
NONDIVERGENT ELLIPTIC EQUATIONS

ON MANIFOLDS WITH

NONNEGATIVE CURVATURE

Xavier CabréAbstrat. We consider a class of second order linear elliptic operators intrinsically

defined on Riemannian manifolds, and which correspond to nondivergent operators in
Euclidean space. Under the assumption that the sectional curvature is nonnegative,
we prove a global Krylov-Safonov Harnack inequality and, as a consequence, a Liou-
ville theorem for solutions of such equations. From the Harnack inequality, we obtain
Alexandroff-Bakelman-Pucci estimates and maximum principles for subsolutions.

1. Introduction

In this paper we study Harnack inequalities and Alexandroff-Bakelman-Pucci (or
ABP) estimates for solutions of second order elliptic equations on Riemannian man-
ifolds. Harnack inequalities are well understood for the Laplace-Beltrami operator
and for divergence form operators on manifolds with Ricci curvature bounded from
below; see [Y], [CY], [Sa]. These are extensions of the Euclidean De Giorgi-Nash-
Moser Harnack inequality; see [GT] for the Euclidean version. Here we introduce a
new class of second order linear elliptic operators which are intrinsically defined on
Riemannian manifolds, and which generalize nondivergence form operators in Eu-
clidean space. Most of this article is dedicated to prove a global Harnack inequality
for these operators on manifolds with nonnegative sectional curvature. Our Har-
nack inequality is an extension of the Euclidean Krylov-Safonov Harnack inequality
[KS1], [KS2]. As a consequence of the Harnack inequality, we obtain a Liouville
theorem. We finally use a method introduced in [Cab] which allows to deduce an
Alexandroff-Bakelman-Pucci estimate from the Harnack inequality; see [GT] for
the Alexandroff-Bakelman-Pucci estimate (or ABP estimate) in Euclidean space.
To our knowledge, no analogous version of the Euclidean ABP estimate was avail-
able on manifolds, even for the Laplace-Beltrami operator; this fact motivated the
present work.

We first recall the ABP estimate and the Harnack inequality in R
n for nondiver-

gent uniformly elliptic operators

L0 u = aij(x)∂iju+ bj(x)∂ju.

Let Ω ⊂ R
n be a bounded domain, and u be a smooth function in Ω satisfying

L0 u ≥ f in Ω and u ≤ 0 on ∂Ω, where f ∈ Ln(Ω). The classical Alexandroff-
Bakelman-Pucci estimate, which we call ABP estimate, asserts that

sup
Ω
u ≤ C diam(Ω) ‖f‖Ln(Ω).
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Here diam(Ω) denotes the diameter of Ω, and C depends only on n and the ellipticity
and L∞-norms of the coefficients of L0; see chapter 9 in [GT].

The ABP estimate and the Calderón-Zygmund technique are the main tools used
in the proof of the Krylov-Safonov Harnack inequality [KS1], [KS2]. It states that
if u is nonnegative and satisfies L0 u = f in a ball B2R ⊂ R

n then

sup
BR

u ≤ C

{
inf
BR

u+R ‖f‖Ln(B2R)

}
,

where BR is the ball of radius R concentric with B2R, and C depends only on n
and the ellipticity and L∞-norms of the coefficients of L0; see [GT], [CC].

A second important application of the ABP estimate is to obtain maximum
principles for operators of the form L0 + c(x), where c may change sign, in so called
narrow domains; see [BNV] and Corollary 2.5 below. These maximum principles
have been obtained in Riemannian manifolds by Padilla [P1], and applied in [P2]
to the study of symmetry properties of solutions of semilinear elliptic equations on
manifolds.

In this article, we consider operators of the form

Lu = tr(D2u ◦Ax) = tr{ξ → DAxξ∇u} (1.1)

on a complete Riemannian manifold M of dimension n. Here A is a section of
the positive definite symmetric endomorphisms of the tangent bundle of M ; tr
denotes the trace, ◦ denotes composition of endomorphisms, D is the Levi-Civita
connection, D2u is the Hessian of u, and ∇u is the gradient of u. Let us write L in
local coordinates (even that we will not use them; our analysis will be “intrinsic”):

Lu = aik

{
∂i(g

kj∂ju) + Γ i
ksg

sj∂ju
}

= aikg
kj∂iju+ aik(∂ig

kj + Γ i
ksg

sj)∂ju, (1.2)

where (gkj) is the inverse of the metric tensor, and Γ i
ks are the Christoffel symbols.

We believe that these operators are a natural generalization of nondivergent elliptic
operators in R

n.
In contrast, divergent operators in manifolds are of the form

Lu = div(Ax∇u) = tr{ξ → Dξ(Ax∇u)},

where div denotes the divergence. In local coordinates,

Lu =
1√
g
∂i(

√
g aikg

kj∂ju),

where g is the determinant of the metric tensor (gkj). Both L and L are the
Laplace-Beltrami operator ∆ on M if A is the identity. As we have pointed out,
the Euclidean Moser’s technique has been adapted to obtain De Giorgi-Nash-Moser
type Harnack inequalities for divergent operators L on manifolds with Ricci curva-
ture bounded from below by a constant (possibly negative); see [Sa].

The main result of this paper is an analogous of the Krylov-Safonov Harnack
inequality for the uniformly elliptic nondivergent operator L defined by (1.1) on
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Riemannian manifolds with nonnegative sectional curvature. We prove that, for
any geodesic ball B2R and any nonnegative smooth function u in B2R,

sup
BR

u ≤ C

{
inf
BR

u+
R2

|B2R|1/n
‖Lu‖Ln(B2R)

}
, (1.3)

where BR is the geodesic ball of radius R concentric with B2R, |B2R| is the volume
of B2R, and Ln denotes the Ln-space with respect to the Riemannian measure. The
constant C depends only on n and the ellipticity of the section A in the definition
(1.1) of L. It is a global Harnack inequality, in the sense that the constant C is
independent of the radius R of the ball, and R is any positive number which is not
restricted by the injectivity radius of M . As a consequence, we obtain a Liouville
theorem for solutions of Lu = 0 in M ; that is, any solution bounded from below of
Lu = 0 in M is constant.

From the Harnack inequality (1.3) we obtain an ABP estimate for L, which we
apply to deduce maximum principles for operators L + c(x) (where c may change
sign), and to give a lower bound on the principal eigenvalue of L. See [Cha1] for
similar lower bounds when L is the Laplace-Beltrami operator.

Our method to prove (1.3) can also be employed under the assumption that the
sectional curvatures are bounded from below by a negative constant. In this case
the Harnack inequality is not global. Here we consider the case of nonnegative
curvature for simplicity reasons. We point out that the topological structure of
the manifolds which we consider here (i.e., manifolds with a complete Riemannian
metric of nonnegative sectional curvature) may be quite rich; see [CE].

The following is a brief description of the proof of the Harnack inequality (1.3).
The classical ABP estimate in R

n is proved using affine functions, that is, hyper-
planes in R

n ×R. There is no global generalization of these functions to manifolds.
The proof of our key result, Lemma 4.1, proceeds as the one of the classical ABP
estimate, but using paraboloids instead of hyperplanes. Note that a paraboloid can
be generalized to a manifold as the graph of the distance square to a point. We use
the assumption on the sectional curvature to control the Hessian of the distance
square function. Our proof does not give an ABP inequality, but an estimate on
the distribution function of solutions. This estimate is exactly what is needed to
start the usual proof of the Krylov-Safonov Harnack inequality. We then follow
the method of Caffarelli [Caf] to improve our estimate and obtain the Harnack
inequality (1.3). The main tool here is the Calderón-Zygmund technique. We carry
out this technique using a result of Christ [Chr] which generalizes Euclidean dyadic
cubes to metric spaces for which there is a measure satisfying a doubling property.
We recall that, in any Riemannian manifold with nonnegative Ricci curvature, the
volume satisfies a doubling property.

We have learned recently about the paper [L] which studies existence and unique-
ness theorems for fully nonlinear elliptic equations in compact manifolds with non-
negative sectional curvature. The equations considered are nonlinear functions of
the eigenvalues of Id +D2u; it would be interesting to know the connections with
the operators that we consider here.

We finally point out that it is very easy to obtain Harnack inequalities in “small”
(curvature controlled) balls for the operator L, through the use of harmonic coordi-
nates. Under the assumption that the sectional curvature K satisfies |K| ≤ k2 for
some constant k, one can construct harmonic coordinates in geodesic balls BR(z0),
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for radius R small enough depending on n, k and the injectivity radius inj(z0) of z0;
see [J]. The good property of these coordinates is that the first derivatives of the
metric tensor (and, hence, also the Christoffel symbols) are bounded in terms of n,
k and inj(z0). We can therefore use these local coordinates, expression (1.2), and
the Euclidean Krylov-Safonov Harnack inequality, to obtain immediately a Har-
nack inequality in balls BR(z0). Here, the radius R needs to be small depending on
n, k and inj(z0); the constant C in this Harnack inequality depends also on these
quantities.

2. Results

Let (M, g) be a smooth, complete, connected Riemannian manifold with non-
negative sectional curvature and of dimension n. That is, we assume K ≥ 0 where
K denotes the sectional curvature. By smooth we mean of C∞ class.

For any x ∈ M , let Ax be a positive definite symmetric endomorphism of Mx,
where Mx denotes the tangent space to M at x. We assume that

c0|ξ|2 ≤ g(Axξ, ξ) ≤ C0|ξ|2 ∀x ∈M ∀ξ ∈Mx, (2.1)

for some positive constants c0 and C0. Here |ξ|2 = g(ξ, ξ). We suppose that A is a
measurable section, i.e., Ax is measurable in x. No further regularity is needed.

We consider the second order linear uniformly elliptic operator L defined by

Lu = tr(D2u ◦Ax), (2.2)

where ◦ denotes composition of endomorphisms, tr is the trace, and D2u denotes
the Hessian of the function u. We recall that the Hessian of u at x ∈ M is the
endomorphism of Mx defined by

D2u · ξ = Dξ∇u,
where D denotes the Levi-Civita connection in M and ∇u(x) ∈Mx is the gradient
of u at x. It is easy to check that the Hessian is a symmetric endomorphism. L will
always act on smooth functions. Clearly Lu = ∆u, the Laplace-Beltrami operator
on M , if Ax = Id for any x.

The volume of a subset A of M is denoted by |A|. The Ln-space with respect to
the Riemannian volume will be denoted by Ln. Finally, BR(x) denotes the open
geodesic ball in M of center x and radius R. If BR = BR(x), we denote BσR(x) by
BσR.

The following is our main result, a Harnack inequality for nonnegative solutions
of Lu = f in geodesic balls B2R. Most of this paper is dedicated to its proof.
It is a global Harnack inequality, in the sense that the constant appearing in the
inequality is independent of the radius R of the ball. Moreover, the radius R is any
positive number; it is not restricted by the injectivity radius of M .

Theorem 2.1. Let u be a smooth function in a ball B2R satisfying u ≥ 0 in B2R.

Then

sup
BR

u ≤ C

{
inf
BR

u+
R2

|B2R|1/n
‖Lu‖Ln(B2R)

}
, (2.3)

where C is a constant depending only on n, c0 and C0.

