u; x) = f(x) in 
 (or that u satis�es F (D2u; x) � f(x) in thevisosity sense in 
) if the following ondition holds: whenever x0 2 
, � 2 C2(
)and u� � has a loal maximum at x0, thenF (D2�(x0); x0) � f(x0):The de�nition of visosity supersolution is analogous, replaing \loal maximum"by \loal minimum" and the inequality � by �. We say that u is a visosity solutionwhen it is both a visosity subsolution and supersolution.It is useful to think of this de�nition in the following way.Proposition 9.2. The following are equivalent:(a) u is a visosity subsolution of F (D2u; x) = f(x) in 
.(b) Whenever x0 2 
, A is an open neighborhood of x0, � 2 C2(A) and� u � � in Au(x0) = �(x0);(9.1) then F (D2�(x0); x0) � f(x0).() Same property as (b), with \� 2 C2(A)" replaed by \� is a paraboloid" (i.e.,a polynomial of at most degree 2).Proof. The proofs (a) =) (b) and (b) =) () are trivial. To prove () =) (a),let � 2 C2(
) be suh that u� � has a loal maximum at x0 2 
. For any � > 0,we onsider the paraboloidP�(x) = u(x0) +D�(x0) � (x� x0) + 12(x� x0)tD2�(x0)(x� x0) + �2 jx� x0j2:



REGULARITY AND QUALITATIVE PROPERTIES 25Then u(x0) = P�(x0) and u � P� in an open neighborhood of x0. Sine we assume(), we have F (D2�(x0) + �I; x0) � f(x0), where I denotes the identity matrix.Letting � ! 0, we onlude F (D2�(x0); x0) � f(x0) sine F (M;x) is a Lipshitzfuntion of M (see the remarks after De�nition 7.1).We say that � touhes u from above at x0 whenever there exists an open neigh-borhood A of x0 suh that (9.1) holds.The idea in the de�nition of visosity solution is to take the maximum prinipleitself as de�nition of solution. That is, the de�nition of visosity solution requiresthe maximum priniple to hold whenever u 2 C(
) is \tested" against C2(
)subsolutions and supersolutions.Reall that a lassial solution u of F (D2u; x) = f(x) in 
 is a C2(
) funtionu that satis�es this equation pointwise. The following result states that for C2(
)funtions the lassial and the visosity notions of solution oinide. Its simpleproof is similar to the previous one.Proposition 9.3. Assume that u 2 C2(
). Then u is a visosity subsolution(resp., solution) of F (D2u; x) = f(x) in 
 if and only if F (D2u(x); x) � f(x)(resp., F (D2u(x); x) = f(x)) for any x 2 
.The next two results are very useful when trying to prove existene or estimatesfor visosity solutions. They show the \exibility" of this weak notion of solution.Their proofs are simple (see [12℄).Proposition 9.4. If u and v are visosity subsolutions of F (D2u; x) = f(x) in
 then sup(u; v) is also a visosity subsolution of this equation in 
. The samestatement holds for supersolutions, now with respet to inf(u; v).Proposition 9.5. Let fFkgk�1 be a sequene of uniformly ellipti operators withelliptiity onstants 0 and C0. Let fukgk�1 � C(
) satisfy Fk(D2uk; x) � fk(x)in the visosity sense in 
. Assume that Fk onverges uniformly in ompat setsof Sn �
 to F , and that uk and fk onverge uniformly to u and f , respetively, inompat sets of 
. Then F (D2u; x) � f(x) in the visosity sense in 
.Next, we present a very important tool in the theory of visosity solutions:Jensen's approximate solutions. They onstitute an essential tehnique to proveexistene and uniqueness results for the Dirihlet problem� F (D2u) = 0 in 
u = ' on �
;and also to extend the estimates of the previous setion to visosity solutions.Let u be a ontinuous funtion in 
 and let H be an open set suh that H � 