As an immediate consequence, we obtain the following Liouville property for
solutions of Lu = 0 in M .
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Corollary 2.2. Let u be a smooth, bounded from below, solution of Lu = 0 in M .

Then u is constant.

Our second result is an ABP estimate for subsolutions of Lu = f in a domain Ω
of M . The constant in our estimate is related to the following geometric condition
on Ω (see [BNV], [Cab] for slightly more general conditions in the Euclidean case).

Given a bounded domain (i.e., a bounded, open and connected set) Ω ⊂M , and
constants R > 0 and 0 < θ < 1, we say that condition (G) is satisfied if

|BR(x) \ Ω| ≥ θ|BR(x)| ∀x ∈ Ω. (G)

Theorem 2.3. Let Ω ⊂ M be a bounded domain and assume that (G) holds for

some constants R > 0 and 0 < θ < 1. Let u ∈ C2(Ω) satisfy

Lu ≥ f in Ω and lim sup
x→∂Ω

u(x) ≤ 0.

Then, for some z0 ∈ Ω,

sup
Ω
u ≤ Cθ

R2

|B2R(z0)|1/n
‖f‖Ln(Ω∩B2R(z0)) (2.4)

and, as a consequence,

sup
Ω
u ≤ Cθ R

2 ‖f‖L∞(Ω), (2.5)

where Cθ is a constant depending only on n, c0, C0 and θ.

In the Euclidean case, estimate (2.5) was proved in [BNV], and (2.4) in [Cab].
In R

n, (2.4) becomes supΩ u ≤ Cθ R ‖f‖Ln(Ω). Note that in R
n, (G) is satisfied

for R chosen such that |BR| = 2|Ω| and for θ = 1/2. In particular, in R
n we

have supΩ u ≤ C |Ω|1/n ‖f‖Ln(Ω). This is an improvement on the classical ABP
estimate. However, as pointed out in [P1], supΩ u can not be estimated purely
by |Ω|1/n (neither by diam(Ω)) in the case of manifolds. This is seen with the
following example from [P1]. Consider the Laplace-Beltrami operator ∆ in the two
dimensional sphere S2, and the solution of ∆uε = −1 (with zero Dirichlet boundary
condition) on S2 minus a ball with center the south pole and radius ε. Then ‖uε‖L∞

blows up as ε→ 0, by the classical theorem on removable singularities.
An important application of the ABP estimate is to obtain a lower bound on

the principal eigenvalue λ1 = λ1(L,Ω) of the operator L in a smooth domain Ω.
Here we assume L to have smooth coefficients Ax. The principal eigenvalue can
be defined in a similar way as in Euclidean space (see [BNV]; note that L is not
formally self-adjoint). It satisfies λ1 > 0 and that there is a positive function ϕ1 in
Ω, smooth in Ω, such that

{
Lϕ1 = −λ1ϕ1 in Ω

ϕ1 = 0 on ∂Ω;

note that ∂Ω 6= ∅ if we assume condition (G). Applying (2.5) to ϕ1, we immediately
obtain the following.
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Corollary 2.4. Let Ω ⊂ M be a bounded smooth domain, and let R > 0 and

0 < θ < 1 be constants. Assume that (G) holds, and that the coefficients Ax are

smooth in x. Then

λ1(L,Ω) ≥ µθ R
−2,

where µθ is a positive constant depending only on n, c0, C0 and θ.

The following is a second important consequence of the ABP estimate. It is a
maximum principle for subsolutions of equations Lu+ c(x)u = 0 (here c ∈ L∞(Ω)
may change sign) in “narrow” domains, i.e., domains which satisfy condition (G)
for a sufficiently small radius R (see [BNV], [Cab]). We will see that domains
of small volume |Ω| are “narrow”; see Remark 8.4. This maximum principle was
obtained in [BNV] in the Euclidean case, and in [P1] on manifolds for operators
defined in local coordinates by nondivergent elliptic expressions. It has important
applications to the study of symmetry properties of solutions of semilinear elliptic
equations on manifolds, through the use of the moving-planes method; see [P2].
For these applications, it is important to state such maximum principle in general
domains, i.e., not necessarily smooth.

Corollary 2.5. Let Ω ⊂ M be a bounded domain, and c ∈ L∞(Ω) a bounded

function. Consider the operator in Ω

L̃u = Lu+ c(x)u.

Furthermore, suppose that Ω satisfies condition (G) for θ = 1/2 and some R suffi-

ciently small such that

R2 ‖c+‖L∞(Ω) ≤ ε,

where c+ = max(c, 0) and ε is a positive constant depending only on n, c0 and

C0. Then the maximum principle holds for L̃ in Ω; that is, if u ∈ C2(Ω) satisfies

L̃u ≥ 0 in Ω and lim supx→∂Ω u(x) ≤ 0 then u ≤ 0 in Ω.

The paper is organized as follows. Section 3 contains the results on Riemannian
geometry used in the rest of the paper. Section 4 is the key part of the paper;
we prove an estimate on the distribution function of solutions. This estimate is
improved in section 5 by means of a barrier function. In section 6 the Calderón-
Zygmund technique is used to iterate the previous bound, and obtain power decay
on the distribution function. In section 7 we finish the proof of the Harnack in-
equality; we prove Theorem 2.1 and Corollary 2.2. Section 8 contains a boundary
weak Harnack inequality, which is used to prove the ABP estimate (Theorem 2.3)
and Corollary 2.5.

3. Preliminaries

This section contains the results on Riemannian geometry used in the rest of the
paper. See [Cha2], [CE], [GHL] as references on Riemannian geometry.

The distance in M will be denoted by d(·, ·), the Riemannian measure of M by
dV , and the curvature tensor by R(ξ, η)ζ. Let x ∈ M and let ξ and η belong to
Mx and be linearly independent. The sectional curvature of the plane determined
by ξ and η is

K(ξ, η) =
g(R(ξ, η)ξ, η)

|ξ|2|η|2 − g(ξ, η)2
.
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We will always assume that all sectional curvatures satisfy

K ≥ 0.

This is the only geometrical assumption on M made throughout this work.
Let D denote the Levi-Civita connection in M , and d the exterior differential.

Given a real function u defined in an open set of M , ∇u and D2u denote, respec-
tively, the gradient and the Hessian of u. We recall that the Hessian of u at x ∈M
is the symmetric endomorphism of Mx defined by

D2u · ξ = Dξ∇u,
or its associated symmetric bilinear form on Mx, D2u(X,Y ) = g(DX∇u, Y ) =
X(Y u) − (DXY )u. The Hessian can also be defined by D2u = Ddu, that is,
D2u(ξ, η) = [Dξ(du)]η.

If x is a critical point of u, that is, a point for which ∇u(x) = 0, then the Hessian
D2u(x) is equal to the second differential d2u(x) of u at x. We recall that d2u(x) is
the symmetric bilinear form on Mx defined by d2u(X,Y ) = X(Y u); it depends only
on the differential structure of M , but it is only defined at critical points. Instead,
the Hessian is a Riemannian notion, but it is defined at every point.

Suppose now that γ is a geodesic such that γ ′(0) = ξ ∈ Mx. It is easy to see
that

D2u(ξ, ξ) =
d2

dt2 t=0
u(γ(t)). (3.1)

In particular, D2u is nonnegative definite at a local minimum of u.
The reader can also easily check the following consequence of the chain rule. It is

a formula for the Hessian of a composition. If ϕ is a real function of a real variable
then

D2[ϕ(u)](ξ, ξ) = ϕ′(u)D2u(ξ, ξ) + ϕ′′(u) g(∇u, ξ)2. (3.2)

We denote the exponential map by exp. Given x ∈ M , Cutx ⊂ M denotes the
cut locus of x. Recall that Cutx is closed and has measure zero. For η ∈ Mx

with |η| = 1, let c(η) be the distance to the cut point of x along expx tη, that is,
c(η) = sup{t > 0 : expx sη minimizes distance on [0, t]} ≤ ∞. Let

Ux = {tη : η ∈Mx, |η| = 1, 0 ≤ t < c(η)} ⊂Mx. (3.3)

Then Ux is a star-shaped open neighborhood of 0 ∈ Mx, and Cutx = expx(∂Ux).
Moreover,M = expx(Ux)∪Cutx, this union is disjoint, and expx is a difeomorphism
from Ux onto its image.

For y ∈M , we consider the functions on M

dy = d(·, y) and
1

2
d2

y =
1

2
d(·, y)2,

which are continuous in M , and smooth in M \ (Cuty ∪{y}) and M \Cuty, respec-
tively. For any x 6∈ Cuty and ξ ∈Mx, the Gauss lemma implies that

∇dy(x) = − exp−1
x y

|exp−1
x y|

(if x 6= y)

and
∇(d2

y/2)(x) = −exp−1
x y.

The following lemma is an upper bound for the Hessians of dy and d2
y/2. It is a

standard application of the Rauch comparison principle. We prove it at the end of
this section. This lemma is the only place in this work where a lower bound on the
sectional curvature – and not only one on the Ricci curvature – is needed.
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Lemma 3.1. For any y ∈M , x 6∈ Cuty and ξ ∈Mx, we have

D2dy(x)(ξ, ξ) ≤ 1

d(x, y)
|ξ|2 (if x 6= y)

and

D2(d2
y/2)(x)(ξ, ξ) ≤ |ξ|2.

Let us now recall that, if φ is a smooth map from M to another Riemannian
manifold N , the Jacobian of φ is the absolute value of the determinant of the
differential of φ, that is, Jac φ (x) = |det dφ(x)|. This determinant is computed
when expressing dφ(x) in orthonormal basis of Mx and Nφ(x), and hence it is
defined up to a sign. Its absolute value, Jac φ (x), is therefore well defined. The
following is the area formula on M , which will be used in the proof of our key
lemma in section 4. It follows easily from the area formula in Euclidean space (see
[EG], [F]), using a partition of unity. For any smooth map φ from M to M and
any measurable subset E of M , we have

∫

E

Jac φ(x) dV (x) =

∫

M

card [E ∩ φ−1(y)] dV (y),

where card denotes the counting measure or cardinal.
The following lemma, which is proved at the end of this section, is concerned

with the Jacobian of a certain map. This map will arise in the proof of the key
lemma in next section.

Lemma 3.2. Let v be a smooth function in an open set Ω of M . Consider the

map φ from Ω to M defined by

φ(z) = expz∇v(z).

Let x ∈ Ω and suppose that ∇v(x) ∈ Ux – recall (3.3) for the definition of Ux. Set

y = φ(x). Then

Jac φ (x) = Jac expx (∇v(x)) · |det D2(v + d2
y/2)(x)|.

The following well known results will also be used. The first one follows from
Bishop theorem. Since M has nonnegative sectional curvature, and hence nonneg-
ative Ricci curvature, we have

Jac expx (ξ) ≤ 1 (3.4)

for any x ∈M and ξ ∈ Ux.
We now recall Gromov theorem in a manifold with nonnegative Ricci curvature.

We have that
|BR(x)|
V0(R)

is nonincreasing in R
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for any x ∈ M . Here V0(R) is the volume in R
n of a ball of radius R. In an

equivalent way, we have

r ≤ R ⇒ r

|Br(x)|1/n
≤ R

|BR(x)|1/n
. (3.5)

We therefore have that
|B2R(x)| ≤ 2n|BR(x)|, (3.6)

for any ball BR(x) in M . That is, M satisfies the doubling property with con-
stant 2n.

We finally prove lemmas 3.1 and 3.2.

Proof of Lemma 3.1. Let us set d = d(x, y). Let σ be the minimal geodesic joining
y and x such that σ(0) = y and σ(d) = x. Note that σ′(d) is an eigenvector of both
D2dy(x) and D2(d2

y/2)(x) with eigenvalues 0 and 1, respectively. It suffices then
to prove the lemma for ξ orthogonal to σ′(d). For such ξ, it suffices to prove the
bound for the Hessian of dy ; the one for d2

y/2 follows from it using the chain rule
(3.2).

Let ξ ∈ Mx with g(ξ, σ′(d)) = 0. Let γ(t) be a geodesic such that γ(0) = x
and γ ′(0) = ξ. Consider the family of geodesics (in the parameter s) σ(s, t) =
expy (s/d) exp−1

y γ(t), so that σ(s, 0) = σ(s). Note that (3.1) says thatD2dy(x)(ξ, ξ)
is the second variation (in t) of the lengths of the geodesics (in s) σ(s, t) for s ∈ [0, d ].
Note that J(s) = ∂

∂t t=0
σ(s, t) is the Jacobi field along the geodesic σ(s) with

J(0) = 0 and J(d) = ξ; moreover DJ(d)J = Dγ ′(0)γ
′ = 0. Using the formula for

the second variation of length, we conclude

D2dy(x)(ξ, ξ) = I(J, J) =

∫ d

0

{
|DsJ |2 − g(R(σ′, J)σ′, J)

}
ds

= g(DsJ(d), J(d)),

where we have denoted by

I(X,Y ) =

∫ d

0

{g(DsX,DsY ) − g(R(σ′, X)σ′, Y )} ds

the index form associated to σ in [0, d ].
Since σ has no conjugate points on [0, d ], the index form is positive definite

on the space of vector fields orthogonal to σ′ and which vanish at σ(0) and σ(d).
Hence, 0 ≤ I(X − J,X − J) = I(X,X)− 2I(X, J) + I(J, J) for any vector field X
on σ([0, d ]) orthogonal to σ′ and such that X(0) = 0 and X(d) = ξ. Integrating
by parts and using that J is a Jacobi field, we get I(X, J) = I(J, J) and hence
I(J, J) ≤ I(X,X).

Take X(s) = (s/d)ξ(s), where ξ(s) is the parallel transport of ξ along σ. Using
K ≥ 0, we conclude

D2dy(x)(ξ, ξ) = I(J, J) ≤ I(X,X) ≤
∫ d

0

|DsX |2ds = |ξ|2/d. �

Proof of Lemma 3.2. We can assume that ∇v is not identically zero in a neigh-
borhood of x. We can also assume that ∇v(x) 6= 0; otherwise we approximate
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x by points where the gradient does not vanish, and pass to the limit in the for-
mula for the Jacobian. Note that ∇v(x) 6= 0 is equivalent to x 6= y; recall that
y = φ(x) = expx ∇v(x) and ∇v(x) ∈ Ux.

Since the distance function c to the cut point – recall (3.3) – is continuous on
the unit tangent bundle of M , we have that ∇v(z) ∈ Uz for z in a neighborhood of
x. Let ξ ∈ Mx \ {0} and let γ be the geodesic such that γ(0) = x and γ ′(0) = ξ.
Consider the family of geodesics (in the parameter s) σ(s, t) = expγ(t) s∇v(γ(t))
which join γ(t), for s = 0, and φ(γ(t)), for s = 1. Then

J(s) =
∂

∂t t=0
σ(s, t)

is a Jacobi field along expx s∇v(x) such that

J(0) = ξ and DsJ(0) = D2v(x) · ξ,

since Ds
∂σ
∂t s=0

= Dt
∂σ
∂s s=0

= Dt∇v(γ(t)) = D2v(γ(t)) · γ ′(t). We also have

dφ(x) · ξ = J(1).

Consider the unique Jacobi field Jξ(s) along expx s∇v(x) such that

Jξ(0) = ξ and Jξ(1) = 0.

Let J̃ξ = J − Jξ, so that J̃ξ is a Jacobi field along expx s∇v(x) such that

J̃ξ(0) = 0 and DsJ̃ξ(0) = D2v(x) · ξ −DsJξ(0).

It follows that J̃ξ(s) = d expx(s∇v(x)) · sDsJ̃ξ(0) and therefore

dφ(x) · ξ = J(1) = J̃ξ(1) = d expx(∇v(x)) ·DsJ̃ξ(0). (3.7)

Consider the family of geodesics ν(s, t) = expγ(t) s exp−1
γ(t)y which join γ(t), for

s = 0, and y, for s = 1. We have that ∂
∂t t=0

ν(s, t) = Jξ(s), and hence

−DsJξ(0) = −Ds
∂

∂t t=0
ν

s=0
= Dt[−exp−1

γ(t)y] t=0

= Dt∇(d2
y/2)(γ(t))

t=0
= D2(d2

y/2)(x) · ξ.

We conclude that DsJ̃ξ(0) = D2(v+d2
y/2)(x) · ξ. This, together with (3.7), finishes

the proof of the lemma. �

4. The key lemma

The following is the first and key step towards the Harnack inequality. It gives
an estimate on the distribution function of solutions. We denote by f+ the positive
part of a function f , i.e., f+ = max(f, 0).
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Lemma 4.1. Let u be a smooth function in a ball B7R satisfying

u ≥ 0 in B7R \B5R

and

inf
B2R

u ≤ 1.

Then

|BR| ≤
1

cn0

∫

{u≤6}∩B5R

{(
n−1R2Lu+ C0

)+
}n

dV. (4.1)

Remark 4.2. If M is compact, it could happen that B7R \B5R = ∅. In this case,
the only assumptions in Lemma 4.1 are that u is smooth and infB2R u ≤ 1.

Suppose that u is as in the previous lemma and satisfies Lu = 0, or more
generally, that Lu is small in some suitable norm; see section 5. Then (4.1) implies
|{u ≤ 6} ∩ B5R|/|B5R| ≥ µ, for some positive constant µ. That is, we obtain
control on the measure of {u > 6} ∩ B5R from the assumption infB2R u ≤ 1, i.e.,
from control on u at only one point.

The following is, in rough terms, the idea of the proof of the lemma. We find
interesting to visualize it geometrically. For any y ∈ BR, we consider the “concave
paraboloids” C − d2

y/2 with C ∈ R. For C close to −∞, the graph of this function

is below (and hence does not touch) the graph of R2u. We let C increase, and we
consider the first C for which there is contact (or “touching”) at a point x. Since
u ≥ 0 in B7R \B5R, infB2R u ≤ 1 and y ∈ BR, we have that x ∈ B5R and that u(x)
can not be too large; in fact, u(x) ≤ 6. All this is clear geometrically. It remains to
show that the set of points x’s in this way obtained is large enough – in the sense
of (4.1). This will be accomplished with a change of variables argument; note that
if we are in R

n then necessarily y = x+R2∇u(x), with y and x as above.
For the proof of (4.1), we will use lemmas 3.1 and 3.2, as well as the following

fact of linear algebra, which follows easily from the geometric and arithmetic means
inequality. IfA andB are symmetric and nonnegative definite endomorphisms, then

det A · det B ≤
{
n−1 tr(B ◦A)

}n
.

Proof of Lemma 4.1. For any y ∈ BR we consider the continuous function

wy = R2u+
1

2
d2

y.

We have that infB2R wy ≤ R2 +(3R)2/2 = 11R2/2. In B7R \B5R (if not empty) we
have, since u ≥ 0 here, wy ≥ (4R)2/2 = 16R2/2 > 11R2/2. We conclude that the

minimum of wy in B5R is achieved at some point of B5R, which is also a minimum
of wy in B7R. That is,

inf
B7R

wy = inf
B5R

wy = wy(x), (4.2)

for some x ∈ B5R. We make the following claim:

y = expx∇(R2u)(x) (4.3)

whenever x ∈ B5R, y ∈ BR and (4.2) holds.
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To prove the claim, note that

− R2u(z) ≤ 1

2
d(z, y)2 − wy(x) ∀z ∈ B7R, and

− R2u(x) =
1

2
d(x, y)2 − wy(x).

Take any geodesic γ with γ(0) = x parametrized by arc-length. Then, for any t,
d(γ(t), y) ≤ t + d(x, y), and hence −R2u(γ(t)) ≤ (t + d(x, y))2/2 − wy(x), with
equality at t = 0. We differentiate at t = 0 and set ξ = −γ ′(0); we obtain

g(∇(R2u)(x), ξ) ≤ d(x, y) ∀ξ ∈Mx with |ξ| = 1. (4.4)

Let σ be a minimal geodesic joining x and y parametrized by arc-length; σ(0) = x
and σ(d(x, y)) = y. For 0 ≤ t ≤ d(x, y), we have d(σ(t), y) = d(x, y) − t, and hence

−R2u(σ(t)) ≤ (d(x, y) − t)2/2 − wy(x),

with equality at t = 0. Therefore −g(∇(R2u)(x), σ′(0)) ≤ −d(x, y), which is
g(∇(R2u)(x), σ′(0)) ≥ d(x, y). This, together with (4.4), implies that ∇(R2u)(x) =
d(x, y)σ′(0). Hence expx∇(R2u)(x) = σ(d(x, y)) = y, which proves the claim. Since
σ is a minimal geodesic joining x and y, we have also proved that

∇(sR2u)(x) ∈ Ux ∀ 0 ≤ s < 1, (4.5)

whenever x ∈ B5R, y ∈ BR and (4.2) holds.

We are therefore led to consider the smooth map from B7R to M

φ(z) = expz∇(R2u)(z),

and the measurable set

E = {x ∈ B5R : there exists y ∈ BR such that wy(x) = inf
B7R

wy}.

We have proved that for any y ∈ BR there is at least one x ∈ E such that φ(x) = y.
The area formula (see section 3) gives

|BR| ≤
∫

E

( Jac φ) dV.

At the beginning of the proof we have shown (note that R2u ≤ wy)

E ⊂ {u ≤ 11/2} ∩B5R ⊂ {u ≤ 6} ∩B5R.

Hence, it only remains to show Jac φ(x) ≤ c−n
0 {(n−1R2Lu(x) + C0)

+}n for any
x ∈ E.

Let x ∈ E and take y ∈ BR such that wy(x) = infB7R wy. We know that (4.3)
and (4.5) hold for such x and y. Assume first that x 6= y (the case x = y will be
simpler). Let 0 < s < 1 and consider the smooth map from B7R to M

φs(z) = expz∇(sR2u)(z),
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and the point
ys = expz∇(sR2u)(x).

Clearly, Jac φ(x) = limsր1 Jac φs(x). Since (4.5) holds, we can apply Lemma 3.2
(with v = sR2u) and (3.4) to obtain

Jac φs (x) = Jac expx ∇(sR2u)(x) · |det D2(sR2u+ d2
ys
/2)(x)|

≤ |det D2(sR2u+ d2
ys
/2)(x)|.