.For � > 0, we de�ne the upper �-envelope of u (with respet to H) byu�(x0) = supx2H fu(x) + �� 1� jx� x0j2g for x0 2 H:Explained in a geometri way, the graph of u� is the envelope of the graphs of thefamily fP �xgx2H of onave paraboloids with vertex (x; u(x)+ �) and Hessian equalto �(2=�)I .It turns out that u� is a good regularization of u when dealing with fully nonlinearequations. In fat, we have:Theorem 9.6. (Jensen)



26 XAVIER CABR�E(a) u� 2 C(H) and u� # u uniformly in H as �! 0.(b) Let � > 0 be �xed. Then, for almost every x0 2 H there exists a paraboloid P(i.e., a polynomial of at most degree 2) suh that u�(x) = P (x) + o(jx� x0j2)as x ! x0 (i.e., jx � x0j�2ju�(x) � P (x)j ! 0 as x ! x0). In this ase, wede�ne D2u�(x0) = D2P .() Suppose that u is a visosity subsolution of F (D2u) = 0 in 
 and that H1 isan open set suh that H1 � H. Then, for � suÆiently small, u� is also avisosity subsolution of F (D2v) = 0 in H1. In partiular, F (D2u�(x)) � 0for a.e. x 2 H1.Using onvex paraboloids, we an de�ne in a similar way the lower �-envelope u�of u. We have that u� " u uniformly in H , and that F (D2u�(x)) � 0 a.e. in H1 ifF (D2u) � 0 in the visosity sense in 
.To prove Theorem 9.6, we will use the following properties of u�.Lemma 9.7. Let x0; x1 2 H. Then(i) 9x�0 2 H suh that u�(x0) = u(x�0) + �� jx�0 � x0j2=�.(ii) u�(x0) � u(x0) + �.(iii) ju�(x0)� u�(x1)j � (3=�) diam(H) jx0 � x1j.(iv) 0 < � < �0 =) u�(x0) � u�0(x0).(v) jx�0 � x0j2 � � osHu.(vi) 0 < u�(x0)� u(x0) � u(x�0)� u(x0) + �.Proof. (i), (ii), (iv) and (vi) are lear. To show (iii), let x 2 H and note thatu�(x0) � u(x) + �� 1� jx� x0j2� u(x) + �� 1� jx� x1j2 � 1� jx1 � x0j2 � 2� jx� x1jjx1 � x0j� u(x) + �� 1� jx� x1j2 � 3� diam(H) jx1 � x0j:Taking the supremum over x 2 H , we onlude (iii).To prove (v), note that we have1� jx�0 � x0j2 = u(x�0) + �� u�(x0) � u(x�0)� u(x0);by (i) and (ii).To prove Theorem 9.6 we will also need the following result about onvex fun-tions. Roughly speaking, it states that any onvex funtion has seond derivativesat almost every point. Reall that, by de�nition, a ontinuous funtion v is onvexin a ball B whenever v((x + y)=2) � (v(x) + v(y))=2 for any x; y 2 B.Theorem 9.8. (Alexandro�, Buselman, Feller) Let v be a onvex funtion in aball B. Then, for almost every x0 2 B there exists a paraboloid P suh thatv(x) = P (x) + o(jx� x0j2) as x! x0;(9.2)i.e., jx� x0j�2jv(x) � P (x)j ! 0 as x! x0.For the proof of this result, see Theorem 1 in Setion 6.4 of [15℄. Now we use itto give the:



REGULARITY AND QUALITATIVE PROPERTIES 27Proof of Theorem 9.6. The assertions in (a) follow easily from Lemma 9.7. Toshow (b), for any �xed x0 2 H we haveP0(x) := u(x�0) + �� 1� jx� x�0j2 � u�(x) 8x 2 H(by the de�nition of u�) and P0(x0) = u�(x0) (by (i) in Lemma 9.7). That is, theparaboloid P0 touhes u� from below at x0 in all H . In partiular�2hu�(x0) � �2hP0(x0) = �2� ;for any x0 2 H , h > 0 and e 2 Rn (jej = 1) suh that x0 + he 2 H and x0 � he 2H . Here �2hu�(x0) = h�2fu�(x0 + he) + u�(x0 � he) � 2u�(x0)g denotes a seondinremental quotient of u� at x0.Thus, the funtion v�(x) = u�(x) + jxj2=� satis�es �2hv�(x0) � 0 for any suh x,h and e. This implies that v� is a onvex funtion in any ball ontained in H . ByTheorem 9.8, we dedue that v� has seond order derivatives a.e. in H (in the senseof Theorem 9.8). In partiular, the same is true for u�, sine u�(x) = v�(x)�jxj2=�.Finally, note that at a point x0 where (9.2) holds, the paraboloid P is uniquelydetermined by (9.2). Hene D2u�(x0) = D2P is a onsistent de�nition.To prove (), let x0 2 H1 and let P be a paraboloid that touhes u� from aboveat x0 (we are using riterion () of Proposition 9.2 to hek that F (D2u�) � 0 inthe visosity sense). By property (v) of Lemma 9.7 and sine x0 2 H1, we havethat x�0 2 H for � suÆiently small.Take any x 2 H suÆiently lose to x�0, so that x + x0 � x�0 2 H . Then, byde�nition of u�, we haveu(x) � u�(x+ x0 � x�0) + 1� jx0 � x�0j2 � �:Therefore, again for x lose enough to x�0,u(x) � P (x+ x0 � x�0) + 1� jx0 � x�0j2 � � =: Q(x)and u(x�0) = Q(x�0) (sine P (x0) = u�(x0)). Hene, the paraboloid Q touhes ufrom above at x�0. Sine F (D2u) � 0 in the visosity sense in 