Since

limsր1 |det D2(sR2u+ d2
ys
/2)(x)| = limsր1 |det D2(R2u+ d2

ys
/2)(x)|

= limsր1 |det D2wys(x)|,
it only remains to prove that

limsր1 |det D2wys(x)| ≤ c−n
0

{
(n−1R2Lu(x) + C0)

+
}n
. (4.6)

To show this, note that the function

R2u+
1

2
[dys + d(ys, y)]

2

is always bigger or equal than wy, and it is equal to wy at x. Therefore, this function
– which is smooth near x – also has a local minimum at x, and hence its Hessian
at x is nonnegative definite. Since R2u + [dys + d(ys, y)]

2/2 = wys + d(ys, y)dys +
d(ys, y)

2/2, we obtain (here we use ≤ to denote the usual order between symmetric
endomorphisms)

0 ≤ D2wys(x) + d(ys, y)D
2dys(x)

≤ D2wys(x) +
d(ys, y)

d(x, ys)
Id,

where we have used Lemma 3.1 to bound D2dys(x).
We apply to this nonnegative definite matrix the relation between determinant

and trace stated previously in this section. We also use that d(ys, y)/d(x, ys) tends
to zero as sր 1; finally, Lemma 3.1 is used to bound L(d2

ys
/2)(x). We obtain

0 ≤ limsր1 |det D2wys(x)| = limsր1 |det (D2wys(x) +
d(ys, y)

d(x, ys)
Id)|

≤ 1

cn0
limsր1 det Ax · det (D2wys(x) +

d(ys, y)

d(x, ys)
Id)

≤ 1

cn0
limsր1

{
n−1tr{(D2wys(x) +

d(ys, y)

d(x, ys)
Id) ◦Ax}

}n

=
1

cn0
limsր1

{
n−1tr{D2wys(x) ◦Ax}

}n

=
1

cn0
limsր1

{
n−1Lwys(x)

}n
=

1

cn0
limsր1

{
n−1R2Lu(x) + n−1L(d2

ys
/2)(x)

}n

≤ 1

cn0

{
n−1R2Lu(x) + C0

}n
.
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Since all the expressions above are nonnegative, they are equal to their positive
part. Hence, we have proved (4.6). In the case x = y, we have that wy has a local
minimum at x and it is smooth near x, and hence there is no need to consider
the points ys. In this case, the computation is as above but applied directly to
0 ≤ D2wy(x). This finishes the proof of the lemma. �

Remark 4.3. In the proof of Lemma 4.1 we have bounded the Hessian of the
distance function by above. This bound is given by Lemma 3.1 at points which do
not belong to the cut locus. We have obtained the bound (only by above!) at a
point x in the cut locus of y, by using the “barrier” dys + d(ys, y), for some point
ys near y which belongs to a minimal geodesic joining x and y.

This fact will “naturally” appear again in next section, leading to a more gen-
eral class of supersolutions than smooth ones, to include distance functions. We
have discovered that similar classes of generalized supersolutions already appeared
in geometry; in 1958, Calabi [Cal] considered the notion of supersolution in the
“barrier” sense (see also [Che]). These notions of supersolution suggest to consider
the interesting class of viscosity solutions, as in the Euclidean case. Lemma 4.1
should be proved then for viscosity solutions. This will be considered in a future
paper.

5. A barrier function

Let us recall that Lemma 4.1 controls the distribution function in B5R of a
solution u, from control of u at one point in B2R. In this section we follow the
method of [Caf] (see also [CC]) to improve the bound of Lemma 4.1 and obtain a
new estimate (5.1) which can be iterated using the Calderón-Zygmund technique.
This improvement consists of controlling the distribution function of a solution u in
a ball BR from control of u at one point which is near BR, but does not necessarily
belong to it. This is accomplished applying Lemma 4.1 to u + v, where v is a
suitable barrier function described in Lemma 5.5.

This barrier is a function of the distance to a point z0, and therefore it is not
smooth in the cut locus of z0. Hence it is necessary to prove Lemma 4.1 for a more
general class of functions. Roughly speaking, this class (see Definition 5.2 and
lemmas 5.3 and 5.4) consists of functions having distributional Hessian bounded
from above (see also Remark 4.3). We will show that any increasing function of the
distance square to a point belongs to this class.

The goal of this section is to prove the following.

Lemma 5.1. Let u be a smooth function in a ball B7R satisfying

Lu ≤ f in B7R, u ≥ 0 in B7R, inf
B2R

u ≤ 1,

and
R2

|B7R|1/n
‖f‖Ln(B7R) ≤ εδ.

Then, for any 0 < δ < 1,

|{u ≤Mδ} ∩BδR|
|B7R|

≥ µδ, (5.1)
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where εδ, 0 < µδ < 1 and Mδ > 1 are positive constants depending only on δ, n, c0
and C0.

To prove the lemma, we need the following more general class of supersolutions
than smooth ones.

Definition 5.2. Let u be continuous in a ball B7R. We say that u has Hessian

bounded from above on (B5R, B7R) in generalized sense if there exist positive con-

stants C and 0 < ρ < R/2, and an open set H ⊂ B5R with |B5R \ H | = 0 such

that

(i) u is of class C2 in H, and

(ii) for any z ∈ B6R there is a smooth function uz in Bρ(z) such that

u(z) = uz(z), u ≤ uz in Bρ(z),

|uz| + |∇uz| ≤ C in Bρ(z), and D2uz ≤ C Id in Bρ(z).

Lemma 5.3. Lemma 4.1 holds when the condition “u is smooth in B7R” is replaced

by “u has Hessian bounded from above on (B5R, B7R) in generalized sense”. The

integral in (4.1) is now taken on {u ≤ 6} ∩B5R ∩H, with H as in Definition 5.2.

Lemma 5.4. Let z0 ∈ M , R > 0 and ϕ : [0, (7R)2/2] ⊂ R → R be smooth and

increasing. Then ϕ(d2
z0
/2) : B7R(z0) ⊂ M → R has Hessian bounded from above

on (B5R, B7R) in generalized sense.

The following is the barrier which we use to prove Lemma 5.1.

Lemma 5.5. Let z0 ∈ M , R > 0 and 0 < δ < 1. Then there exists a continuous

function vδ in B7R = B7R(z0) with Hessian bounded from above on (B5R, B7R) in

generalized sense, and such that

(a) vδ ≥ 0 in B7R \B5R (if not empty),
(b) vδ ≤ 0 in B2R,

(c) n−1R2Lvδ + C0 ≤ 0 a.e. in B5R \BδR (if not empty),
(d) R2Lvδ ≤ Cδ a.e. in B5R, and

(e) vδ ≥ −Cδ in B7R,

for some positive constant Cδ depending only on δ, n, c0 and C0.

Using lemmas 5.3 and 5.5 we prove Lemma 5.1.

Proof of Lemma 5.1. Let vδ be as in Lemma 5.5. We know that vδ, and hence also
u+ vδ, have Hessian bounded from above on (B5R, B7R) in generalized sense. Note
that u + vδ ≥ 0 in B7R \ B5R (if not empty) and infB2R(u + vδ) ≤ 1. By Lemma
5.3, we can apply Lemma 4.1 to u+ vδ. We obtain, since Lu ≤ f ,

|BR| ≤
1

cn0

∫

{u+vδ≤6}∩B5R∩H

{[
n−1R2(f + Lvδ) + C0

]+
}n

dV,

where |B5R \H | = 0 and vδ is C2 in H . Using (c), (d) and (e) in Lemma 5.5 and
the doubling property (3.5), we get

|B7R| ≤ 7n|BR| ≤ C′
δ

{
R2n‖f‖n

Ln(B7R) + |{u ≤Mδ} ∩BδR|
}
,
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for some positive constants C′
δ and Mδ depending only on δ, n, c0 and C0. We

easily conclude (5.1). �

The following facts about the Hessian will be useful in the proof of Lemma 5.3.
The Hessian of a product is given by

D2(uv)(ξ, ξ) = uD2v(ξ, ξ) + vD2u(ξ, ξ) + 2g(∇u, ξ) g(∇v, ξ). (5.2)

The following is a formula for the Hessian of the composition of a real function u
and a difeomorphism φ between two open sets of Riemannian manifolds N and M :

D2(u ◦ φ)(ξ, ξ) = ((D2u) ◦ φ)(dφ · ξ, dφ · ξ) + g((∇u) ◦ φ,Dσ′(0)σ
′), (5.3)

where σ(t) = φ(γ(t)) and γ is a geodesic in N such that γ ′(0) = ξ.
We now prove lemmas 5.3, 5.4 and 5.5.

Proof of Lemma 5.3. Assume that u has Hessian bounded from above on (B5R, B7R)
in generalized sense. We claim that there exist a smooth function 0 ≤ ξ ≤ 1 in M ,
with ξ ≡ 1 in B5R and supp ξ ⊂ B7R, and a sequence {wk} of smooth functions in
M such that

wk → ξu uniformly in M,

D2wk → D2u a.e. in B5R, and

D2wk ≤ C Id in M,

for some constant C independent of k.
Using this claim we prove Lemma 5.3 as follows. Replacing wk by (wk +εk)/(1+

2εk) for some sequence 0 < εk → 0 as k → ∞, we can assume that wk satisfies
the hypothesis of Lemma 4.1, and hence (4.1) with u replaced by wk. Let ε > 0
and note that {wk ≤ 6} ∩ B5R ⊂ {u ≤ 6 + ε} ∩ B5R if k is large enough, and
that {(n−1R2Lwk + C0)

+}n is uniformly bounded in M independently of k (since
D2wk ≤ C Id). Letting k tend to ∞ and applying the dominated convergence
theorem, we get that u satisfies (4.1) with {u ≤ 6} replaced by {u ≤ 6+ε}. Letting
ε tend to zero and using the monotone convergence theorem, Lemma 5.3 follows.

To show the claim, let U1, . . . , Um be a covering of B5R by open charts Ui ⊂ B6R.
Let xi : Ui ⊂ M −→ B1 ⊂ R

n be coordinate maps into the unit ball of R
n, and

ξ1, . . . , ξm be a partition of unity associated to the covering, so that supp ξi ⊂ Ui.
We take ξ = ξ1 + . . .+ ξm, and define

u(i) = ξiu (1 ≤ i ≤ m), so that u = u(1) + . . .+ u(m) in B5R.

Note that u(i) satisfies property (ii) in Definition 5.2 for any z ∈ M with a

constantC independent of z, and with same ρ as u. This is proved taking u
(i)
z = ξiuz

and using (5.2) and that suppu(i) ⊂ Ui ⊂ B6R. Hence, by (5.3), the same property
is true in R

n for the composition u(i)(x−1
i ). That is, there are positive constants

C1 and ρ1 such that for any x ∈ R
n there is a smooth function v

(i)
x in Bρ1

(x) ⊂ R
n

satisfying in Bρ1
(x)

v(i) := u(i)(x−1
i ) ≤ v(i)

x (with equality at x),
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|v(i)
x | + |∇v(i)

x | ≤ C1, and D2v(i)
x ≤ C1 Id.

This implies that all the second order incremental quotients of u(i)(x−1
i ) = v(i),

|e|−2{v(i)(· + e) + v(i)(· − e) − 2v(i)(·)}, with |e| < ρ1, are less or equal than the
constant C1.

Consider the convolution [u(i)(x−1
i )]k = u(i)(x−1

i ) ⋆ ρk of u(i)(x−1
i ) by an ap-

proximation of the identity, with k large enough so that supp [u(i)(x−1
i )]k ⊂ B1.

Since convolution and second order incremental quotients commute, we deduce
that the convolution [u(i)(x−1

i )]k has all the second order incremental quotients
(with |e| < ρ1), and hence the Hessian, bounded from above in R

n still by the same
constant C1 (independently of k). The same is true for the length of the gradients
of such convolutions.

We finally define w
(i)
k = [u(i)(x−1

i )]k ◦ xi, and wk = w
(1)
k + . . . + w

(m)
k . Using

(5.3), it is easy to conclude that D2wk are uniformly bounded from above in M .
The fact that wk → ξu is also clear. Finally, using (5.3) again, one checks that
D2wk → D2u(1) + . . . + D2u(m) = D2u pointwise in H , with H as in Definition
5.2, that is, H ⊂ B5R is open, |B5R \H | = 0 and u is C2 in H . The claim and the
lemma are now proved. �

Proof of Lemma 5.4. We claim that u := d2
z0
/2 has Hessian bounded from above

on (B5R, B7R) in generalized sense. Moreover, for any z ∈ B6R the function uz in
Definition 5.2 may be taken such that uz ≤ (7R)2/2 in Bρ(z).

Lemma 5.4 follows immediately from this claim, using the chain rule (3.2) and
that ϕ is increasing and smooth in [0, (7R)2/2].

To prove the claim, note first that (i) in Definition 5.2 follows immediately from
the fact that Cutz0

is closed and has measure zero. To show (ii), let us denote the
injectivity radius at z by inj(z) = inf{c(η) : η ∈ Mz, |η| = 1} = d(z,Cutz). Recall
that inj : M −→ (0,+∞] is continuous, and hence

r := min{ min
z∈B6R

inj(z), R/2} > 0.

Let z ∈ B6R. Then r ≤ inj(z0) ≤ d(z0, z) + d(z,Cutz0
), and hence

either d(z,Cutz0
) ≥ r/2 or d(z0, z) ≥ r/2.

In the first case, d(z,Cutz0
) ≥ r/2, we have that Br/2(z) ⊂ B7R ∩ (M \ Cutz0

),

and hence the function uz = u = d2
z0
/2 satisfies (ii) in Definition 5.2 for some

constant C depending on R, by Lemma 3.1. Note also that d2
z0
/2 ≤ (7R)2/2 in

Br/2(z).
In the second case, d(z0, z) ≥ r/2, let γ be a minimal geodesic joining z0

and z parametrized by arc-length; γ(0) = z0 and γ(d(z0, z)) = z. Consider
z̃ = γ(d(z0, z) − r/4), so that d(z̃, z) = r/4 and d(z0, z) = d(z0, z̃) + d(z̃, z). We
have that d(z,Cutz̃) ≥ d(z̃,Cutz̃) − d(z̃, z) ≥ r − r/4 = 3r/4, and therefore

Br/8(z) ⊂ B7R ∩ (M \ Cutz̃) ∩BR(z̃) and

z′ ∈ Br/8(z) ⇒ d(z′, z̃) ≥ r/8.

We take
uz = [dz̃ + d(z̃, z0)]

2/2,
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which is always greater or equal than d2
z0
/2, with equality at z, and is smooth in

Br/8(z). Using Lemma 3.1 and the considerations above, it is easy to check that in
Br/8(z) we have

uz ≤ (R + 6R)2/2 = (7R)2/2,

|∇uz| = [dz̃ + d(z̃, z0)] |∇dz̃ | ≤ 7R and

D2uz(ξ, ξ) = [dz̃ + d(z̃, z0)]D
2dz̃(ξ, ξ) + g(∇dz̃ , ξ)

2 ≤ (7R
8

r
+ 1)|ξ|2,

for any ξ ∈ Mz′ , z′ ∈ Br/8(z). Taking ρ = r/8 and C depending on r and R, the
proof of (ii) is finished. �

Proof of Lemma 5.5. We take vδ = ψδ(d
2
z0
/R2), where ψδ is a smooth and increasing

function on [0,∞) such that

ψδ(t) =

[
32

52

]−α

−
[
t

52

]−α

if t ≥ δ2.

We will choose later α > 1, depending only on n, c0 and C0. Hence, we can take
ψδ satisfying the properties above, and depending only on δ, n, c0 and C0.

By Lemma 5.4, we see that vδ = ψδ(2R
−2d2

z0
/2) has Hessian bounded from

above on (B5R, B7R) in generalized sense. Properties (a), (b) and (e) of the lemma
are clear. It only remains to prove (c) and (d).

Let z ∈ B5R \Cutz0
– whose complement in B5R has measure zero – and ξ ∈Mz

with |ξ| = 1. Using the chain rule (3.2) and the upper bound for the Hessian of
d2

z0
/2 – Lemma 3.1 –, we have

D2vδ(z)(ξ, ξ) ≤ ψ′
δ(d(z, z0)

2/R2)
2

R2
+ |ψ′′

δ (d(z, z0)
2/R2)|

[
2

R2
d(z, z0)

]2

≤ 102

R2

{
ψ′

δ(d(z, z0)
2/R2) + |ψ′′

δ (d(z, z0)
2/R2)|

}

≤ 102

R2
sup
[0,52]

{ψ′
δ + |ψ′′

δ |} ,

which proves (d).
To show (c), let z ∈ B5R \ (BδR ∪ Cutz0

) and consider

η = −(exp−1
z z0)/| exp−1

z z0| ∈Mz.

For any ξ ∈Mz with |ξ| = 1, we have – since ψ′′
δ < 0 in [δ2,∞) –

D2vδ(z)(ξ, ξ) ≤ ψ′
δ(d(z, z0)

2/R2)
2

R2
=

2

R2

α

52

[
d(z, z0)

2

(5R)2

]−α−1

=: B1.

On the other hand,

D2vδ(z)(η, η) = − d2

dr2 r=d(z,z0)

[ r

5R

]−2α

= −2α(2α+ 1)

(5R)2

[
d(z, z0)

2

(5R)2

]−α−1

=: −B2.
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Hence, D2vδ(z) has an eigenvalue smaller or equal than −B2 (in fact, it is easy to
see that η is an eigenvector with eigenvalue −B2), while all the eigenvalues are less
or equal than B1. It follows that Lvδ(z) ≤ (n− 1)C0B1 − c0B2. We conclude

n−1R2Lvδ(z) + C0 ≤ 2

52n
α[(n− 1)C0 − (2α+ 1)c0]

[
d(z, z0)

2

(5R)2

]−α−1

+ C0,

which is negative if α is chosen large enough, since [d(z, z0)
2/(5R)2]−α−1 ≥ 1. The

lemma is now proved. �

6. The Calderón-Zygmund technique

In any Riemannian manifold with nonnegative Ricci curvature, the volume sat-
isfies the doubling property (3.6). This allows us to use the Calderón-Zygmund
technique as in [Caf] (see also [CC]) to obtain a power decay t−ε, for some ε > 0,
for the distribution function |{u ≥ t}| of nonnegative supersolutions; see Lemma 6.4.

The following generalization of Euclidean dyadic cubes proved in [Chr] will be
very useful. It holds in any metric space (or, more generally, quasi-metric space)
X equipped with a nonnegative Borel measure µ satisfying the doubling property

µ(B2R(x)) ≤ a1µ(BR(x)) ∀x ∈ X ∀R > 0

(where a1 is a constant independent of x and R), and such that all the balls BR(x)
are open and have finite µ-measure. Such spaces have been called, in harmonic
analysis, spaces of homogeneous type (see [Chr], [CW]). Note that, in any Rie-
mannian manifold M with nonnegative Ricci curvature, the volume satisfies the
doubling property above with constant a1 = 2n, by (3.6).

Theorem 6.1 [Christ]. There exist a countable collection of open subsets of M
{Qk

α ⊂ M : k ∈ Z, α ∈ Ik}, and positive constants 0 < δ0 < 1, c1 and c2 (with

2c1 ≤ c2) which depend only on n, such that

(a) |M \ ∪αQ
k
α| = 0 for any k ∈ Z,

(b) if l ≤ k, α ∈ Ik, β ∈ Il then either Qk
α ⊂ Ql

β or Qk
α ∩Ql

β = ∅,

(c) for any (k, α) and any l < k there is a unique β such that Qk
α ⊂ Ql

β,

(d) diam(Qk
α) ≤ c2δ

k
0 , and

(e) any Qk
α contains some ball Bc1δk

0
(zk

α).

For convenience, we will use the following terminology.

Definition 6.2. We say that an open subset Q of M is a dyadic cube if Q = Qk
α

for one of the sets Qk
α of Theorem 6.1. In this case, we say that Q = Qk

α is a dyadic
cube of generation k. Note that by property (c), for any (k, α) there is a unique β

such that Qk
α ⊂ Qk−1

β ; we call Qk−1
β the predecessor of Qk

α. If Q = Qk
α we denote

by Q̃ its predecessor Qk−1
β . Hence, we have that Q ⊂ Q̃ and that Q̃ is of generation

k − 1 if Q is of generation k.

The following lemma is taken, in its Euclidean version, from [Caf] (see also [CC]).
It will be proved below using the Calderón-Zygmund technique.
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Lemma 6.3. Let Q1 ⊂ M be a dyadic cube, A ⊂ B ⊂ Q1 be measurable sets and

0 < ν < 1. Assume that

(i) |A| ≤ ν|Q1|, and

(ii) if Q is a dyadic cube such that Q ⊂ Q1 and |A ∩Q| > ν|Q|, then Q̃ ⊂ B.

We conclude that |A| ≤ ν|B|.
For the rest of the paper we fix

δ =
2c1
c2
δ0 ∈ (0, 1) and λ =

δ0(1 − δ0)

2
∈ (0, 1),

which depend only on n (recall that δ0, c1 and c2 are the constants in Theorem
6.1). Later we will apply Lemma 5.1 with this choice of δ. Given R > 0, we define
kR to be the integer which satisfies

c2δ
kR−1
0 < R ≤ c2δ

kR−2
0 ; (6.1)

it depends only on R and n. Roughly speaking, a dyadic cube of generation kR has
size comparable to that of some ball of radius R.

Lemma 6.3 will be the basic tool to apply Lemma 5.1 at every scale of space x
and variable u, and obtain the following power decay for the distribution function.
For Q ⊂M , we recall that d(z0, Q) := infz∈Q d(z0, z) denotes the distance from z0
to Q.

Lemma 6.4. Let u be a smooth function in a ball B7R = B7R(z0) satisfying

Lu ≤ f in B7R, u ≥ 0 in B7R, inf
BλR

u ≤ 1,

and
R2

|B5R|1/n
‖f‖Ln(B7R) ≤ ε0.

Let Q1 be a dyadic cube of generation kR such that d(z0, Q1) ≤ λR. Then

|{u > M i
1} ∩Q1|

|Q1|
≤ (1 − µ)i (6.2)

for i = 1, 2, 3, . . . , where 0 < λ < 1, ε0 > 0, M1 > 1 and 0 < µ < 1 are constants

depending only on n, c0 and C0. As a consequence, we have that

|{u ≥ t} ∩Q1|
|Q1|

≤ d t−ε ∀t > 0, (6.3)

where d and ε are positive constants depending only on n, c0 and C0.