, we get0 � F (D2Q) = F (D2P ):We have proved that u� is a visosity subsolution of F (D2v) = 0 in H1. Finally,by (b) we know that for a.e. x0 2 H there exists a paraboloid P suh thatu�(x) = P (x) + o(jx� x0j2) as x! x0:Moreover, we have de�ned D2u�(x0) = D2P . Fix suh a point x0 and some Æ > 0.Then P (x) + Æjx � x0j2=2 touhes u� from above at x0. Hene F (D2P + ÆI) � 0,sine u� is a visosity subsolution. Letting Æ ! 0, we onlude F (D2u�(x0)) =F (D2P ) � 0. �The proof of the C1;� estimate (Theorem 8.1) relied on the fat that both u anduh = u(� + he) were lassial solutions of F (D2w) = 0 and, hene, the di�ereneu� uh solved a linear uniformly ellipti equation.To extend this estimate to visosity solutions (and thus to prove the C1;� reg-ularity of visosity solutions of F (D2u) = 0), note that we have F (D2uh) = 0 inthe visosity sense. The key point is to prove that the di�erene u� uh solves (in



28 XAVIER CABR�Ea generalized or visosity sense) a linear equation. More preisely, one an prove(see Theorem 5.3 of [12℄) the following.Theorem 9.9. Let u be a visosity subsolution of F (D2w) = 0 in 
 and v be avisosity supersolution of F (D2w) = 0 in 
. Then u � v satis�es M+(D2(u �v); 0=n;C0) � 0 in the visosity sense in 
, where M+ denotes the extremal Puioperator (see Setion 7).To prove this theorem, one uses the Alexandro�-Bakelman-Pui method (seeTheorem 2.1) applied to u� � v�, where u� and v� denote, respetively, the upperand lower �-envelopes of u and v. By property () in Theorem 9.6, F (D2u�) � 0and F (D2v�) � 0 pointwise almost everywhere. This is the key point to obtain thatM+(D2(u� � v�)) � 0 in the visosity sense. Then, letting � ! 0 and using thestability of visosity subsolutions (Proposition 9.5), we obtainM+(D2(u� v)) � 0in the visosity sense (see the proof of Theorem 5.3 in [12℄).Note also that Theorem 9.9 is trivial when at least one of the funtions u and vis C2; in this ase the theorem follows from the de�nition of visosity solutions.The onlusion of Theorem 9.9 states that M+(D2(u� v)) � 0 in the visositysense. In this ase we say that u � v 2 S and we all S the lass of visositysubsolutions (see Chapter 2 of [12℄). The idea is that we have replaed any partiularlinear equation with given elliptiity onstants by ertain extremal inequalities givenby Pui's operators orresponding to these elliptiity onstants.Our previous proof of Theorem 8.1, together with Theorem 9.9, shows the fol-lowing. To onlude C1;� estimates for visosity solutions it remains to extendthe Krylov-Safonov theory to funtions in the lass S. This is explained in Chap-ters 3 and 4 of [12℄. In this way one �nally proves that any visosity solution ofF (D2u) = 0 is C1;� in the interior, where 0 < � < 1 depends only on n, 0 and C0(see Corollary 5.7 of [12℄).Moreover, if F is onave (or onvex), then any visosity solution u is C2;� (seeTheorem 6.6 of [12℄).Theorem 9.9 has another important onsequene, �rst proven by Jensen [19℄. Itgives the uniqueness of visosity solution in C(
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