The following is a simple technical lemma towards Lemma 6.4.

Lemma 6.5. Let B7R = B7R(z0) be a ball in M . Then

(i) If Q a dyadic cube of generation k such that

k ≥ kR and Q ⊂ B2R(z0),
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then there exist z1 ∈ Q and rk ∈ (0, R) such that

Bδrk
(z1) ⊂ Q ⊂ Q̃ ⊂ B2rk

(z1) ⊂ B7rk
(z1) ⊂ B7R(z0) (6.4)

and

B5R(z0) ⊂ B7R(z1). (6.5)

(ii) If Q is a dyadic cube of generation k = kR and d(z0, Q) ≤ λR then Q ⊂
B2R(z0), and hence (6.4) and (6.5) hold for some z1 ∈ Q and rk ∈ (0, R). Moreover,

BλR(z0) ⊂ B2rk
(z1).

(iii) There exists at least one dyadic cube Q of generation kR such that d(z0, Q) ≤
λR.

For the proof of Lemma 6.3 we will need some well known facts about the
Lebesgue differentiation theorem in metric spaces equipped with a doubling mea-
sure. As we have pointed out, this family of spaces include Riemannian manifolds
with nonnegative Ricci curvature, by the doubling property (3.6). In [CW] it was
proved a Vitali covering lemma in metric spaces equipped with a doubling mea-
sure, which easily implies that the Lebesgue differentiation theorem holds in these
spaces. Furthermore, one can prove (see [St]) that if w ∈ L1

loc(M) then

lim
r→0

1

|Br(z)|

∫

Br(z)

|w(x) − w(z)| dV (x) = 0 for a.e. z ∈M.

It is now easy to deduce that the Lebesgue differentiation theorem holds over a
regular family of subsets – which will be dyadic cubes in our case. That is, suppose
that H is a measurable subset of M , θ is a positive constant, and for any z ∈ H
there is a sequence of measurable sets {Ak

z}k such that

z ∈ Ak
z ⊂ Brz,k

(z) and |Ak
z | ≥ θ|Brz,k

(z)| ∀k,

for some sequence of positive numbers rz,k tending to zero as k → ∞. We then
have, for any w ∈ L1

loc(M),

w(z) = lim
k→∞

1

|Ak
z |

∫

Ak
z

w dV for a.e. z ∈ H.

Finally, note that a sequence of dyadic cubes, all of them containing a common
point, and with diameters tending to zero, is a regular sequence in the above sense.
To check this, let Q be a dyadic cube and z ∈ Q. Then, by Theorem 6.1, there is
a point y ∈ Q and an integer k such that Bc1δk

0
(y) ⊂ Q ⊂ B2c2δk

0
(z) ⊂ B3c2δk

0
(y).

Hence z ∈ Q ⊂ B2c2δk
0
(z) and

|Q| ≥ |Bc1δk
0
(y)| ≥ [c1/(3c2)]

n|B3c2δk
0
(y)| ≥ [c1/(3c2)]

n|B2c2δk
0
(z)|.

We now prove lemmas 6.3, 6.5 and 6.4.

Proof of Lemma 6.3. We use the Calderón-Zygmund technique and Theorem 6.1.
Let Q1 be of generation k. We have that

|A ∩Q1|
|Q1|

=
|A|
|Q1|

≤ ν.
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We consider the dyadic cubes Q of generation k + 1 such that Q ⊂ Q1. If Q is
one of these subcubes of Q1 and satisfies |A ∩Q|/|Q| ≤ ν, we then “split” Q into
the dyadic cubes of generation k + 2 contained in Q, as we have done for Q1. We
iterate this process. We do not “split” Q if |A∩Q|/|Q| > ν. In this way, we pick a
sequence {Qi}i≥1 of dyadic cubes (different from Q1) such that

|A ∩Qi|
|Qi| > ν, ∀i.

Note that almost every z ∈ Q1 \ (∪i≥1Q
i) belongs to a sequence of dyadic cubes

with diameters tending to zero, and such that any dyadic cube Q in this sequence
satisfies |A ∩ Q|/|Q| ≤ ν. By the remarks previous to this proof, we can apply
the Lebesgue differentiation theorem to χA, and get that χA(z) ≤ ν < 1 for a.e.
z ∈ Q1 \ (∪i≥1Q

i). Hence A ⊂ ∪i≥1Q
i except for a set of measure zero.

Consider the sequence {Q̃i}i≥1 of predecessors of the cubes Qi, and extract a

subsequence {Q̃mi}i≥1 such that {Q̃mi}i≥1 are pairwise disjoint and ∪i≥1Q̃
i =

∪i≥1Q̃
mi . We have that A ⊂ ∪i≥1Q

i ⊂ ∪i≥1Q̃
i = ∪i≥1Q̃

mi except for a set of
measure zero and, from the way we chose the cubes Qi,

|A ∩ Q̃i|
|Q̃i|

≤ ν, ∀i.

Since |A ∩ Qi|/|Qi| > ν and hypothesis (ii) holds, we have that Q̃i ⊂ B, for any
i ≥ 1. Hence, except for a set of measure zero,

A ⊂
⋃

i≥1

Q̃mi ⊂ B.

We conclude that

|A| ≤
∑

i≥1

|A ∩ Q̃mi | ≤ ν
∑

i≥1

|Q̃mi | = ν|
⋃

i≥1

Q̃mi | ≤ ν|B|,

which is the assertion of Lemma 6.3. �

Proof of Lemma 6.5. First we prove (i). We know that Bc1δk
0
(z1) ⊂ Q for some

z1 ∈ Q, by (e) in Theorem 6.1. Let

rk = δ−1c1δ
k
0 = c2δ

k−1
0 /2 ≤ c2δ

kR−1
0 /2 ≤ R/2

by (6.1), so that Bδrk
(z1) = Bc1δk

0
(z1) ⊂ Q ⊂ Q̃. By (d) in Theorem 6.1, diam(Q̃) ≤

c2δ
k−1
0 = 2rk; hence Q̃ ⊂ B2rk

(z1). To prove B7rk
(z1) ⊂ B7R(z0) and B5R(z0) ⊂

B7R(z1), note that (since z1 ∈ Q ⊂ B2R(z0)) we have 7rk +d(z0, z1) ≤ 7R/2+2R ≤
7R/2 + 2R ≤ 7R and 5R+ d(z0, z1) ≤ 5R+ 2R = 7R.

To prove (ii), note that if z ∈ Q then

d(z0, z) ≤ d(z0, Q) + diam(Q) ≤ λR+ c2δ
kR
0 ≤ (λ+ δ0)R < 2R.
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Hence (6.4) and (6.5) hold, by (i). We also have BλR(z0) ⊂ B2rk
(z1) since

λR + d(z0, z1) ≤ 2λR+ diam(Q) ≤ 2λR+ c2δ
kR
0

≤ δ0(1 − δ0)c2δ
kR−2
0 + c2δ

kR
0 = c2δ

kR−1
0 = c2δ

k−1
0 = 2rk.

Finally, (a) in Theorem 6.1 implies that there is at least one cube of generation
kR which intersects BλR(z0). This proves the last assertion of the lemma. �

Proof of Lemma 6.4. We have defined δ and λ previously in this section. We take
ε0, M1 = Mδ and µ as given by Lemma 5.1 with our choice of δ.

First, let i = 1. We use (ii) in Lemma 6.5 with k = kR and Q = Q1. We have
that u is smooth and nonnegative in some ball B7rk

(z1) contained in B7R(z0). We
claim that u satisfies the hypothesis of Lemma 5.1 in the ball B7rk

(z1). Indeed, by
(ii) in Lemma 6.5, we know that BλR(z0) ⊂ B2rk

(z1), and hence infB2rk
(z1) u ≤ 1.

Using the doubling property (3.5), rk ≤ R, and B5R(z0) ⊂ B7R(z1) – i.e., (6.5) –,
we get

r2k
|B7rk

(z1)|1/n
‖f‖Ln(B7rk

(z1)) ≤
rk

|B7rk
(z1)|1/n

R ‖f‖Ln(B7R(z0))

≤ R

|B7R(z1)|1/n
R ‖f‖Ln(B7R(z0)) ≤

R2

|B5R(z0)|1/n
‖f‖Ln(B7R(z0)) ≤ ε0 = εδ.

We apply Lemma 5.1 in the ball B7rk
(z1) and conclude

µ = µδ ≤ |{u ≤M1} ∩Bδrk
(z1)|

|B7rk
(z1)|

≤ |{u ≤M1} ∩Q1|
|Q1|

, (6.6)

which is (6.2) for i = 1.
Suppose now that (6.2) holds for i− 1, and let

A = {u > M i
1} ∩Q1 and B = {u > M i−1

1 } ∩Q1.

We will be done if we show that

|A| ≤ (1 − µ)|B|.

We prove this using Lemma 6.3 with ν replaced by 1−µ. Clearly A ⊂ B ⊂ Q1 and
|A| ≤ |{u > M1} ∩ Q1| ≤ (1 − µ)|Q1|, by (6.6). It remains to prove condition (ii)
in Lemma 6.3; that is, we need to show that if Q ⊂ Q1 is a dyadic cube such that

|A ∩Q| > (1 − µ)|Q| (6.7)

then Q̃ ⊂ B. Suppose Q̃ 6⊂ B. Since Q ⊂ Q1 and Q 6= Q1 (by 6.7), Q is of
generation k with k > kR (recall that Q1 is of generation kR). In particular,

Q̃ ⊂ Q1. It follows, since Q̃ 6⊂ B, that there exists

z̃ ∈ Q̃ such that u(z̃) ≤M i−1
1 . (6.8)

Consider the function ũ = u/M i−1
1 , which satisfies Lũ ≤ f/M i−1

1 . Note that
Q ⊂ Q1 ⊂ B2R(z0) by (ii) in Lemma 6.5. Hence, by (i) in Lemma 6.5, we have
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that ũ is smooth and nonnegative in some ball B7rk
(z2) contained in B7R(z0). We

claim that ũ satisfies the hypothesis of Lemma 5.1 in the ball B7rk
(z2). Indeed, by

(6.8) and (6.4), we have infB2rk
(z2) ũ ≤ 1. The same computation as before shows

that

r2k
|B7rk

(z2)|1/n
‖f/M i−1

1 ‖Ln(B7rk
(z2)) ≤

r2k
|B7rk

(z2)|1/n
‖f‖Ln(B7rk

(z2)) ≤ ε0 = εδ.

We apply Lemma 5.1 in the ball B7rk
(z2) and conclude (using Lemma 6.5 again)

µ = µδ ≤ |{ũ ≤M1} ∩Bδrk
(z2)|

|B7rk
(z2)|

≤ |{u ≤M i
1} ∩Q|

|Q| =
|Q \A|
|Q| ,

which is a contradiction with (6.7). We have proved (6.2).
Finally, (6.3) follows immediately from (6.2) taking d = (1 − µ)−1 and ε such

that 1 − µ = M−ε
1 . �

7. End of the proof of the Harnack inequality

Up to this point we have only dealt with supersolutions. In this section we
consider a solution u of Lu = f . We apply Lemma 6.4 as in [Caf] to solutions
C1 − C2u, for suitable constants C1 and C2. In this way we obtain the following
result from which the Harnack inequality will follow easily.

Lemma 7.1. Let u be a smooth function in a ball B7R = B7R(z0) satisfying

Lu = f in B7R, u ≥ 0 in B7R, inf
BλR

u ≤ 1,

and
R2

|B5R|1/n
‖f‖Ln(B7R) ≤ ε0,

with λ and ε0 as in Lemma 6.4. Then there exist constants σ > 0 and M0 > 1
depending only on n, c0 and C0 such that, for ν = M0/(M0 − 1/2) > 1 and for ε
as in Lemma 6.4, the following holds:

if j ≥ 1 is an integer and z1 ∈M satisfies

d(z0, z1) ≤ λR/2 (7.1)

and

u(z1) ≥ νj−1M0, (7.2)

then

B7lj (z1) ⊂ B7R(z0) and sup
B7lj

(z1)

u ≥ νjM0,

where lj = σM
−ε/n
0 ν−εj/nR.

Proof. Take σ > 0 and M0 > 1 such that

σ > (2d2ε)1/n c2
c1δ0

(7.3)
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and

σM
−ε/n
0 + dM−ε

0 ≤ 1

4
, (7.4)

with d, ε, δ0, c1 and c2 as in Lemma 6.4 and Theorem 6.1. Note that, with the
definition above, we have lj ≤ R/4 ≤ R, and hence B7lj (z1) ⊂ B7R(z0), by (7.1).

We suppose that supB7lj
(z1) u < νjM0, and we show that it leads to a contradiction.

Let kj := klj ≥ kR – with klj defined by (6.1) with R replaced by lj . By (a)
in Theorem 6.1, we know that there exists a dyadic cube Qj of generation kj such
that d(z1, Qj) ≤ λlj . Let Q1 be the only dyadic cube of generation kR such that
Qj ⊂ Q1. We have d(z0, Q1) ≤ d(z0, Qj) ≤ d(z0, z1)+d(z1, Qj) ≤ λR/2+λlj ≤ λR.
Hence, we can apply Lemma 6.4 in B7R(z0) to u and Q1; (6.3) implies

|{u ≥ νjM0

2
} ∩Qj | ≤ |{u ≥ νjM0

2
} ∩Q1| ≤ dν−jε

[
M0

2

]−ε

|Q1|. (7.5)

Consider the function

v =
νM0 − u/νj−1

(ν − 1)M0
,

which satisfies Lv = −f/(νj−1(ν − 1)M0). We claim that v satisfies the hypothesis
of Lemma 6.4 with B7R and Q1 replaced respectively by B7lj (z1) and Qj. Indeed,

since supB7lj
(z1) u < νjM0 by assumption, we have that v is nonnegative inB7lj (z1).

We also have infBλlj
(z1) v ≤ 1, by (7.2). Now we use |f |/(νj−1(ν − 1)M0) ≤

|f |/((ν−1)M0) = 2|f |(M0−1/2)/M0 ≤ 2|f |, lj ≤ R/4, the doubling property (3.5)
and B5R(z0) ⊂ B7R(z1); we obtain

l2j
|B5lj (z1)|1/n

‖f/(νj−1(ν − 1)M0)‖Ln(B7lj
(z1)) ≤

lj
|B5lj (z1)|1/n

R

4
2‖f‖Ln(B7R(z0))

≤ R

|B7R(z1)|1/n

7

5

R

2
‖f‖Ln(B7R(z0)) ≤

R2

|B5R(z0)|1/n

7

10
‖f‖Ln(B7R(z0)) ≤ ε0.

Finally, note that Qj is of generation kj = klj and d(z1, Qj) ≤ λlj . We therefore
get, by (6.3),

|{v ≥M0} ∩Qj | ≤ dM−ε
0 |Qj|.

We obtain, since u(z) ≤ νjM0/2 implies v(z) ≥ νM0/(2(ν − 1)M0) = M0, that

|{u ≤ νjM0

2
} ∩Qj | ≤ dM−ε

0 |Qj|.

This inequality and (7.5) give |Qj| ≤ dM−ε
0 |Qj |+dν−jε(M0/2)−ε|Q1|. By (7.4) we

have dM−ε
0 ≤ 1/2, and hence

|Qj| ≤ 2dν−jε

[
M0

2

]−ε

|Q1|. (7.6)

By Theorem 6.1, we know that there is a point z⋆ ∈ Qj such that B
c1δ

kj
0

(z⋆) ⊂
Qj ⊂ Q1 ⊂ B

c2δ
kR
0

(z⋆). Using (7.6), the doubling property (3.5) and c1c
−1
2 δ20lj ≤
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c1δ
klj

0 = c1δ
kj

0 ≤ c2δ
kR
0 ≤ δ0R, we get

|B
c1δ

kj
0

(z⋆)| ≤ |Qj | ≤ 2dν−jε

[
M0

2

]−ε

|B
c2δ

kR
0

(z⋆)|

≤ 2dν−jε

[
M0

2

]−ε
[
c2δ

kR
0

c1δ
kj

0

]n

|B
c1δ

kj
0

(z⋆)|

≤ 2dν−jε

[
M0

2

]−ε [
δ0R

c1c
−1
2 δ20lj

]n

|B
c1δ

kj
0

(z⋆)|.

We conclude, by (7.3),

lj ≤ (2d2ε)1/n c2
c1δ0

M
−ε/n
0 ν−εj/nR < σM

−ε/n
0 ν−εj/nR,

which is a contradiction with the definition of lj . �

From Lemma 7.1 we easilly deduce the following.

Lemma 7.2. Let u be a smooth function in a ball B7R = B7R(z0) satisfying

Lu = f in B7R, u ≥ 0 in B7R, inf
BλR

u ≤ 1,

and
R2

|B5R|1/n
‖f‖Ln(B7R) ≤ ε0.

Then

sup
BλR/4

u ≤ C,

where λ, ε0 and C are constants depending only on n, c0 and C0.

Proof. Let lj = σM
−ε/n
0 ν−εj/nR, for j = 1, 2, 3, . . . , be defined as in Lemma 7.1.

There exists an integer j0 ≥ 1 depending only on n, c0 and C0, such that

∑

j≥j0

7lj ≤ λR/4. (7.7)

We claim that supBλR/4
u ≤ νj0−1M0; this will finish the proof of Lemma 7.2.

Suppose that the claim is not true. Then there exists zj0 such that

d(z0, zj0) ≤ λR/4 and u(zj0) ≥ νj0−1M0.

We can apply Lemma 7.1 to get the existence of zj0+1 such that d(zj0+1, zj0) ≤ 7lj0
and u(zj0+1) ≥ νj0M0. We can repeat this process, getting a sequence of points zj

(j ≥ j0) such that

d(zj+1, zj) ≤ 7lj and u(zj+1) ≥ νjM0 ∀j ≥ j0, (7.8)

if we can check (so that we can apply Lemma 7.1 at each step)

d(z0, zj) ≤ λR/2 for j > j0. (7.9)
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Note that (7.8) and (7.9) give a contradiction, since ν > 1, zj ∈ BλR/2(z0) for any

j, and u is continuous in BλR/2.
We finally check (7.9):

d(z0, zj) ≤ d(z0, zj0) +

j−1∑

k=j0

d(zk+1, zk)

≤ λR/4 +
∑

k≥j0

7lk ≤ λR/2,

by (7.7). This finishes the proof of the lemma. �

The Harnack inequality as stated in Theorem 2.1 follows easily from Lemma 7.2,
using a standard covering argument and the doubling property.

Proof of Theorem 2.1. Let v be smooth and nonnegative in a ball B7R. Applying
Lemma 7.2 to

v

{
inf

BλR/4

v + η + ε−1
0 R2|B5R|−1/n‖Lv‖Ln(B7R)

}−1

,

for any η > 0, we obtain that

sup
BλR/4

v ≤ C

{
inf

BλR/4

v +
R2

|B5R|1/n
‖Lv‖Ln(B7R)

}
. (7.10)

Here, and in the rest of this proof, C depends only on n, c0 and C0.
Let now u be as in Theorem 2.1, i.e., u is smooth and nonnegative in some ball

B2R = B2R(z0). Let x and y belong to BR. We need to show that

u(x) ≤ C

{
u(y) +

R2

|B2R|1/n
‖Lu‖Ln(B2R)

}
. (7.11)

We consider a piecewise C1 path γ : [0, l] → M , γ(0) = x, γ(l) = y, l < 2R,
which consists of a minimal geodesic parametrized by arc-length joining x and z0,
followed by a minimal geodesic parametrized by arc-length joining z0 and y. Note
that γ([0, l]) ⊂ BR and d(γ(t1), γ(t2)) ≤ |t1 − t2|. Let λ be as in (7.10), and m be
the integer such that

t0 = 0 < t1 =
λR

7 · 4 < t2 = 2
λR

7 · 4 < . . . < tm = m
λR

7 · 4 < tm+1 = l ≤ (m+ 1)
λR

7 · 4 .

Note that m < (7 · 4)l/(λR) < 7 · 4 · 2/λ, and that λ depends only on n, c0 and C0.
Consider the points xi = γ(ti), which satisfy x0 = x, xm+1 = y,

xi ∈ BR and xi+1 ∈ BλR/(7·4)(xi) ∀0 ≤ i ≤ m.

Since BR(xi) ⊂ B2R(z0), we can apply (7.10) to u with B7R replaced by BR(xi).
We obtain

u(xi) ≤ C

{
u(xi+1) +

(R/7)2

|B5R/7(xi)|1/n
‖Lu‖Ln(B2R(z0))

}
∀0 ≤ i ≤ m.
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Putting all these inequalities together, and using that

|B5R/7(xi)| ≥ (5/(3 · 7))n|B3R(xi)| ≥ (5/(3 · 7))n|B2R(z0)|,

we conclude (7.11). �

We finally deduce the Liouville property.

Proof of Corollary 2.2. Adding a constant to u, we may assume that infM u = 0.
Hence, for any ε > 0, u(z0) ≤ ε for some z0 ∈ M . We apply Theorem 2.1 in every
ball B2R(z0); we obtain supBR(z0) u ≤ Cε. Since C is independent of R, it follows
that u ≤ Cε in M . Letting ε→ 0, we conclude u ≡ 0. �

8. Weak Harnack inequality and ABP estimate. Applications

An important application of the Harnack inequality is an interior Hölder conti-
nuity estimate for solutions of Lu = f ; see [GT]. The Hölder exponent α ∈ (0, 1)
depends only on n, c0 and C0.

Other consequences of the previous lemmas are a weak Harnack inequality for
nonnegative supersolutions, and a local maximum principle for subsolutions; see
Theorem 4.8 in [CC]. Here we only state and prove the following weak Harnack
inequality.

Theorem 8.1. Let u be continuous in a ball B2R. Assume that u has Hessian

bounded from above on (B5(2R/7), B7(2R/7)) in generalized sense (see Definition 5.2),
and that u ≥ 0 in B2R and Lu ≤ f almost everywhere in B2R. Then

{
1

|BR|

∫

BR

up dV

}1/p

≤ C

{
inf
BR

u+
R2

|B2R|1/n
‖f‖Ln(B2R)

}
, (8.1)

where p > 0 and C are constants depending only on n, c0 and C0.

Below we prove Theorem 8.1. Note that this theorem is also a boundary weak
Harnack inequality (see [GT]), since it can be (and will be) applied in balls B2R

which intersect the complement of a domain Ω and to solutions u in Ω appropietely
extended outside Ω.

In this section we prove also Theorem 2.3. For this, we use a method introduced
in [Cab] to deduce an ABP estimate from the boundary weak Harnack inequality.
The key idea here is to apply (8.1) to (supΩ u) − u properly extended outside Ω,
where u is a subsolution vanishing on ∂Ω.

For the proof of the weak Harnack inequality we will use the following remarks.

Remark 8.2. Lemma 6.4 holds when the condition “u is smooth in B7R” is re-
placed by “u has Hessian bounded from above on (B5R, B7R) in generalized sense”.
This follows from the proofs of lemmas 6.4 and 5.1, and the fact that the sum of two
functions having Hessian bounded from above on (B5R, B7R) in generalized sense
still satisfies this property.

Remark 8.3. Let BR be a ball of radius R, and let µ > 0. Then BR can be
covered almost everywhere by N pairwise disjoint dyadic cubes of generation kµR.
The integer N is bounded above by a constant depending only on n, c0, C0 and µ.
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To show this, take k = kµR and consider the family {Qk
α}α∈Jk

of dyadic cubes
of generation k which intersect the ball BR = BR(z0). By (a) and (b) in The-
orem 6.1, they are pairwise disjoint and cover BR almost everywhere. We have
Qk

α ⊃ Bc1δk
0
(zk

α), by (e), and B2R+c2δk
0
(zk

α) ⊃ BR(z0), by (d) and Qk
α∩BR(z0) 6= ∅.

By the doubling property, it follows that |Qk
α| ≥ c|BR(z0)|, for some constant c

depending on n, c0, C0 and µ. Since ∪α∈Jk
Qk

α ⊂ BR+c2δk
0
(z0), we have

|BR(z0)| ≥ c|BR+c2δk
0
(z0)| ≥ c

∑

α∈Jk

|Qk
α| ≥ c2|BR(z0)|

∑

α∈Jk

1,

which proves the claim.

We prove now the weak Harnack inequality.

Proof of Theorem 8.1. Throughout the proof, µ and p will be positive constants
chosen sufficiently small and depending – as all other constants – only on n, c0 and
C0. Let u be as in Theorem 8.1. By Remark 8.3,

∫
BR

up dV ≤ N
∫

Qk
α
up dV , for at

least one of the N cubes Qk
α of generation kµR. Hence, for some x ∈ BR = BR(z0),

{
1

|BR|

∫

BR

up dV

}1/p

≤ C

{
1

|BµR(x)|

∫

BµR(x)

up dV

}1/p

. (8.2)

On the other hand, for some y ∈ BR = BR(z0),

inf
BR

u = u(y). (8.3)

We now consider the path γ as in the proof of Theorem 2.1, joining x and y in
BR = BR(z0). We cover the image of γ by balls BµR(x) = BµR(x0), BµR(x1), . . . ,
BµR(xN ′+1) = BµR(y), such that |BµR(xi) ∩ BµR(xi+1)| ≥ C−1|BR(z0)| for any
0 ≤ i ≤ N ′.

We will show that, for any 0 ≤ i ≤ N ′ + 1,

{
1

|BµR(xi)|

∫

BµR(xi)

up dV

}1/p

≤ C

{
inf

BµR(xi)
u+

R2

|B2R(z0)|1/n
‖f‖Ln(B2R(z0))

}
. (8.4)

Clearly, for any 0 ≤ i ≤ N ′,

inf
BµR(xi)

u ≤ inf
BµR(xi)∩BµR(xi+1)

u

≤
{

1

|BµR(xi) ∩BµR(xi+1)|

∫

BµR(xi)∩BµR(xi+1)

up dV

}1/p

≤ C

{
1

|BµR(xi+1)|

∫

BµR(xi+1)

up dV

}1/p

. (8.5)
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Inequalities (8.4) and (8.5), combined with (8.2) and (8.3), finally give the weak
Harnack (8.1).

It remains to show (8.4). This follows easily from inequality (6.3) in Lemma 6.4,
and Remark 8.2, taking µ small enough and using a covering by dyadic cubes as in
Remark 8.3. Note that (6.3) implies

∫

Q1

up dV = p

∫ ∞

0

tp−1|{u ≥ t} ∩Q1| dt ≤ C|Q1|,

if we take p = ε/2, with ε as in (6.3). �

We prove now the ABP estimate.

Proof of Theorem 2.3. We proceed in two steps.
Step 1. We first assume that Ω is smooth and that u and the coefficients Ax are

smooth in Ω. Note that ∂Ω 6= ∅ by condition (G). We consider the solution w of

{
Lw = −g in Ω

w = 0 on ∂Ω,

where g = (Lu)− = max(−Lu, 0) ≥ 0. Uniqueness for this problem is given by
the strong maximum principle; as a consequence, one has existence (see [GT]; note
that both Ω and the coefficients of L are smooth). Since u is smooth, g = (Lu)− =
max(−Lu, 0) is Lipschitz in Ω, and hence w ∈ C2,α(Ω) for any 0 < α < 1, by
classical Schauder theory. Note also that 0 ≤ g ≤ |f | (since Lu ≥ f), Lw = −g ≤
Lu and u ≤ 0 on ∂Ω. The maximum principle implies that w ≥ 0 and w ≥ u in Ω.
Hence it suffices to bound supΩw.

For this, we follow the proof of Theorem 1.4 in [Cab]. We take z0 ∈ Ω such that

S := sup
Ω
w = w(z0) > 0;

by condition (G), we know that the ball BR = BR(z0) satisfies

|BR \ Ω| ≥ θ|BR|. (8.6)

We consider the nonnegative function

v = S − w,

which we extend by S outside Ω, obtaining a continuous function in M (since w = 0
on ∂Ω).

We claim that v has Hessian bounded from above on (B5(2R/7), B7(2R/7)) in gen-
eralized sense; moreover, v is nonnegative and satisfies Lv = g almost everywhere
in M , where we have extended g by zero outside Ω. Let us postpone the proof of
this claim to the end of step 1.

We can therefore apply the boundary weak Harnack inequality (8.1) to v and
B2R = B2R(z0). We obtain

{
1

|BR|

∫

BR

vp dV

}1/p

≤ C

{
inf
BR

v +
R2

|B2R|1/n
‖g‖Ln(B2R)

}
.
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This implies, using v(z0) = 0, v ≡ S in M \ Ω, |g| ≤ |f |χΩ and (8.6),

θ1/pS ≤
{

1

|BR|

∫

BR\Ω

vp dV

}1/p

≤
{

1

|BR|

∫

BR

vp dV

}1/p

≤ C
R2

|B2R|1/n
‖f‖Ln(Ω∩B2R),

which gives estimate (2.4), and hence (2.5).
We now check that v has Hessian bounded from above on (B5(2R/7), B7(2R/7))

in generalized sense. Note that v is C2,α in B5(2R/7) \ ∂Ω, whose complement in
B5(2R/7) has measure zero since Ω is smooth. Condition (i) in Definition 5.2 is
hence satisfied. To check condition (ii), let z ∈ B6(2R/7). If z 6∈ Ω, we take vz ≡ S;
note that v ≤ vz in M , since w ≥ 0 and hence v ≤ S in Ω. Finally, suppose that
z ∈ Ω∩B6(2R/7). Since w ∈ C2,α(Ω) and has negative exterior normal derivative on

∂Ω (by the Hopf maximum principle), it is possible to extend w to a C2,α function
w̃ in a neighborhood of Ω, and which satisfies w̃ ≤ 0 outside Ω (see Lemma 6.37 in
[GT]). We now take vz = S− w̃, which therefore satisfies v ≤ vz in a neighborhood
of Ω.

Step 2. We now remove the smoothness assumptions on Ω, u and Ax.
Since lim supx→∂Ω u(x) ≤ 0 we have that, for any ε > 0, there exists an open

set H such that H ⊂ Ω, ∂H is C∞, and u ≤ ε in Ω \H . Note that condition (G)
also holds for H , since H ⊂ Ω. Considering u − ε and letting ε tend to zero, we
conclude that it suffices to prove (2.4) for any smooth domain H and u ∈ C2(H).
Note that, as ε → 0, a subsequence of the points z0 ∈ H = Hε – which appear in
(2.4) – converges to some point in Ω.

Now, since H is smooth and u ∈ C2(H), there is a sequence of C∞(H) functions
approximating u, and its derivatives up to order 2, in Ln(H). Passing to the limit
in (2.4), we see that we can further assume u ∈ C∞(H).

Finally, the coefficients Ax of L can be approximated in Ln(H) by smooth ones.
Since u ∈ C∞(H), we can pass to the limit in (2.4). We conclude that it suffices to
prove (2.4) under the assumptions made in step 1. �

Next we prove the maximum principle in “narrow” domains.

Proof of Corollary 2.5. Let u be as in Corollary 2.5; that is, L̃u = Lu+ cu ≥ 0 in Ω
and lim supx→∂Ω u(x) ≤ 0. Suppose that u > 0 somewhere in Ω. Replacing Ω by
Ω+ = {x ∈ Ω : u(x) > 0} (which still satisfies condition (G) for θ = 1/2 and R),
we may assume that u ≥ 0 in Ω. It follows that

Lu ≥ −cu = c−u− c+u ≥ −c+u.

Now, estimate (2.5) implies

sup
Ω
u ≤ CR2‖c+‖L∞(Ω) sup

Ω
u,

and hence u ≤ 0 in Ω if CR2‖c+‖L∞(Ω) ≤ 1/2. This is a contradiction with u > 0
somewhere. �

We finally show that domains with small volume are “narrow”.
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Remark 8.4. Let Ω0 be a bounded domain, and Ω ⊂ Ω0 a subdomain. If |Ω|
is small enough (depending only on c0, C0, Ω0, M and ‖c+‖L∞(Ω0)) then Ω is
“narrow” in the sense of Corollary 2.5. That is, condition (G) holds for Ω, θ = 1/2
and some R such that R2‖c+‖L∞(Ω) ≤ ε = ε(n, c0, C0).

To show this, take |Ω| small enough such that

R :=

{
2|Ω|

infz∈Ω0
|B1(z)|

}1/n

≤ min(1, ε1/2‖c+‖−1/2
L∞(Ω0)).

Note that R2‖c+‖L∞(Ω) ≤ ε is satisfied. Moreover, for any x ∈ Ω, we use R ≤ 1
and Gromov inequality (3.5) and obtain

|BR(x)| ≥ Rn|B1(x)| ≥ 2|Ω|,

and hence |BR(x) \ Ω| ≥ |BR(x)| − |Ω| ≥ (1/2)|BR(x)|.
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ity for solutions of elliptic and parabolic equations, Comm. Pure Appl. Math. 48 (1995),
539-570.

[Caf] Caffarelli, L. A., Interior a priori estimates for solutions of fully nonlinear equations,
Annals of Math. 130 (1989), 189-213.
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